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On the Probability Densities of the 
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Output of Some Random Systems 


The probability density, mean, and variance of the displacement of simple linear one- 
degree-of-freedom systems are investigated when the spring constants and the initial 
conditions are random variables. 


The ensemble mean motion is found to be considerably 


different from the “‘mean”’ motion obtained by firsi averaging over the spring constants. 
Furthermore, it is found that only the first and second moments of the initial conditions 
affect the first and second moments of the displacement. 


* SUBJECT of disordered systems, which has been 
of interest in the past in physics and physical chemistry, is gaining 
renewed interest in the fields of mechanical and electrical engi- 
neering [1].! 

This is perhaps owing to the fact that we are becoming fully 
aware that we cannot measure exactly [2, 3], nor can we manu- 
facture exactly. Therefore we can only know the parametric 
values governing a system, at best, within some predetermined 
range 

It would appear that the natural tools available to study sys- 
tems, under this philosophy, can be found within the theory of 
probability. 

In this paper we will treat the simple oscillating system with- 
out damping (damping presents no new problem and can be 
treated within the same framework). The spring constants are 
assumed to be randomly distributed among a discrete number of 
possible choices. Two sets of initial conditions will be studied, 
one random in nature, the other deterministic. 

We will obtain the joint probability density of the displace- 
ment and velocity of the system by solving a partial differentia! 
equation known to physicists, but not too widely used in engineer- 
ing literature. The derivation of the differential equation will be 
given in the Appendix. 

We will derive and study graphically the mean and variance of 
the response of the system, and point out some interesting facts 
pertinent to each of these quantities. 


Derivation of Joint Probability Density Function 


Consider the system 
H(t) + wrt 0 
(1) 
2(to) = Zo, rh = % 
where any of 2, %, w? may only be known probabilistically; that 
is, the joint probability density function po(z, u, w*) of the three 
parameters is given. 
Our method is to reduce the system (1) to one of first-order 


differential equations 
z(t) = u(t) 


1 Numbers in brackets designate References at end of paper. 
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the Winter Annual Meeting, New York, N. Y., November 27—Decem- 
ber 2, 1960, of THe American Society oF MECHANICAL ENGINEERS 
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Department, ASME, 29 West 39th Street, New York, N. Y., and will 
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Mechanics Division, March 28, 1960. Paper No. 60—WA-18. 
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u(t) = —w*z(t) 


2(tlo) = X, Ullo) = up 


and study the system (2) in the phase space; that is, in the (z, u) 
space. 

To determine the joint probability density function p(z, u, w; t) 
we must solve (see Appendix) the initial value problem 


Op _: = 
= —u w*r 


ol or Ou 


P(x, uU, W; bo) = polz, u, w*) 


In order to solve (3), we study the first integrals of the associated 
La Grange system [4], 


dp 
0 
From (4), we have 
P(zr,u,wW; tl) = F 
where 


Z = F(X, Uo, t, bh, W) = cos all — by) + 


u = F,(Xo, Uo, t, bo, w) 


= —wry sin w(t — by) + ue cos w(t — be) 


are first integrals of the Lagrangesystem. The arbitrary function 
F must be determined by the initial condition. 
Using the fact that 


z cos wt — t) + sin Uw(le — t) 


—wr sin wtp — t) + cos w(tp — t 
for any t, we have 
¢,(2, Uu, to, to, w) 
(8) 
u= ¢, (2, u, lh, lo, Ww) 


Making use of (8), our initial condition may be satisfied as 


follows: 
Polr, u, Ww?) = p(x, u, W; bo) 
= Fl¢,(z, u, lo, bh, Ww), £2, U, lo, to, w), w?] (9) 


= F(z, u, w*) 
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Thus F is determined and we have our final result j u 
6 | z cos wt — sin wt 
w 


E[z{t)|} = f dz Sf du ads 


P(x, u, Ww; t) = pol, Y,, w*) 


n 
- 
= Pe (2 Cos wW(fo — t) + 7” sin @ (fo — ¢), -6(wr sin wi + u cos wt — 1) > p(w? — wnt (17) 
1=1 


—wr sin alo — t) + u cos w(t — 0), .*) (= “i 


i o; 


Examples Hence the variance is given as 


In what follows we will consider two distinct cases, one with n in w.t\? n shea 

deterministic, the other with random initial conditions. In each ot) = » p (= = ) _ > P — (18 

case w? is random, and in both cases all three quantities are as- r= 1 m r= 1 - 

sumed to be independent. i Case (b). For this case xz is Gaussian with mean zero and 
Case(a). For this case we assume that z) and uw are determinis- 

tic with values 0 and 1 for & = 0. Also, w? can take the value 

w,? with probability p,, i = 1 . Therefore, 


variance one, and uw is Gaussian with mean and variance both 
one. All other hypotheses are identical to Case (a). 

Therefore for this case we have 
n 


poz, u, w*?) = d(r)d(u — 1) > p,d(w? — *) (11 pez, %, co? —<¢ > pd(w? — w,2 (19 


i=l 
1=1 


where 1 = p;, and 6 is the impulse function. For this case As in Case (a) we will determine the mean and the variance of the 
i=1 displacement. 
(10) yields By straightforward calculations, we find 


u - l 
p(x, u,w; t) = 6 (2 cos wi — — sin ut) (wer sin wt a ee Pa dx S du ti da)*r 
w 2r 


n * 
“ a - 
+ ucos wt — 1) > p,O(w? — w,;?) (12) Jexp —} | (x0 wl — sin wr) 


t=1 ” 


n 


We shall determine the mean and the variance of the displace- - P S79 2 { 
> + (wr sin wi + u cos wt — 1) POW? — w,;*)? 0 
ment; that is f (20) 


1=1 
a(t) = E[z(t)], o%(t) = Ef[x%(t)] — x(t)? (13) {sin wt n ) 
= S du? < > p(w? — WwW ¢ 


For the mean ( w i=l 


sin w,t 
rt) = fdr Sf du Sf dw 5 (: cos wt — — sin ut) i = 
— 7 ‘ 


n 


d(wr sin wt + u cos wt — 1) > p(w? — wat (14) And similarly, 


t= 1 
l . 
E[z*%(t)] = - JS dz S du S° dwtr? 
a 


We integrate out the u variable first. We can only have a con- 
tribution within this integration if 


u 2 
cos wt 1 — wrsinwl yexp —'/, | (= cos@t — sin wt) 


u = @ Ww 


sin wf cos wt 
and thus for 5 + (wr sin wi + u cos wt — | | 


sin wf : 
. sin? w,t 
w = ) Pp, | cos? wt + 
WwW 2 
i=1 
The integral (14) becomes 
The results (20) and (21), together, yield the variance 


sin wt : 
t= {dz S dats } (: —— p(w? — want ott) 
“ : 2 2 wit 


asia — wt > p(w? — « 
w 


+=) 
n 


sin w,t P 
° 2. ait” Results and Discussion 
; Before entering into a general discussion of the results of the 


In exactly the same fashion one finds that preceding section, we wish to comment upon the fact that the 
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means in each case are the same. This is by no means a coinci- 
dence, as the following lemma shows 

Let 
trary initial probability density function po(z, u)p.(w*) with 
means Xo, %, then E[z(t)], E[u(t)} are independent of po(z, u) 
We show the proof for E|z(t)|, since E[u(t)] would fol- 
Now 


Lemma. (x, u) be the solution of the system (2), with arbi- 


Proof. 
low in the same fashion. 


sin wt, 
Ww 


m : . : et 

E[zx(t)] = S dz J du B da*x ye (. cos wl 
wr sin wl + ucos wt) Pw (w?* 

We make the transiormation, 


— = zcoswt — 
w 


= wr sin wi + u cos wl 


Therefore the Jacobian is 


cos wl 


Hence, 


E{[x(t)] 


S dé S dn S des 


» 
— cos wl 


2 } cos wl Po a? 


» jsin wt » l 
Pw\& { 


dw 


tw 
QED. 


We notice also using the foregoing method that if zo and uo are 
independent of one another 


E(x? 


t)]) = 2f du? }cos? wWlDe w? i 


+ Qo t das? J ees Pus(W*) ¢ 
w f 

~ , , sin? wt ( 

Sst pau) 

w 
Hence the variance is also independe nt of the initial distribution 
of displacement and velocity. It is a function only of the first 
and second moments. 

These results concerning the single linear oscillator show that 
the response depends mainly upon the distributions of the 
parameter values and not upon the distributions of the initial 
conditions. After a little reflection, it can be seen readily that the 
foregoing is true owing to the fact that the initial conditions enter 
into the solution only as a linear coefficients. Therefore we can 
conclude that the same is true of the arbitrary linear system with 
the that the initial 
conditions enter into the solution linearly. Therefore the aver- 


random constant coefficients due to fact 
age displacement or velocity of the linear system depends only 
upon the average values of the initial conditions and not upon 
how they are distributed. 


Along with the mean and variance, another function is basic 
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when studying second-order random properties. This is the co- 


variance function I'(t,, t.), defined as, 


Elxr(t,)|Elz(t 


I(t, ts) 


t > p,o w? 


n 


2t p> P 6 w* 


, 


to) > p,O(w* 


=F 


— Elr(t, 


uo* 


— dws? sn w(t 


cos wit 
w? 


E\z(ts 29 


We notice that spectral density techniques are useless here 
since the covariance function is not a function of i — t, but de- 
pends upon each value. Hence the power spectral density func- 
tion does not exist. 

Now let us consider numerically the results of the section, 
“Derivation of Joint Probability Function.” For the graphs, 
Fig. 1, the mean (16) and variances (18) and (22) are plotted in 


the dimensionless forms 


dP 
i= 1 


The discrete distribution of the w,? was taken to approximate the 
one-dimensional Gaussian distribution. The probabilities of the 
(w; /wo)? taking the values 1 — 3A», 1 — 2Ao, 1 — Ao, 1, 1 + Ao, 
1 + 2Ao, 1 + 3A¢ are, respectively, 0.0060, 0.0606, 0.2417, 0.3834, 
0.2417, 0.0606, and 0.0060. The mean is 1 and the standard devia- 
tion is 0.052 with Ay = 0.05. 

The general properties of the graphs in Fig. 1 are that of high- 
frequency oscillations superimposed upon that of a low-frequency 
oscillation. For tr ~ 125 the graphs repeat as mirror images 
Thus the total period of the low-frequency oscillation is tT ~ 250 
Notice that the high-frequency oscillations of the variances are 
approximately two times that of the high-frequency oscillations 
of the 
maxima of the variances and the stationary points of the mean 
Hence the 
mean is zero the range of values the displacement can take is 


mean. Furthermore, zero mean corresponds to the 


correspond to the minima of the variances. when 
largest and when the mean is stationary the range of values the 
displacement can take is smallest. The foregoing comments 
are rather obvious results that can be inferred directly from the 
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graphs in Fig. 1. However, there is one important feature that 
stands out above the rest, concerning the mean motion itself. 
The mean motion is not the simple oscillatory motion that one 
would obtain by averaging on the w first and then obtaining the 
solution of the ‘‘averaged” equation. Therefore, upon considera- 
tion of this type of motion obtained by first averaging on the 
w-values, one finds a rather distinct error between it and the 
actual ensemble average motion of the system. This certainly 
is an illustration of the fact that care must be taken in applying 
average methods to large batches of oscillators. 


Conclusion 


We have presented a methodological approach to the study of 
a simple random system. This approach yields the first probabil- 
ity density function in the phase space of the system. Hence 
any statistical property that can be derived from this probability 
function can be studied explicitly. The method presented is by 
no means limited to the case treated. In subsequent studies the 
method will be applied to various types of linear, nonlinear, free, 
forced, and coupled random systems. It is our feeling that this 
type of analysis will be of value in modern engineering design 
procedure. 
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APPENDIX 


This Appendix is devoted to the derivation of the partial dif- 
ferential equation satisfied by the density function. 

In a recent paper Dostupov and Pugachev [5] studied the sys- 
tem 


m, are random parameters with a known 
joint probability density function. Using the theory of trans- 
formations of function of real variables, they derive what is 
essentially the Liouville equation, hs aving as a solution the joint 
density function p(n, .. . ., 2; , Vz t) in the phase 
space of solution of the system (31). 

We shall develop the same equation starting with the probabil- 
ity concept of the characteristic function. 

We define the characteristic function ® as, 


.)| i=+V/-1 (32) 


This is essentially the Fourier transform of the probability density 
function p(z, » us Vay ~~ ++» Vas €). Equation (32) can 
be differentiated with respect to ¢ to yield 


"° = E [ : 6,¢;(t) expi (> 6,2,(t) + = av) 
j= k=1 


re) fat 


where the V,;,i = 1...., 


, ay Van 


= E [ex i (> 6,2,(t) + > 3 


j=l k=1 


(33) 


Using (31), one obtains 


& n n m 
= = E [ 6,f, exp i (> 6,2,(t) + >: av.) 
ot j=l j=1 k=l 
= 17 08 | srewi (D> 02 2) + an) 
j=1 =1 


i=1 
Upon taking the inverse Fourier transform of equation (34), w 


have 


opt), - - 





‘. Olf;(t,...- 
- ->)> _ p(t, . . 
j=l 
Having given the initial probability density function po(z;, ...., 
V,,; t), the problem of determining p(x, ..., 2; 
, from equation (35) becomes the initial value 
problem for first-order partial differential equations. 

We mention here that a generalization of the foregoing proce- 
dure due to Bartlett [6] has many far-reaching applications to 
systems in which the coefficients are random functions rather than 
random parameters. 
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Transient Capillary Rise in Reduced 


ROBERT SIEGEL 


Lewis Research Center, 
NASA, Cleveland, Ohio. 
Mem. ASME 


and Zero-Gravity Fields 


Experimental information is given on the transient ‘‘capillary”’ rise of water into vertical 
tubes subjected to reduced and zero-gravity fields. 
from 0.075 to 1.295 in. 


The tubes ranged in internal diameter 
The response in a low-gravity environment is of interest in 


studying the behavior of liquid systems for space vehicles. An approximate analysis ts 


presented to aid in the interpretation of the data and predict the transient rise. 


Photo- 


graphs are given which illustrate the behavior in short tubes where the water is able to 
move beyond the top of the tube during part of the zero-gravity period 


= the end of a tube or piece of porous material is 
immersed in liquid which wets the surface, capillary action will 
cause the liquid to penetrate into the tube or material. An 
understanding of the dynamics of this penetration process arising 
from the surface-tension force is of importance, for example, in 
soil mechanics, the wetting of textiles, and in lubrication. Conse- 
quently, there is a fairly extensive literature on this subject. 
A few of the references pertinent to the present study are [1] to 
[3],! and these in turn provide additional bibliography of general 
interest. 

The present interest in capillary motion arose in connection 
with liquid systems for use in space-flight applications. In a 
satellite or space vehicle an environment may be encountered 
with a very low or zero-gravity field. In this instance the weight 
of the liquid becomes very small, and if the fluid has a free sur- 
face, the surface tension may have a significant effect in moving 
the liquid about. An experiment by Reynolds [4] has demon- 
strated how important the surface tension can be under reduced 
gravity conditions. A container with a small pool of mercury 
in it was allowed to fall freely a distance of several feet. Photo- 
graphs of the behavior in the resulting zero-gravity field showed 
that the surface tension caused the mercury to lift itself from the 
bottom of the container and form a mass suspended away from 
the surface. If a container is partially filled with liquid that 
wets the walls, then in zero gravity, surface tension will cause the 
fluid to creep over the internal surfaces of the container. For 
this type of behavior Benedikt [5] has briefly discussed the in- 


! Numbers in brackets designate References at end of paper. 
Contributed by the Applied Mechanics Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27- 
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teraction of surface teasion with the inertia and viscous forces. 
The purpose of this paper is to obtain additional information on 
this type of interaction. The situation which was selected for 
experimental study was the rise of a liquid from a reservoir into 
vertical tubes. 

The equilibrium height to which liquid will rise in a vertical 
tube is given by the relation 


2c cos 6 
L =- (1) 
apg 


This is found by simply equating the upward surface-tension 
force with the downward gravity force acting on the liquid 
column. It is obvious that the rise of the liquid will become very 
great as g approaches zero. One way of studying the influence of 
reduced gravity is simply to incline the tube [1]. For a horizontal 
capillary, the surface-tension force is no longer opposed by the 
gravity field and the liquid can theoretically creep for an infinite 
distance along the tube. Experimentally it is found that at large 
penetrations there may be a very slow irregular motion or the 
flow may cease because of a “‘sticking”’ friction. It would not be 
possible to conduct this type of experiment with large-diameter 
tubes. The present work utilizes a falling-platform type of ex- 
perimental equipment in which large-diameter tubes can be stud- 
ied. The experimental equipment will first be described. Experi- 
mental results for long tubes will then be given, and an approxi- 
mate analysis will be presented to help interpret the behavior. 
Then tubes will be considered which are sufficiently short so that, 
during the period of zero gravity, liquid fills the tube and begins 
to move out of the top end. Photographs are given to illustrate 
this process. 


Experimental Apparatus 

The experimental equipment used here has been described in 
detail in two previous papers [6] and [7] which are concerned 
with boiling heat transfer in reduced and zero-gravity fields. 
Hence only a brief description need be given here. A sketch of 





Nomenclature 


tube radius 
gravity field, ngo coefficient 
earth gravity, 32.16 ft/sec* 

depth of tube entrance below fluid 


evel in reservoir 
level in i pressure 


= loss coefficient for developing lami- time 
nar profile in entrance region 


L = equilibrium height of liquid in tube 
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above level in reservoir 

in expression for de- 
creased surface tension 

fraction of earth gravity, g/go 

static pressure; pi, 


dependent variable defined as z* 
fluid height above tube entrance; 2, 


initial height 
coefficient of (dz/dt)? term in equa- 
tion of motion 
coefficient of term 
inertia of fluid in reservoir 


representi: g 
atmospheric 
contact angle 
kinematic viscosity 
mass density 
surface tensicn 
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the equipment is shown in Fig. 1. It consists of a cross-shaped 
platform which can be raised and then dropped a distance of 9 ft 
At the end of the fall, metal spikes attached to the bottom of the 
platform penetrate into a sand bed and stop the equipment. 
During free fall all gravity forces vanish in the frame of reference 
For fractional gravity fields the platform is 
partially counterweighted. A high-speed motion-picture camera 
is mounted on the platform so that the action of the fluid system 


of the apparatus. 


under study can be observed. 

The experiments were all conducted using distilled water at 
room temperature (75 F). A small amount of powdered red dye 
was dissolved in the water to aid in photographing the fluid. The 
surface tensions of the water with and without dye were com- 
pared with a tensiometer and the dye was found to have no effect. 
The colored water was placed in a rectangular tank about 6 in. 
long and 4 in. wide which had lucite windows in the front and 
back faces. The back window was frosted so that a light could 
be placed behind it to provide back illumination for the motion 
pictures. 

The tests conducted with long tubes will be discussed now, and 
information on the behavior in short tubes will be presented later. 
Glass tubes with seven different internal diameters were used 
during the experiment; 0.075, 0.129, 0.196, 0.269, 0.317, 0.750, 
and 1.295 in. The tubes were mounted on two lucite sheets, the 
five smaller tubes being in one group and the two large ones in a 
second group. One group of tubes was tested at a time. The 
tubes were about 8 in. long and the lucite sheet which held them 
was clamped to the reservoir so that the tubes extended '!/2 in. 
below the water surface for the five small tubes, and 3/, in. for the 
two large tubes. The tube entrances were flared to form a bell- 
mouth entry so that the flow would enter smoothly. 

The experimental procedure was as follows: The tank was 
cleaned thoroughly and then partially filled with dyed distilled 
water. The glass tubes were cleaned with chromic-acid solution, 
rinsed with distilled water, and dried with clean warm air. The 
platform was then raised into position 9 ft above the sand bed. 
The lucite sheet holding the tubes was carefully lowered into the 
The high-speed motion-picture camera was started 
Each test was re- 


reservoir. 
and '/, sec later the platform was released. 


peated two or three times. 


Experimental Results for Long Tubes 


The rise of the water into the tubes was measured from the 
A measuring scale had been mounted next 
The film viewer used to make 
the measurements was equipped with movable micrometer hair- 
lines so that the liquid levels could be found very accurately. 
Measurements were made of the change of each liquid level from 
its initial height To fix the time scale 
during the transient period, a timing light within the camera had 
placed a mark on the film every '/12 see. A vertical measuring 
scale which was fixed in space was also in the viewing field of the 
camera. The zero time for the beginning of the transient process 
could be detected when this fixed scale started to move in the 
motion picture. As far as could be determined, the initial liquid 
heights in the tubes were in agreement with those predicted by 
For the tubes with large diameters, the initial 
rise was so small that it could not be measured with reasonable 


motion-picture films. 
to the tubes as a scale of reference. 


as a function of time. 


equation (1) 


accuracy. 

Gravity Field of 12.6 Per Cent. In Fig. 2, results are given for the 
fluid rise which occurred after the gravity field was suddenly re- 
This gravity field was 
obtained by partially counterweighting the platform. The data 
represent an average of two runs. The scatter between the runs 
ranged from 5 to 15 per cent for the various tubes, except for the 
first few tenths of a second where the percentage differences were 


duced to 12.6 per cent of normal gravity. 
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Fig. 1 Schematic diagram of counterweighted platform 
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Fig. 2 Experimental capillary rise following a sudden change from 
normal gravity to 12.6 per cent gravity 


sometimes much larger because of the small heights involved 
When comparing different runs, sometimes the liquid would 
How- 
ever, after an initial period of 0.2 sec or so, the data became 
, the action of the 


start moving a little more slowly one time than another. 
reasonably reproducible. As discussed in [1 


surface-tension force is generally somewhat irregular so that 


better reproducibility might not be expected. The horizontal 
lines at the ends of the curves give the theoretical final rise which 
was computed from equation (1) by determining the final height 
and subtracting the original height. Within the short duration of 
the drop, three of the tubes were able to attain their final equi- 
librium heights. 
Zero Gravity. 
This figure provides information for the two large-diameter tubes 
as well as for the five smaller ones given in Fig. 2. The two 
largest tubes were not tested in 12.6 per cent gravity because the 


Fig. 3 shows the response in a zero-gravity field 


equilibrium heights were so small that good accuracy could not 


Transactions of the ASME 





be obtained. It is noted that, for the small-diameter tubes, 


there is some crossing of the curves for zero gravity. This cross- 
ing was noted in each individual run so that the averaging of the 
The data for the five small 

while for the 
For the largest 


data did not distort this behavior. 


tubes are an average of two runs those two 
large tubes represent an average of three runs. 
tube, which was more than 1 in. diam, the transient response was 
sufficiently rapid so that a substantial rise could be observed 
during the short duration of the experiment. The reason why 
the rise in the largest tube is somewhat irregular for small times 


is not known. 


Analysis for Long Tubes 


As mentioned in [1] a number of analyses have been made to 
try to predict the transient movement of liquids into vertical, 
inclined, and horizontal capillaries. These analyses have not 
been very successful and generally predict penetration velocities 
much larger than those which actually occur. In [2] it is proposed 
that there are turbulent losses in the fluid which would yield 
In [3], the 


author feels that turbulence would not be present due to the low 


lower penetration rates when taken into account. 


teynolds numbers involved, and says that if all the drag and 
inertia forces are taken into account good results are obtained. 
We shall then start with the equation proposed in [3] as it is simple 
enough to vield a closed solution for the zero-gravity case. 

The co-ordinate system used in the analysis is shown in Fig. 4 
According to [3] we equate the following terms: 


Surface-tension force = 27aoa cos @ 


_ —»~——— 
a 


Fig. 3 Experimental capillary rise following a sudden change from 
normal gravity to zero gravity 
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Fig. 4 Configuration of flow system 
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Weight of fluid = mra*png)(z — h 


i) 


; d 
Rate of change of momentum F ( ratp 
dt 


Laminar friction drag Sm pvz 


dt 


This results in the following equation of motion for the fluid in 
the tube: 


20 cos 6 


Spy dz , d ( dz ) : 
ed 2 = 4 (Zz = Ul = Zz (2) 
a oa * Pal dt , 


If the system is in a zero-gravity field then n 0 and one term 
The remaining two terms which con- 


2? so that 


drops out of the equation. 
tain z can be expressed as a new variable Z 


dz 1 dZ 
dt 2 dt 


The resulting equation can then be solved subject to the boundary 
conditions: 


At 


2c cos 6 dz 
and 
apgo dt 


The solution was given in 1923 by Bosanquet [8] : 


1 goa ’ 
cos 6 (e~ 8/2" — | 


16 pv? 


Using the properties of water at room temperature and cos 6 
1, this relation has been evaluated for three of the tubes used 
in the present experiment. A comparison with the data is shown 
in Fig. 5(a). The predicted values are much larger than those 
obtained experimentally. However, the analysis does indicate a 
One is the crossing of the curves in zero 


For the small- 


few interesting features 
gravity which was also observed experimentally. 
diameter tubes, during about the first second, the theory indi- 
cates a rise which is fairly linear with tive (approximately con- 
The data do not 
extend to large enough times to exhibit the final trend of the 


stant velocity) and this is the trend of the data. 


According to equation (3), for large times the 
This is the be- 
havior for fluid motion in a long horizontal capillary [1] and 


analytical curves. 
height should vary as the square root of time. 


occurs when the inertia of the fluid is negligible compared with 
the viscous drag. Thus the data only indicate an initial part of 
In the large tubes the fluid inertia has a greater in- 
fluence so the drag does not become predominant until a longer 


the transient. 


period of time has elapsed. Hence the analytical curve for the 
will the the 
tubes only after a longer time than is shown. From equation (3) 


~) 


0 when the inertia on the 
right side is set equal to zero shows that the 
tube with the largest diameter will have the highest fluid level 
Unfortunately, the present ex- 


large-diameter tube cross curves for smaller 


we have for large times, 
1 oa 
2 pv 


This will satisfy equation (2 


(3a) 


for n 


Equation (3a 


after sufficient time has elapsed. 
periments were of insufficient time duration to demonstrate clearly 
whether or not this behavior does exist, but some crossing of the 
curves was noted. 

Losses in Entrance Region. Since equation (3) vields values which 
are too high, an improvement might be made by adding addi- 
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Fig. 5(a) Effect of turbulent losses on rise in zero gravity 
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Fig. 5(b) Effect of turbulent losses on rise in 12.6 per cent gravity 





tional drag or loss terms. In the hydrodynamic entrance region 
of a tube there are additional pressure losses resulting from the 
momentum changes necessary to develop the velocity profile. 
This is discussed, for example, in [9] and [10]. To include this 
loss we shall derive the equation of motion in more detail by con- 
sidering the control volume shown dotted in Fig. 4. The net force 
in the upward z-direction will be equated to the sum of the net 
momentum outflow in that direction and the momentum change 
The downward forces are the weight of the fluid in the 
control volume, pngora*z; laminar friction drag, Smpvz(dz/dt); 
the pressure force, pra?; and an additional drag term, due 
to the development of the boundary layer in the entrance region, 
which can be expressed as 


l ey. 
2° \ a) TOR 


According to the analysis of Langhaar [11], a reasonable value for 
K is 1.28. If we assume a frictionless acceleration of the fluid 
from reservoir to the tube entrance, than from Bernoulli’s equa- 
tion the upward pressure force at the bottom of the control volume 


: 1 dz \? 
Pi + png — 5 P\ ma? 


1961 


with time. 


18 
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The upward force arising from the surface tension is 27ra¢ cos 0. 
The net outflow of momentum in the z-direction is —7a*p(dz/dt)?, 
and the change of momeitum in the control volume with time is 


d ( i =) 

dt eer dt 
During the transient some of the fluid in the reservoir outside of 
the tube entrance must also be put into motion. This provides an 
additional inertia term since this fluid has not been included in 
the control volume. This term has been discussed in [12] for 
flow through an orifice, and although the geometry used here is 
somewhat different, the results in [12] should indicate the form 
of the term. For the present this inertia term will be omitted 
but its effect will be discussed later. 


The foregoing terms are equated according to the momentum 
law, and the resulting equation of motion can be put into the 


un (S 2 Sv dz 
z dt a® dt 


2c 
Je (. cos 6 + in) —ng, (A) 
Zz \apg. 


The only difference between this result and equation (2) is a 
slight change in the coefficient of the (dz/dt)? term, and hence no 
improvement in the theory has resulted. Since the analytical 
solution given previously for equation (2) was only for zero 
gravity, equation (4) was solved for a gravity field equal to 12.6 
per cent of normal gravity so that a comparison could be made 
with the rest of the experimental data. The solution was carried 
out numerically on a digital computer (IBM 704) using the 
Runge-Kutta method of forward integration. The initial condi- 
tions were: 
Att =0 
20 cos 0 dz 
——-+h, and 
apg, dt 


The properties of water at 75 F were used and cos @ was set equal 
to unity. For the larger tube shown in Fig. 5(b), the theoretical 
curve overshoots the final equilibrium position and then under- 
goes a damped oscillation. This shows that the equation of mo- 
tion is underdamped and additional terms are needed to provide 
agreement with the data 

In past experience [1] it has been found that equations of the 
type in equation (4) generally give poor results when trying to 
predict transient capillary rise. A few possibilities exist which 
may account for this. In [1], a resistance at the meniscus is 
postulated, while in [2] it is thought that turbulence may be 
present. There probably would be an eddying motion in the 
vicinity of the meniscus owing to the adjustment of the velocity 
distribution to a more uniform shape in that region. Also, for 
the rise in large tubes the Reynolds number could exceed the 
value for transition because of the large diameter. Another 
possibility is that the shape of the meniscus and hence the angle 
of contact are different during the motion, and that the upward 
component of the surface-tension force during the transient is 
then different from that under steady conditions. Some of these 
possibilities will now be examined and a predictive equation 
eventually will be derived. 

Turbulent Drag. Since turbulent drag depends approximately 
on the square of the velocity, additional turbulent dissipation 
can be introduced by increasing the (dz/dt)*-term in equation (4) 
For convenience we shall call the coefficient of this term 8 so that 
from the derivation 8 = 1.14. Equation (4) was numerically 
integrated for a few larger §-values and the results for 8 = 5 are 
given in Figs. 5(a) and (6). For zero gravity, the results for the 
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smallest tube have been improved, but those for the large tubes 
are too low. Hence the additional loss does not help predict the 
data in a consistent way, but does provide better results in some 
instances. For 12.6 per cent gravity the additional loss helps 
damp the oscillations given by the equation and provides better 
agreement with the data. The addition of turbulent losses alone 
to the equation does not seem to account sufficiently for the in- 
adequacy of equation (4). 

Decreased Surface Tension. Now we start again with equation (4) 
and change another term. Perhaps during the upward transient 
motion the vertical component of the surface-tension force is de- 
creased owing to a reduction in contact angle. The inertia of the 
flow in the central region of the tube cross section may tend to 
make the meniscus less curved for a rising column, while for a 
falling column the meniscus may become more curved. If we 
assume that the change in the vertical force component is pro- 
portional to the velocity, we can determine the effect this will 
have by letting the surface tension force be multiplied by the 
factor, 


dz 


( 


(5) 
where m is a numerical constant to be chosen. Since dz/dt 
ranges up to about 4 ips, if we let m be about 0.1 sec/in. this will 
cause a reasonable reduction in the vertical surface-tension force 
Equation (4) was numerically 
The results are 


during an upward transient flow. 
integrated with o multiplied by equation (5). 
given in Figs. 6(a@) and (5). 

For zero gravity the analysis is in good agreement for the 
smaller tubes, but yields values which are too high as the tube 


diameter is increased. The poorer results for large tubes may 
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Fig. 6(a) Effect of reduced surface tension and inertia of fluid in reservoir 
on rise in zero gravity 
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Fig. 6(b) Effect of reduced surface tension and inertia of fluid in reservoir 
on rise in 12.6 per cent gravity 
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result from the inertia of the fluid in the reservoir which will be 
discussed in the next paragraph. For 12.6 per cent gravity the 
agreement in the range of the data is satisfactory, but the solution 
still oscillates somewhat for the larger of the two tubes. 

Inertia of Fluid in Reservoir. To account for the inertia of the 
fluid in the reservoir we can use the results in [12],? where flow 
through an orifice is analyzed. When this term is included, the 
d*z/dt? in equation (4) is multiplied by 

Ta 
+7: (6) 


> 
< 


where ‘y has a value of 0.5 for the orifice geometry considered in 
[12]. This was substituted into the equation of motion which 
already included the reduced surface-tension factor given in equa- 
tion (5) with m = 0.1. The results of the numerical solution are 
given in Fig. 6. For small-diameter tubes the inertia of the 
fluid in the reservoir has a negligible effect, while for the largest 
tube at zero gravity the effect is excessive and the analytical 
curve is too low. Since a y of 0.5 does not actually apply for the 
geometry in the experiment, a of 0.25 was tried which brought 
the analysis into good agreement with the data. Hence, by making 
an allowance for the inertia in the reservoir and by adding a re- 
duced surface-tension factor, we have found an equation of 
motion which gives good predictions for capillary rise in zero 
gravity. For 12.6 per cent gravity the solution is still slightly 
oscillatory but gives an indication of the time for the transient 
process to occur. The oscillations are increased for larger tubes 
but the rise for large tubes is so small that the problem becomes 
unimportant. The final equation is 


(: 0.28 =) d?z x 1.34 (2 y’ Sv dz 
ren z di 2 dt a® di 


1 2¢ dz g,hn 
+ — cos #@{ 1 — 0.1 - + - —ng, (7 
z ap dt Zz 


where cos 6 has been set equal to unity in the present calculations. 


Rise in Short Tubes 

A photographic study was made of the rise in zero gravity of 
water into tubes which were sufficiently short so that during the 
drop test the fluid could reach the top of the tube. The three 
tubes used for this study had the following inside diameters: 
0.196, 0.317, and 0.750 in. The tubes were placed in the reservoir 
so that the tops of the two smaller tubes were 1'/, in. above the 
water surface while the top of the largest tube was */, in. above 
the surface. The top end of each tube was cut off square and then 
fire-polished in a flame to make the edge smooth. The bottom 
end was flared into a bellmouth so that the water could enter 
The tubes were cleaned with chromic-acid solution 
In the previous tests 


smoothly. 
on both the outside and inside surfaces. 
the outsides of the tubes had not been given any special atten- 
tion. In the test with short tubes we would want to see if the 
fluid could in any way move beyond the tops of the tubes and 
down the outside, so it was necessary to have the outside and top 
edge as clean as the inside. 

Fig. 7 illustrates the process after the system is suddenly 
The smallest tube reveals the most in- 
After 0.3 sec the fluid 
has almost reached the top of the tube. After the top is reached 
the inertia carries the fluid beyond the top, and at 0.5 sec a 
The surface of 


piaced in zero gravity. 
formation so we shall discuss it in detail. 


spherical mass of fluid protrudes from the end. 
this spherical mass then begins to contract, evidently moving 
toward a minimum surface-energy condition. After about 0.65 
sec the water has all been pushed back into the tube. The fluid 
inertia then carries it down below the top of the tube as shown 
on the last picture which gives the configuration at the end of the 


2 Reference [12], p. 1295. 
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0.7 
TIME IN ZERO GRAVITY, SEC 


run. For longer times in zero gravity the fluid level would be ex- 
pected to repeat this oscillatory process with greatly diminished 
amplitude and eventually came to rest at the top of the tube 
Since the outeide of each tube was very clean, the surface tension 
pulls the liquid from the reservoir up the outside of the tubes 
For the largest tube the rise on the outside was 
almost as large as on the inside. It appears that the fluid in the 
reservoir was also sloshed slightly to the left during the test. 
This was probably caused by a slight disturbance when the plat- 


to some extent 


form was released. 


Conclusions 

1 The transient response of water rising into tubes as a result 
of the surface-tension force is quite rapid in low-gravity fields. 
For tubes with internal diameters of about 1 in., a rise of about 2 
in. ean occur in less than a second for a zero-gravity field. 

2 An approximate analysis was formulated which can be used 
to compute the fluid rise in zero gravity. To obtain good analyti- 
cal predictions it was found necessary to reduce the vertical com- 
ponent of the surface-tension force during the upward motion. 
For large tubes with diameters greater than */, in. the inertia of 
the fluid ir 
motion 


3 In zero gravity, at large times the liquid in the tube with the 


the reservoir must be included in the equation of 


largest diameter will have the highest rise. 

t For short tubes in zero gravity the inertia of the fluid 
carries it above the top of the tube and the surface tension then 
pulls it back into the tube. It is expected that the fluid would 
eventually come to rest at the top of the tube. 
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Fig.7 Rise in short tubes after a change from 
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ters: 0.196, 0.317, and 0.750 in. 
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Power-Limited Rocket 


The problem considered is that of determining the acceleration program leading to 
minimum transfer time for a power-limited rocket moving between prescribed positions 
and velocities in a constant gravitational field. It is found that flight must take place at 


] 1d 


maximum power and that the thrust-acceleration components are linear functions of 


time 


The case of rectilinear transfer between positions of rest is treated in detail, and 


the results are compared with those pret tously obtained for a constant-acceleration 


transfer 


Foreword 


D. RING recent vears, many investigations of opti- 


Most of these 
have dealt with problems of conventional thrust-limited rockets 
Within the framework of the general research task, this paper 
is the first attempt at treating optimization questions involving 


mum rocket trajectories have been undertaken 


energy-separate power-limited rockets 


Introduction 


During recent years, prospects for travel in interplanetary 


space have brightened considerably Consequently, interest 
has arisen in problems of propulsion and flight mechanics peculiar 
to flight outside the atmosphere Whereas flight in the at- 
mosphere often demands thrust applic ation in the direction of the 
earth’s gravitational field and hence relatively high thrust, flight 
In space, e.g., escape from or transfer between planets, can be 
directing thrust essentially normal to the field 

little 


orbits, transfer between orbits, and interplanetary transfer have 


nee omplished by 


hence requiring thrust Such problems of escape from 


received considerable attention [1-13 The referenced studies 
Also, Research Scientist, Lockheed Missiles and Space Division, 

Lockheed Aircraft Corporation, Sunnyvale, Calif 
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returned 


deal with transfer trajectories attained by more or less reasonable 
acceleration programs, although not necessarily optimum in any 
sense 

Other investigators have discussed phy sical means for achiev- 
ing low-thrust flights of long duration [14-26]. Proposals for so- 
called exotic propulsion svstems have been based on these studies 
Proposed thrust-producing devices range from rockets utilizing 
jets of ions to those employ Ing jets of photons Energy sources 
considered are either internal, based on conversion of mass into 
kinetic energy, or external; e.g., deriving energy from the sun 
One salient feature of these propulsion systems is the inde- 
pendence of energy source and working fluid, i.e., matter (or, 
more generally, momentum carrier) expelled from the rocket. In 
this respect, such advanced engines differ from those used in con- 
ventional, chemically powered rockets in which energy source and 
working fluid are one and the same. This indepe ndence of energy 
source and working fluid is of importance in considering optumum 
acceleration programs, since it permits the programming of thrust 
by separate variations of exhaust speed and mass-flow rate 
Another important aspect of low-thrust rockets is the strong 
dependence of power-plant mass on power delivered. Hence 
exotic propulsion devices are power limited For conventional 
rockets of constant exhaust speed, this power limitation becomes 
simply thrust limitation. 

Recently, R. E. Roberson [27] pointed out the need for studies 
of optuumum trajectories of low-thrust rockets 
28-38 


Such investiga- 


tions have fallen into three categories Trajectories ol 


maximum “efficiency,’’ 1.e., obtaining maximum velocity for 


given energy expenditure; trajectories of minimum working- 


fluid consumption; and trajectories of minimum flight time 


Since the energy supply of rockets utilizing internal sources is 


limited, although no doubt very large, attaining maximum 
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exhaust speed 
mass of structure and payload per 
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mass of working fluid per unit 
initial mass energ\ 


acceleration of gravity (not neces 
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mass of rocket I 
unit 
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initial ma power 
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Cartesian components of velocity 
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“efficiency’”’ is of some importance as is minimizing of weight. 
However, use of low-thrust devices generally results in long dight 
times which may be undesirable, indeed even untenable in the 
case of manned flight. Hence attempts at reducing fiight times 
are not to be overlooked. The pioneering papers of Preston- 
Thomas [29, 31, 32] deal with minimum transfer-time trajectories 
employing various nonoptimum acceleration programs, optimiza- 
tion being carried out with respect to the distribution of powered 
and coasting portions of the flight, and with respect to internal 
mass distribution of rocket components. 

The study presented here deals with the determination of op- 
timum acceleration programs leading to minimum transfer times 
for power-limited rockets transferring between prescribed posi- 
tions and velocities in a constant gravitational field. A detailed 
analysis is made of rectilinear transfer, and the results are com- 
pared with those obtained previously for nonoptimum programs. 


Equations of Motion and First Variation 
Thé equations of motion of a rocket flying in a plane* and sub- 
ject to a constant gravitational field are 


cB 
— cos Y 


mo 


The power-limited nature of the rockets under consideration re- 
quires that 
Amin S&S Ames (3) 


where Qmia aNd Qmax are specified.‘ Since the thrust direction 
angle ¢ is not defined for unpowered flight, we shall take 


Qmin > 0 (4) 


but allow for coasting flight by letting apis — 0 as closely as de- 
sired. Furthermore, it will be assumed that the exhaust speed c 
and the mass flow rate 8 possess at most a finite number of in- 
finite values on 0 < ¢ < ¢,, so that 


B>0, «+0 (5) 
except possibly at isolated points of the interval. It will be seen 
from the solution that these assumptions are indeed valid. 

In addition to the equations of motion and constraint, the 
following initial and final conditions apply: 


| 
t= 0} 
| 


u M 


* Planar motion is assumed for the sake of simplicity. All results 
hold for three-dimensiona] motion. 
* At a later stage of the discussion, optimization with respect to in- 


ternal mass distribution will yield an optimum value for amas. 
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It is desired to minimize a function G of the boundary condi- 
tions where 


(7) 


y- 


(@ — Amin Qmx — a) — y? = 0 


where 7¥ is a real variable [39] and subject to boundary conditions 
(6). The problem is that of Bolza [40], so that the functional to 
be minimized is 


J=G+ fy Fa 


7 


> Awe 


J =1 


F= 


and the A,(t) are undetermined multipliers, not all zero, which 
are continuous everywhere on 0 < ¢ < ¢, with the possible excep- 
tion of corners of the extremal arc. 

The Euler-Lagrange equations resulting from the vanishing of 
the first variation of J are 


Li +A3 =0 

M+ =0 

hs = 0 

l= 9 

ds = (Ar cos ¢ + Az sing) = 0 


=< —, cos 9 + sing) —- vs — Ac? = 0 
m 


1 
a| — (A; cos g¢ + Az sin ¢g) — ane | = 0 
h 


cB : 

(A; sin g — Az: cos ¢) = 
Ne + A 2a - Gas “- Qmin) nad 
Ary = 0 


Since the fundamental function F does not contain time ¢ ex- 
plicitly, there exists a first integral of equations (10): 


K = \yi + Aw + Ast + AG + Ask = const (11) 
The corresponding transversality condition is 


dt, + [Aidu + Agdv + Asdz + Asdy + Asdu — Kd), = 0 (12) 


However, in view of boundary conditions (6), 
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du, dv, dz, dy, du),"’ 
and 


dt), = 0 (13) 


so that 
K=1 (14) 
Some of the Euler-Lagrange equations are easily integrated. 
Thus, 


const 


const 
Ar = at 
Axo — Aa 


In view of the assumptions embodied in inequalities (5), the 
thrust 


(16) 
16) 


except possibly at isolated points of the interval, so that from 
equation (10); 
tang = : (17) 
N 


From equations (17) and (15) it follows that tan ¢ is continuous 
on 0 < t < ty except at most once when A, = 0 but A, + 0. 
However, equation (17) yields two principal values of ¢, namely, 


and (18) 


Thus ¢ may experience discontinuous jumps of magnitude 7. 
Furthermore, there exists an ambiguity regarding the choice of 
the principal value of ¢. These questions will be answered in the 


ensuing discussion. 


Weierstrass-Erdmann Corner Conditions 


Since c, 8, and ¢ do not occur in differentiated form, all of them 
and hence u and ¢ could be discontinuous, resulting in corners of 
the extremal are. For the problem at hand the corner conditions 
[40] are simply 


A= Aw j= 
K- = Ks 


(19) 


and 


Thus the A;, 7 = 1, 2,...5, and K have equal values on both 


sides of a corner. 


Composition of Extremal Arc 


From equations (8); and (10),» it follows that when 


Ay y¥ +0, then Qin < & < Gina 


y =0, then a Q@ = Amx (20) 


1 =0, y = 0, 


Qmin OF 


then @ = Quis OF @ = Omx 


We arrive at the rather obvious and not very useful conclusion 
that flight must take place at one of the permitted power levels. 
The question concerning the choice of optimum power level is 
thus far unanswered. The necessary condition that the first 
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variation vanish does not seem to provide the answer. However, 
other conditions are necessary for the existence of a minimum 


value, and we shall turn to them now. 


The Weierstrass E-Function 

Two questions concerning the optimum trajectories were left 
unanswered, namely, the choice of the principal value of ¢ and 
the selection of optimum power level. 

A necessary condition for the existence of a minimum value of 


transfer time ¢, is 
E>0 (21) 


Ww here 


10 
K = F(z,*, 2;*) — F(&, 2) — ) (2,* — 2, 
=1 


For the problem considered, inequality (21) i 
Bx — B*x* > 0 
where 


c 


( Ay cos g + Az sin = As 
rv ° 


* which 


Inequality (23) must hold for all values of c*, 8*, and ¢ 
satisfy side conditions (8), but not all equal to their optimum 
Thus if 


values. 
B* = 8, c P - 25) 
inequality (23) becomes 


A, cos g + Az sin g > A, cos ¢* + Az sin ¢* 26) 


Thus ¢ must assume values which maximize the expression 


A, cosg¢ + Ag sing. Hence ¢ must satisfy equation (17) and 


A, cos ¢ + A, sin g > O (27) 


This condition removes the ambiguity concerning the choice of 
the principal value of g. Furthermore, then ¢ is continuous with 
the possible exception of the instant when A, and ), pass through 


zero simultaneously. This can happen but once. At such an in- 


stant, ¢ experiences a discontinuous jump of 7. 
If 
B* = B, 28) 
Inequality (23) yields 
(29) 
whence 
(30) 
In order to satisfy inequality (30) for all admissible values of a*, 


Qa = Amax (31) 


That is, flight must take place at maximum power throughout the 
interval 0 <¢t < ty. 


The Clebsch Condition 
In order that t, take on a minimum value, it is also necessary 
[40] that 
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.>0 (32) 


where the z, = t, 6, 2, y, M, ¢, ¢, and the 7,,;, not all zero, 
satisfy the constraints 
10 
OY; 


Ws; (33) 
Oz; 


t=1 

Then, in view of equations (10), inequality (32) becomes 
cp 
ue 


A cos ¢ + A: sin ¢)(%e,)? + 268 (7-.)? 


— 2) | Ta 2 + (m)?] 


7. = Ba 


inequality (34) requires that 


A, cos g + Ae sing > 0 


which is the same as inequality (27 
For 


inequality 


However, from equation (17) it follows that 


+}. 
Ai? + Az?) 


sin g = 


+X, 


(A? + A,? 


so that inequality (36) leads to 


A, cos ¢ + A sing di? + A;?)' 


i.e., the choice of the + sign in equations (39). 


Combining equations (10). and (10); then gives 


(A.? + As? 2euc 


A, = 0 


on a nonzero interval, equation (42) requires that 


A, =A. =0 


so that from equations (10), and 


and from equation (10)., then, 


A; = 0 (45) 


However, equations (43)-(45) violate’ equation (14) so that 


(46) 
on 4 finite interval. Consequently, only the inequality applies 
in equations (27) and (36). Furthermore, from equation (10), it 
is seen that for 


Q@ = Amin (47) 


* Note that the requirement that not all \; vanish is also violated 
here. 
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Xs and A; have the same sign. Thus by inequalities (38) and 


(46) 


However, then for 
c>0 


inequality (48) violates equation (41). Hence, 


a + Qmin 
But by inequality (46) and conditions (20) 


Q= Qnin OF A = Amax 


so that 


Q = Amax 


only. This is the same as equation (31) of the preceding section. 


Solution 


Since operation at constant, maximum power is optimum, the 


remaining Euler-Lagrange equation, equation (10);, may be 


integrated. Equation (10); may now be written 


McAs = Omax(Ar? + Az? 


Elimination of A. from equations (10), and (10); yields 


2ucBr Qmax(Ai? + Ae?) '/? (54) 


Combination of equations (53) and (54) and integration lead to 


so that equation (54) becomes 


where 
c8 Gian 57 


together with boundary 
Further- 


Equations (8);~s, (17), (56), and (57), 


conditions (6), can be solved for u, v, z, y, uw, c, B, and ¢. 


more, in view of the first integral, equation (14), multipliers A, 


U 


j= 1,2, 5, are related. Equation (14) may be written 


l Br; — Leg + Aju + Ag 


However, from equations (54) and (56) 


A? + 
1 


X 2 
BA; 


Thus at ¢ 0, equation (58) is 


Aw? + Az? 


Da Clann Azog + 


Agu Ay 


relating the initial values of the multipliers. 
Formally, the process of integration involves a four-parameter 
match by iteration. The initial values of four of the A;, 7 = 1, 2, 
. 5, are assumed and the fifth one follows from equation (60). 
Integration then proceeds until, say u = u,, at which time the 
prescribed values of u, v, z, and y must be met. However, the 
situation is not as grim as it might appear. For, by equations 


(39) and (56), equations (8),-, become 
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Omax 


Da (Aw — Ast) 


Omax 


(A» — Ad) — 
— ° 


Also, from equations (56) and (57) 


a Qmax 


= — (Aw — Ast)? + (Avo — Agt)?] 
yu? 4s? [ 1 20 4 


and from equation (58) at ¢ = t, 


Qmax 


[(Aw — Af)? + (An — 
Adj, (Aw — A? + Os 


Ayt)?] — (Aco — Adda 


63) 
Equations (61) and (62) are easily integrated so that, together 
with equations (60) and (63), the multipliers Ajo, Az, As, Ay, Aso; 
and the transfer time t,; can be expressed in terms of the boundary 
conditions. This clearly obviates the need for iteration. 
It may be noted that by equation (62) 8 passes through zer« 


when A, re 


through infinity; the thrust c§8 remains 


0 simultaneously, at which instant c passes 
finite, however, and 
passes through zero when 8 does. This can occur at most once, 
bearing out earlier assumptions concerning the number of in- 
finities of c and 8 


infinitely large values of ¢ (or 8 


Since no upper bound was placed on ¢ (or 8), 
were not ruled out. Of course, 
real propulsion systems are not capable of providing infinitely 
high exhaust speeds.* One could introduce upper limits on ¢ and 
3, constraining the motion more and leading to a “‘poorer’’ op- 
timum, i.e., a longer transfer time. In other words, the transfer 
time achieved by following the ideal program deduced here is the 


smallest local minimum. 


Rectilinear Transfer 

The problem of rectilinear transfer in field-free space between 
prescribed positions and zero velocities has been discussed by 
Preston-Thomas [29, 31, 32 In his investigations he assumed 
either the exhaust speed c or the acceleration u to be constant 
The problem of transfer of a power-limited rocket with constant 
exhaust speed is equivalent to that of transfer of a thrust-limited 
rocket and falls in the class of problems discussed in [41]. 

Here it has been shown that neither constant exhaust speed nor 
constant acceleration is optimum, but rather acceleration which 
varies linearly with time. The equations of motion for rectilinear 
transfer are 

Glinas 


Aw — A3f) 
2x 


u Class 
—=- ~ (Aw — Ast)? 
pe? 41 ? 


and the first integral at ¢ = O and ¢ = t,, respectively, is 


Omax 
—— Nr? + Astio 


4XAso 


Omax 


(Aw — Ast)? + A 
so ; Uy 


* Note that no relativistic considerations have been taken into ac- 
count in this treatment. 
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The boundary conditions are 


as might be expected from the symmetry of the situation 
Upon double integration of equation (64), and use of equation 
67) it follows that 


so that equation (67) gives 


~ 


Substitution of equation (70) in equation (65), yields 


Qmax t,‘ 


36 oz,’ 


Thus all multipliers have been expressed in terms of the boundary 
conditions and the transfer time. 


Integration of equation (64); results in 


Omax 


12Aw? 


1 — py 
e Aw, 


which, together with equations (70) and (72), gives the expression 
for the minimum transfer time 
| 12z7,? My 1 
ly 
Qmx 1 — uy J 
One can now compare this result with those found by Preston- 
Thomas under the assumption of constant exhaust speed or con- 
stant acceleration [32]. To do so, one must use the same assump- 
tions concerning the structure of the rocket as were utilized by 
Preston-Thomas. These are: 
The power-plant mass is proportional to the maximum power 
output; Le., 
> 
-K= > 1 
p kK, Ki (3 Qmax) 


mm 


(75) 


The mass of tanks is proportional to the working fluid mass. 
That is, the mass of working fluid and associated containers is 
given by 

(1 + Ke)f (76) 
Also, if one neglects the mass converted into energy compared 
with the other masses involved, 

My = (77) 
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Under these conditions, equation (74) becomes 


62°K,(1 — f) ]'” 
Tt  * 


Preston-Thomas [32] has found that minimum transfer time for 
constant exhaust speed is given by 

, 272/o@Kif |” 

‘ (4p nt? - fp 


where 


4(2+f — 21 — ff)” 


steal fin(l—f) 


and for constant acceleration by 


y= | eK - |” 
a 4pf 


Of these last two programs, the latter (i.e., constant acceleration) 
results in shorter transfer time as can be seen from a comparison 
of equations (79) and (80). However, employment of acceleration 
varying linearly with time leads to a further saving of about 4 
per cent in the transfer time ¢,, equations (78) and (80). 

Since ¢, is expressed as an explicit function of p and f, it is 
possible to determine the relation between p and f which mini- 
mizes transfer time with respect to internal mass distribution. 
In other words, it is possible to find the optimum power level. 
The relation among the various component masses of the rocket 


(80) 


is given by 


l=p+(1+K.)f+d (81) 


If the mass of structure and payload (i.e., the dead mass d) is 
specified, 4; must be minimized with respect to p and f subject to 
the constraint expressed by equation (81). This results in the 
relationship 

f(l — f)(1 + K;) (82) 


p= 


so that ¢,; minimum with respect to acceleration program and 
internal mass distribution is 


t -| Gr*K, ]”* 
: (1+ Kf 


1—d\' 
f=1—{1 — —— (84) 
1+ Kz 


Since the expressions for ¢, resulting from constant and linear 
acceleration, respectively, differ only by a numerical factor, the 
result of optimization with respect to internal mass distribution is 


(83) 


where 


the same in both cases. 

The optimum acceleration program yielding minimum transfer 
time is obtained by programming exhaust speed c, mass flow rate 
8, and thrust direction angle ¢ in the following manner: From 
equations (64); and (69)—(72) 


= — et f_______ 85 
Y mast? + 6r,*[1 — (1 — 2t/t,)%] 5) 


so that, using equations (56) and (69)-(72), 


Amaxts? + 6r,7[1 — (1 — 2t/t,)*] 


c¢= 4 | ] 
Gx yty|1 — 2t/t,| 


Then it follows from equation (64), that 
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362,72? 
=» —L£ 1 — m/t,)2 
ty*Qmax 


¢g=0 for t<}t, 


(88) 
g=m for t>$t, 


Equations (86) and (87) again show the behavior of c, 8, and 
thrust c@ at the singular point t = $t,. That is, 8 and cf pass 
through zero as c passes through infinity. 
From equations (64); and (69)-—(72), 
6x 
= —! t/t, — (t/t, 
ly 
and, in particular, at? = } t, 


3 2, 
Umax = ge 
2 


ty (90) 


The same expression for maximum speed holds in the case of con- 
stant acceleration [32]. However, the value of umax is slightly 
higher here since ¢,; 1s somewhat smaller. 

A few words concerning energy expenditure are now in order. 
When a constant-acceleration program is used, energy expendi- 
ture is minimum for a given characteristic speed 


(91) 


V, = 2m 


(For example, see [38].) Thus, in the case of linear acceleration, 


energy expenditure is higher for two reasons: 

1. Linear acceleration is not optimum with respect to conver- 
sion of internal to kinetic energy of the rocket. 

2 The characteristic speed is somewhat higher in the case of 


linear acceleration than for constant acceleration. 


The total energy converted (into kinetic energy of rocket and 
jet) is given by 


E t 
—.-5 (92) 
mo Ky 
For constant acceleration [32], 
(93) 


whereas for lines.r acceleration 


t, = ty (94) 
However, the difference in ty amounts to only 4 per cent, so that 
the energy required for achieving minimum transfer time using 
the optimum, linear acceleration program is nearly #/: of that re- 
quired for transfer with constant acceleration. 

One notes that the optimum acceleration program suffers from 
two disadvantages as compared with the constant acceleration 
program: 


1 Very high (ideally, infinite) exhaust speed is demanded at 
one instant of the flight. If this requirement is ruled out by plac- 
ing an upper bound on the exhaust speed, a longer transfer time 
will result. 

2 Almost a half more energy is used in the transfer. 


Whether or not the relatively small gain in diminished transfer 
time outweighs these drawbacks is, of course, a decision which 
must rest on the requirements of a particular mission. In any 
event, it is important to note that the constant-acceleration 
program is very nearly optimum—at least for rectilinear transfer. 

The behavior of the variables of interest, namely, u, c, 8, and 
cB, is shown as a function of time in Figs. 1-4 for the numerical 
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example used by Preston-Thomas [31]. The parameters for this 
example are 


z, = 2.423 X 10% m 
0.83 


4.8 X 10~* kg/watt 
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Adiabatic Analysis of Elastic, Centrally 


B. STERNLICHT? 
G. K. CARTER® 
E. B. ARWAS* 


Pivoted, Sector, Thrust-Bearing Pads 


This paper emphasizes the importance of temperature in thrust-bearing analysis 
The analysis presented consists of simultaneous solution of the momentum, energy, 
and elasticity equations for centrally pivoted, sector-shaped, thrust-bearing pads 


Elastu 


defurmations due to the pressure distribution and thermal gradients are considered 
Laminar and adiabatic conditions are assumed in the fluid film, and the lubricant 1s 


incompressible. 


Introduction 


RS thrust bearings present a special 
problem in thrust-bearing analysis. This is due to the fact that 
the pads of such bearings are generally supported on a finite 
number of “point” or “‘line’’ contacts Thus, under heavy load, 
the pads deform both directly due to the load and because of the 
thermal gradients that are generated by the shear losses. Further- 
more, the magnitudes of these deformations are often several 
times the minimum thickness of the fluid film on which the bear- 
ing operates. At various times in the past, attempts were made 
to show the major influence of pad deformations on bearing per- 
formance [1, 2, 3].6 This previous work, however, was limited to 
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infinitely wide bearings and much simplified estimates of the 
elastic deflections. In a recent paper [4] the authors derived an 
approximate equation which related pad deflection to thrust load 
and used it to show how pad dimensions can be optimized (from 
the standpoints of minimum film thickness and maximum tem- 
perature), taking account of the elastic properties of the pads. 
In none of this previously published work, however, were the 
elastic deflections calculated from solutions of the governing 
equations for sector-shaped pads, nor were thermal distortions 
included. 

This paper extends previous work by incorporating in the 
analysis a numerical solution of the elasticity equation, including 
both the pressure and the temperature-gradient terms. The elas- 
tic deflections, calculated from the elasticity equation, are su- 
perposed on the radial and circumferential pad inclination to 
vield the film shape. This is introduced into the Reynolds and 
energy equations, which are then solved in their finite-difference 
form to yield the pressure and temperature profiles over the pads 
An iterative procedure is followed until the solution which satisfies 
and moment 


all three equations, their boundary conditions, 


equilibrium is obtained. This final solution vields the true film 
shape and the corresponding pressure and temperature profiles 
and, hence, the total load, oil flow, and horsepower loss, as func- 
tions of pad geometry, minimum film thickness, speed and oil 
viscosity. 

Here, the method of solution is outlined and its application is 
illustrated by means of a calculation performed for a typical con- 
figuration. In particular, the importance of thermal distortions 
and oil inlet temperature are described, as well as an indirect 





Nomenclature 


deflection coefficients, equations 4) and (21 , nm. 
specific heat, Btu/Ib deg F 
Et 


flexural rigidity , 
oii 


aa lb-in 


elastic modulus, psi 
, equation (14), in. 
21), (34 


equation (13), in. 


deflection derivative 

deflection functions, equations (4), 

deflection derivative, 

film thickness, in. 

minimum film thickness, in 

set of deflection coefficients comprising matrices 

mechanical equivalent of thermal energy ( = 9339 in- 
Ib/Btu) 

inverse of J;,, matrix 

set of deflection coefficients comprising matrices 
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deflection derivative, equation (15), in 
radial length of pad, in 
edge bending moments per unit length, in-lb/in 
deflection modes; e.g., equation (7) 
internal bending moments per unit length, in-lb/in 
speed of rotation, rps 
deflection modes; e.g., equation (7 
pressure differential across pad, psi 
unit loading, psi 
average unit loading, psi 
surface temperature gradient, radially, deg F /in. 
surface temperature gradient, circumferentially, deg 
F /radian 
outside radius of pad, in 
radial co-ordinate, in. 
= radial co-ordinate, Fig. 11, in. 


(Continued on next page) 
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method of determining minimum film thickness, based on tem- 
perature measurements. 


Governing Equations and Method of Analysis 
The following assumptions are made in the analysis described 
in this paper: 
Steady-state conditions prevail in the film. 
Lubricant is Newtonian and incompressible. 
Flow in clearance spaces is laminar and adiabatic. 
Lubricant inertia forces are neglected. 
Pressure and shear effects on viscosity are neglected. 
Variations of the specific heat of the lubricant with pressure 
and temperature are neglected. 


When the first four of these assumptions are valid, the hydro- 
dynamic pressures (which are generated in the fluid film that 
separates the bearing pads from the runner) may be calculated 
by integrating Reynolds’ equation: 


ra) (= ” ) re) (* ~) oh 
+ = 6wr — (1) 

Or \w Or 00 \ ur 36 06 
In order to integrate equation (1) for any given geometry and 
speed, the viscosity and film thickness need to be known as func- 
tions of position. For petroleum oil, in the range of present-day 
thrust-bearing practice, shear and pressure effects on viscosity are 
very small [5]. The local viscosity values are then functions only 
of the local film temperatures and the viscosity-temperature 
characteristics of the oil. In the present analysis, adiabatic con- 


ditions are assumed and the temperature distribution is obtained 
by integrating the following equation (energy equation, reference 
(6) ) simultaneously with equation (1): 


= (3) + (2) 
iu | \r00) * \aor 


(wr 2 


— (= h? op\ oT 
PML 2 ~ 12 720 


The film shape, for pivoted pads, is determined by the tilt of 
the pads, radially and circumferentially, and by the deflections 
which result from the hydrodynamic pressures over the pads and 
the temperature gradients across the pads. In the present 
analysis, the pad deflections are calculated from the integration 
of the following equation (elasticity equation, references [7] 
and [8]): 

1211 — v*)p . 


(1 + v) 
10%) = (hd. Per 
VV w) Ee ; V%aAT) 


i Uae pee m 
~ Nort r or r* d@? . 


Equation (3) is integrated for both the pad and support plate. 
Local values of pad thickness are used so that the effects of 
changes in geometry are considered. 

The boundary conditions used with the foregoing equations are: 


(a) Pressures fall to zero around the pad perimeter. 

(b) Pad inlet oil is at groove-mixing temperature. 

(ce) Radial temperature gradients are zero along the inner and 
outer circumferences of the pads, because of the cooling effect of 
the surrounding oil. 

(d) Shear and bending moments are zero around the pad 
perimeter. 

Since pad deformations under high loads may produce diverging 
film thicknesses (and hence breakdown of the film) near the trail- 
ing edges of the pads, an additional condition is imposed. This 
states that the hydrodynamic pressures over the pads are nowhere 
smaller than atmospheric. 

Equations (1-3) are integrated simultaneously, using numerical 
methods and an iterative procedure. Finite differences are used 
for the integration of the Reynolds and energy equations, as 
described in [9] and [10]. The elasticity equation is integrated 
using the minimum energy principle, as described in Appendix 1. 

The iterative procedure used for the simultaneous solution of 
the equations is described briefly as follows: 


1 For a given geometry, speed, and minimum film thickness, 
integrate the Reynolds and energy equations, using a preliminary 
estimate of the deflections. This integration is carried out (as 
described in [9] and [10]) and the pad inclinations are obtained 
as those values which yield a pressure profile whose center of pres- 
sure passes through the axis of the pivot. 

2 The elasticity equation is then integrated for the pressure 
and temperature profiles obtained in step 1. 

3 The Reynolds and energy equations are integrated once 
again, but this time for a pad which has the elastic deflections 
calculated in step 2. 


The foregoing procedure is repeated until the differences be- 
tween two successive iterations fall within a specified small limit. 

From the final values of the film thickness, pressure, and tem- 
perature profiles obtained as just described, the remaining items 
of interest such as total load carried on the pads, oil flow, and 
horsepower loss are calculated in the same manner as in reference 
[4]. The estimated accuracy of the calculations is discussed in 
Appendix 2. 





Nomenclature 


radius of support pad, Fig. 11, in. 

radial co-ordinate of pivot, in. 

radial co-ordinate of pivot = 100[r, — (R — L)]/L, 
in. 

deflection modes; e.g., equation (6) 

temperature, deg F 

average film temperature, deg F 

groove mixing temperature, deg F 

maximum film temperature, deg F 

pad thickness, in. 

energy of bending, |b-in. 

energy of bending of support plate, lb-in. 

energy of bending of pad, |b-in. 

potential energy associated with load, lb-in. 

potential energy associated with pressure loading, |b- 
in. 
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potential energy associated with equivalent tempera- 
ture loading, |b-in. 

elastic deflection, in. 

deflection of rim of support plate, in. 

linear coefficient of thermal expansion, 1/deg F 

increment 

temperature difference across pad, deg F 

angular co-ordinate, radians 

angular co-ordinate of pivot, radians 

angular co-ordinate of pivot = 100 (@,/67), radians 

pad subtended angle, radians 

absolute viscosity, lb see/sq in. 

Poisson’s ratio 

angular co-ordinate, Fig. 1(a) 

angular velocity, radians/sec 
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Discussion 


Performance of Elastic Pads. The two limiting criteria of thrust- 
bearing performance are maximum film temperature and mini- 
mum film thickness. Generally, however, the main emphasis 
in the literature, as well as in design practice, has been on film 
thickness, with little attention devoted to maximum temperature. 
This is because isothermal bearing analysis was used almost ex- 
clusively in the past. The results of the more complete study 
described in this paper in which both temperature variations and 
elasticity are included have convinced the authors that, if any- 
thing, this emphasis should be reversed. In the following dis- 
cussion, we will attempt to show that the film temperature is the 
major limitation of thrust-bearing performance because of its 
effect on the viscosity of the lubricant and the deflected shape of 
the pad. It will also be shown that when the bearing temperature 
is obtained, either analytically or experimentally, the minimum 
film thickness is also automatically defined. 

To illustrate the results obtainable from the analysis, consider 
a 31-in-OD, eight pad bearing that has the dimensions outlined 
in Fig. i(a). In the calculations, the pad is divided into a 13 X 13 
field and the thickness profile is represented by the set of thick- 
nesses in each mesh as shown in Fig. 1(b). The temperature 
gradients across the pad are determined from the difference be- 
tween the film temperatures and the temperature distribution 
along the bottom face of the pad [see equation (27), Appendix 1] 
The film temperatures are obtained from the solution of the 
energy equation, while the bottom face temperatures are as- 
sumed to be at groove temperature along the inlet edge and to rise 
at the rate of 40 deg F per radian, proceeding toward the trailing 
edge. This gradient was obtained from as yet unpublished data 
gathered during operation of a bearing of this size where the 
back face temperatures of the pads were measured at several 
points between the leading and trailing edges. 

The following lubricant properties were assumed in the cal- 
culations: 


Oil—Navy Designation 2190T 
pw at 100 F = 12.5 X 10 lb sec/in.? 
Boy? 38.25° 
19.125°—*) 
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(b) 
Fig. 1 Pad dimensions 
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wat 210 F = 1.15 XK 10 lb sec/in.? 
c, (average) = 0.5 Btu/lb X deg F 
p (average) = 0.84 X 10~‘ lb sec*/in.* 


The calculated charts of temperature versus unit loading and 
minimum film thickness versus unit loading for this bearing are 
shown in Figs. 2 and 3, respectively. Note that, whereas the 
minimum film thickness is a function of both load and speed, the 
film temperatures were found to be very nearly independent of 
speed. The reason for this is that, for a given unit loading, both 
the shear losses and the lubricant flow increase with speed. The 
film temperatures, which increase with shear loss but decrease 
with flow are then found to remain essentially constant over a 
wide range of speeds. 

As shown in Fig. 2, a housing inlet temperature of 115 F was 
However, the temperature at which the oil enters each 
grooves of cold inlet 

The groove- 
mixing-temperature curve shown in Fig. 2 was, therefore, used 
in the calculations. This curve was plotted from experimental 
data obtained by the authors and other investigators. The curves 
of “average film temperature,” “average pad-outlet temperature,” 


used. 
pad is much higher, owing to mixing in the 
oil with hot oil discharged from the preceding pad. 
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Fig. 2 Oil temperatures versus unit loading (pad geometry per Fig. 1; 
oil 2190T) 
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Fig. 3 Mini film thick versus unit loading (pad geometry per 
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and “maximum film temperature,” also shown in Fig. 2, were 


calculated from the integrations of equations (1), (2), and (3). 
Fig. 2 shows that the average film temperature and the average 
pad-outlet temperature are comparable. They are, however, very 
much smaller than the maximum film temperature, particularly 
In addition, the slope of the maximum film-tem- 
It is 


at high loads. 
perature curve is seen to increase quite rapidly with load. 
clear from this that: 


(a) The bearing-oil drain temperature, which is often used to 
monitor the condition of a bearing, is in fact a very poor indicator 
of impending bearing failure 

(b) With a heavily loaded bearing, even a moderate increase 
in load may raise the maximum temperature to a dangerous 
level 

Influence of Geometric Parameters. Figs. 4 and 5 show, respec- 
tively, the effects of variations in pad thickness and L/R ratio 
on bearing performance. In Fig. 4 the designation “standard 
pad”’ refers to the pad shown in Fig. 1. Note that at high load, a 
30 per cent increase in pad thickness (over that of Fig. 1) would 
achieve a substantial increase in minimum film thickness and an 
even more important reduction in the maximum temperature. 
The reason for such improvement lies in the smaller elastic de- 
flections of the thicker pads. Fig. 5 shows that there is a definite 
optimum L/R ratio from both the standpoints of minimum film 
thickness and maximum temperature. While the optimum L/R 
ratio varies with the load, it is in the general region of 0.5, within 


“ 


the range of loads studied. 


INCHES 
* 


MAXiMUM TEMPERATURE 


MINIMUM FILM THICKNESS 


(e) (») 
Fig. 5 Influence of L/R ratio (oil 2190T; N = 5.33 rps) 
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Influence of Groove Temperature. Fig. 6, which shows the rela- 


tion between the minimum film thickness and the maximum 


temperature for a range of groove temperatures and unit loads, 


brings out a key point of this paper. This figure shows that for 
the given bearing geometry and speed, the maximum tempera- 
ture can be used to predict the minimum film thickness with an 
accuracy of better than +0.0001 in. If, in addition, the groove 
temperature is also known, then the minimum film thickness can 
Thus maximum temperature can 


be predicted even more closely. 
This is most 


be employed to measure minimum film thickness. 
significant, for such temperature measurements are, in general, 
much easier to make than direct measurements of film thick- 
ness with presently available indicators. Also, based on the fore- 
going, their potential accuracy in determining minimum film 
thickness appear to be superior to that of the presently available, 
direct indicators of film thickness. In practice also, such measure- 
ments may be used to provide a rapid response method for moni- 
toring impending bearing failure. 

Fig. 6 also shows the very important influence of groove tem- 
perature on bearing performance. To illustrate this point, note 
the very important gain that can be achieved by a 30-deg F reduc- 
tion in groove temperature when the bearing is operating under 
700 psi load (data from Fig. 6), Table 1 


Table 1 
Pog, Pa Tor, deg F Amia, in Tuan, Gee F 
700 160 0.00063 240 
700 130 0.00093 197 


Comparison With Rigid Pad. Thus far the discussion has been 
limited to centrally pivoted pads which deform elastically under 
load, and because of the thermal gradients generated by the shear 
The negative effects of large deformations which occur 
However, it 


losses. 
under high loads was pointed out must be re- 
membered that, particularly for the case of centrally pivoted 
pads, some deformation is desirable for adequate load capacity. 
The reason for this is that, in order to satisfy equilibrium of 
moments, the resultant of the hydrodynamic pressures must pass 
through the pivot. Thus, for the case of centrally pivoted pads, 
the pressure profiles should be nearly symmetrical about the 
radial center line. As shown in [4], this condition is achieved 
when the active faces of the pads exhibit a slight convexity. Be- 
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Fig.6 Influence of groove mixing temperature (pad dimensions per Fig. 
1; off 2190T; N = 5.33 rps) 
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cause of the deflections, elastic pivoted pads will achieve this 
convexity automatically when run under load. 

In the case of flat rigid pads, it is generally desirable to have an 
off-center pivot, so that the nonsymmetrical pressure profiles, as- 
sociated with flat inclined sliders can be achieved. A centrally 
pivoted, rigid, flat pad, on the other hand, must rely on the 
viscosity variations over its length, to allow generation of hy- 
drodynamic pressure which satisfy moment equilibrium. 

Table 2 compares, at one operating point, the unit loads and 
maximum temperatures for an elastic, centrally pivoted pad with 
those for a rigid pad with optimum pivot and with a central 
pivot. Note that the unit loads carried by the elastic pad and 
by the flat, rigid pad with optimum pivot are comparable, 
whereas that carried by the flat, rigid, centrally pivoted pad is 
much smaller. 


R = 15.5in. Tor = 130F 

2 = 7.75 in. hmwin = 0.001 in. 

6@r = 38.25 deg Oil = 2190 T 

N = 5.33 rps 

Unit loading, Max. film 
psi temp, deg F 
660 179 


Type of pad 
Rigid flat pad with optimum pivot 
= 51; 6,% 
tigid flat pad, centrally pivoted 
(r,% = 51: 6,°% = 50) 
Elastic, initially flat pad, centrally 
pivoted 194 
(thickness and pivot lecation per 
Fig. 1) 


= 


if 
(Tp 
370 204 


Influence of Thermal Distortion. The influence of thermal distor- 
tion of the pads on bearing performance is shown in Figs. 7 and 8 
In these figures, the minimum film thickness and maximum tem- 
perature are plotted versus unit load from the results obtained 
using three methods of analysis: 


(a) Present analysis—complete solution, including thermal 
distortion. 

(b) Present analysis, but neglecting thermal distortion. 

(c) Simplified analysis of reference [4]. (In this method 
thermal deflections were neglected and it was assumed that the 
pads deform to a spherical shape under load. Using a simplified 
representation of the pads, the radius of curvature of the de- 
was related to the load, W, the average pad 


2.23Et? 


formed pad, R., 
thickness, ¢, and the modulus, E, by the expression R 
W.) 
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Fig. 7 Comparison of analytical results—minimum film thickness versus 
unit loading 
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The calculations were made in all three cases for the following 
pad geometry and operating conditions: 


= 15.5 in. 
6.75 in. 
2.2 in. (uniform thickness 
5.33 rps 
Oil = 2190 T 
Tor per plot of groove mixing temperature in Fig. 2 


Note in Figs. 7 and 8 that, at least at loads up to 600 psi, the 
results obtained using the simplified analysis of [4], 
bly close to those obtained using the present analysis, but 


When, however, thermal distor- 


were reasona- 


neglecting thermal distortion 
tion is introduced in the analysis, as seen in Figs. 7 and 8, the 
situation is drastically different at high loads. 

At unit loads greater than about 600 psi the complete analysis, 
including thermal deformations, predicts much smaller minimum 
film thickness and higher maximum temperatures. Thermal dis- 
tortions are thus seen to have a major effect on bearing per- 


formance and must be included when designing bearings to 


operate under high unit loads 


Fig. 9 shows the film-thickness contour lines, at a minimum 
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Fig. 8 Comparison of analytical results—-maximum temperature versus 
unit loading 
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Fig. 9 Contour lines of h/hiin, for hmin = 0.0004 in. Thermal deflections 
neglected (R = 15.5 in.; L = 7.25 in.;# = 2.2in.; N = 5.33 rps; oil 2190- 
T). 
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film thickness of 0.0004 in. where thermal distortions are neg- 
lected. Fig. 10 shows the contour lines for the same minimum 
film thickness, but with the thermal distortions included. Note 
from these figures that: 


(a) The pad deformations are several times the minimum film 
thickness. 

(b) The thermal deflections are of the same order as those 
directly due to the hydrodynamic pressures. 


These figures underline again the importance of elasticity in 
pivoted-pad thrust-bearing analysis and the need to include the 
effects of thermal distortions in such analysis. 


Summary of Conclusions 

The afore-mentioned method of analysis was used for steady- 
state bearing performance calculations for a wide range of bearing 
sizes and geometries. In this paper, typical results were pre- 
sented for one of these sizes in order to illustrate the results that 
are obtained with this method of analysis. While a number of 
conclusions may be drawn from the results, the authors feel the 
following are the most important ones: 


1 Elastic deflections of the pads are several times the mini- 
mum film thickness. Thermal distortions are of the same order 
as those due directly to the hydrodynamic pressure loading. 
These deflections drastically affect the performance of the bearing 
and must be included in the analysis. Analysis which neglects 
pad elasticity and the effects of thermal gradients gives an 
erroneous and optimistic picture of thrust-bearing operation at 
high loads. 

For operation under high joads, improvement of performance 
can be gained by minimizing deflections and by lowering the 
groove-mixing temperature. 

2 The maximum temperature reached in the film is drastically 
different from both the average film temperature and the average 
drain temperature. The slope of the maximum temperature 
versus unit-load curve rises very sharply at high loads. Highly 
loaded bearings of conventional design have, therefore, little 
margin of safety for overload conditions. 

3 Accurate determination of the minimum film thickness in a 
bearing can be made theoretically by temperature measurements 
alone. It is desirable for this purpose to measure both the 
maximum film temperature and the groove temperature. This 
method offers greater accuracy than present direct film-thickness 
indicators. 


Recommendations 
The authors feel that future thrust-bearing investigations 
should be aimed at: 


1 Modification of the energy equation, to include heat con- 
duction. 

2 Analysis of thrust bearings under transient conditions in 
the fluid film. 

3 Analysis of thrust bearings under turbulent conditions in the 
fluid film. 

4 Meticulous and well-instrumented experimental study of 
tilting-pad thrust-bearing performance. It is realized that such 
experimental work would undoubtedly be both difficult and ex- 
pensive. It is, however, essential in order to test the validity of 
analytical work and present understanding of bearing per- 
formance. 

5 Utilize the analytical and experimental results to optimize 
the dimensions of bearing designs in present use and to generate 
new designs capable of much improved load-carrying capacity. 
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Fig. 10 Contour lines of h/hminy for hmin = 0.0004 in. Thermal de- 
flections included (R = 15.5in.; L = 7.25 in.; t = 2.2in.; N = 5.33 rps; 
oil 2190 T). 
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APPENDIX 1 


A d Conditi Aside from the usual assumptions of elas- 
ticity theory, the following have been used in the numerical solu- 


tion of equation (3): 





(a) Only deflection due to bending is considered; the contribu- 
tions due to shear deformation and to membrane and crushing 
stresses are omitted. 

(b) The support plate, or button, is circular, of uniform thick- 
ness, and at uniform temperature. 

(c) The support point is at the center of the support plate. 

(d) Load is transmitted between the support plate and the 
sector pad through line contact around the outer edge of the 
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plate; the two parts are in contact around the entire circum- 
ference. 

(e) No moment is transmitted through the plate-to-pad joint. 

(f) Sharp discontinuities in the pad thickness are averaged out 
over finite area subdivisions; and local stress concentrations are 
ignored. 

(g) Temperature of the bottom of the pad is assumed to vary 
linearly with radial and circumferential locations. 

(hk) Temperature of the top of the pad is assumed the same as 
the lubricant film temperature. 

(7) No attempt is made to consider actual heat-flow distribu- 
tion; the temperature, in effect, is assumed to act as if it varies 
linearly through the pad thickness at every point. 

Co-ordinate Systems. The three sets of co-ordinates used are 
shown in Fig. 11. Axis-of-rotation co-ordinates (r, 0.) are used 
for subdividing the pad and for calculations based on these sub- 
divisions, including all integrations over the pad surface and 
boundary. Point-of-support co-ordinates (r,, @,) are used for 
description of the deformation modes of both the pad and the sup- 
port plate. Rectangular co-ordinates (X, Y) are used for load 
moment and center-of-pressure eccentricity calculations. The 
location of the support point (r,, 6,), the circle of contact be- 
tween pad and support plate (r, = ro), and the boundary co-ordi- 
nates of the pad are also shown. 

Energy of Bending. The selection of deformation-mode functions 
is critical; it was made in this case with consideration of the sym- 
metry of the support pad and of the unimportance of the absolute 
level of the system. Consequently, the reference for deflection 
calculation is taken as the average location of the edge of the 


Awn(n — 1 1 — ») 
2(2n + 1 + v) 


support plate; and the shape of the pad is written 


w= 7 Aj filr., %-) 
: 


(4) 
where A, is a coefficient of length dimension, and f; is a dimen- 
sionless-mode shape. 

The actual deflection-mode shapes for the pad were chosen 
from among the axially symmetric and wave-deflection modes 
arising in the solution in polar co-ordinates of the plate-bending 
equation 

p 


V ‘w D 


for uniform plate thickness, and axially symmetric or wave dis- 


tributions of load g. These modes were classified as follows: 
Symmetric 


r. 2+e8 
— 1 
To 


Nonsymmetric type I 


(2)"< 


Nonsymmetric type II 
/sin nd, 


a mar (ot 


Solutions involving In r are not included in this list, although they 


/sin nd, 


‘cos nd, 


2, 3: 


4, 5: > 


ym = 


m= 


too could be used if desired. The type I nonsymmetric terms are 
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Fig. 11 Co-ordinate system 
written to be the only ones involving nonzero deflection at the 
support-plate edge, and hence to give the only coupling with that 
plate. 

The boundary condition on the support plate is, therefore, of 


the form 
7 > fis = nd, 
‘ 


cos nd, 


(9) 


corresponding to any type I terms. For a uniform circular plate 
under edge load giving such an edge deflection, the bending equa- 
tion can be solved with the following result: 

/sin nd, 


re\" J (n + 2) — n(n — 2) (")'t 
(«) | >? 3 n(n — 11 — v) ro SN 


where v is Poisson’s ratio. 
In polar co-ordinates, the bending energy of a plate with sur- 
face S can be written as the following surface integral: 


(10) 
\cos nd, 


D 
v= /S = Kg + e)®? — 2(1 — v)ge + 2(1 — v)k*} dS (11) 
S ~ 


where 
Et 
1211 — v)? 


= (12) 


D 


is the stiffness in terms of Young’s modulus E and plate thick- 
ness t; and 

1 ow 1 Ow 

r or r? of 


O*w 
or? 


f 


are the deflection derivatives. In the case of the support plate, 
the deflection (10) can be substituted and gives the bending en- 
ergy 


q= 


ou 
06 


re) 
or 


) 


(8) 


nD n(n? — 1)(1 — v3 + »¥) 
(2n + 1+ 7) 


Vsr = ) A; 


2ro? 
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The variation, which is of interest in the Ritz method, is 


rD n(n? — 1)(1 — v3 + v) 


AA, 
To? (2n + 1+ v) 


(17) 


In the case of the bearing pad, the nature of the cutouts and the 
shape of the pad make direct integration for the energy imprac- 
tical. The result is, therefore, approximated by computing an 
average or mean value of the integrand for each of the sub- 
divisions of surface used in the lubrication calculation; and these 
are summed using the weight factors which were developed 
for the integration of pressure to give load. These weight factors 
are not quite appropriate for the bending energy, but seem within 
the accuracy of other approximations. Actually, it is convenient 
to program the calculation of the variation of the bending energy 


directly; symbolically, 


8Vp = 1 T,,AGAy (18 


The coefficients 7;; correspond to integrals of the form 
I - fh. a do) = £3 
s j i 


In this case, both subscript 7 and subscript j refer to the individual 
deflection modes and can range over all the modes which are 
under consideration for the pad. In general, the cross-coupling 
terms will not cancel, as they do in the case of the support plate; 
so that the terms of J;, can form a complete matrix of order equal 
to the number of assumed modes. The /,, matrix is obviously 
symmetric, however, limiting the number of combinations that 
have to be calculated to that extent. 

The variation of the total bending energy is the sum of the pad 
ind support plate values: 


— VN Ge; TH 95) 


+21—v)kk}{ dS (19 


8V = 8Vp + 8V ep (20) 


The result of this summation is a matrix /;; of coefficients for the 
parameters A,6A ,, which differs from the pad matrix /,; only in 
those main diagonal terms corresponding to type I wave moves 
coupling with the support plate. The resulting matrix /;, is, 
therefore, also symmetric. In the present case, this represents 
the total elastic-energy variation; and since it depends only upon 
the assumed deflection modes and the pad and plate geometry, it 
can be computed initially before starting any of the iterative 
stages of the bearing program. Moreover, for the point-supported 
bearing it turns out that /,;; is the complete matrix of coefficients 
of the linear equations which have to be solved for the deforma- 
tion parameters A,, consequently, the initial calculations can also 
include the inversion of 7;; to the solution matrix J;,;, giving a 
further reduction in the amount of calculation required in the 
iteration loops. 

Load Energy Variation. 
the lubricant pressure loading is given by the variation of 


W,= ~fP DAs, .)d8 
Ss j 


where P is the pressure differential across the pad, and is equal to 
the pressure computed from the solution of the lubrication equa- 
tions. The support plate is assumed free from pressure differen- 
tials 
centers of the mesh areas, numerical integration is again indi- 
cated. This is carried out for each deflection mode in the same 
way as the integration of pressure to obtain total load. The re- 
sult gives the constants K, of the expression 


éw, = D KA, 


The energy variation corresponding to 


(21) 


Since the pressure is known only at discrete points, the 
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This is the only mechanical loading that needs to be considered. 
There is, however, a contribution to the deflection due to the 
temperature variation through the pad thickness; any possible 
similar effect in the support plate has been neglected. Rather 
than attempt a rigorous analysis of this effect, the assumptions 
were made with the objective of conceptually replacing the tem- 
perature effect by an equivalent mechanical loading, the energy 
variation then being relatively simple to write. Thus the listed 
assumptions effectively describe the temperature field as vary- 
ing linearly through the pad thickness at every point. Deforma- 
tion in the plane of the pad could be prevented under these cir- 
cumstances by developing an internal bending moment, expressed 
in rectangular co-ordinates, of 
(23) 


M, = M, =- Dil+vjea 


where a@ is the thermal-expansion coefficient. These moments 
are per unit length in the appropriate directions. 
The development of such internal moments requires, in effect, 


a distributed moment loading of 


ra) Al 
m, = —(l+v)a D 
Or t 
re) Al 
m, = —(1+v)a D 
oy t 


each of these being expressed per unit surface area; and, in addi- 


(25) 


tion, concentrated edge moments around the free boundary given 
by expression (23). The total effect of the temperature distribu- 
tion, and of the foregoing distributed and concentrated moment 
loads, is to maintain the pad flat and at the same time in 
moment equilibrium. 

Therefore the deflection due to temperature can be represented 
by the effect of applying moment loading equal and opposite to 
that just described. The potential energy associated with such 
a load can be written as 


ow ow ow 
W, f. (- m, Sos m, - ) dS — f M, - dl (26) 
Ss Or oy U on 


the line integral being taken around the boundary of the pad 
Again, as a practical matter, the integrals are approximated by 
appropriate summations, and the energy variation is calculated 
directly. Allowance for the description of temperature variation 
on the bottom of the pad is made by writing the temperature dif- 
ferential as 


6 , 


— = a 
AT = T — <Tor +: 8 i -{r —(R—L)]> (27) 
R 16 +  ? ( ' 


{ 
where 7'cr is the oil-inlet edge temperature; and q,, qe allow for 
the first-power variation along the radial and circumferential 
directions. 

The (z, y) co-ordinates indicated in (23) through (26) need 
not be identified rigorously with a fixed co-ordinate system, as 
their function is ultimately only to give means of computing 
energy density, which is then integrated by the summation 
method. In the program, they are interpreted as being the local 
radial and tangential directions at each mesh center or boundary 
point, since these were the best directions for carrying out the 
necessary numerical differentiations. 

The result of the foregoing temperature calculations is another 
set of load potential-energy terms corresponding to 6W,; the 
total 

OW = 6W, + OW, (28) 


comprises a set of coefficients K; for the parameters 6A ;. 
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Deflection Equations. By the minimum or stationary-energy 


principle, the equilibrium state is approximated when 


0 


(30) 


> 1; 1,54, + 2 Kj, 0 
ij j 


Since the variation of the A’s are arbitrary, this is equivalent to 
the set of linear equations represented by the matrix equation 


(7;;}{A + [K,] 0 


The solution is 


(33) 


The load-en rgyv vector kK, is calculated at each appropriate point 
in the program, and multiplied by the initially calculated inverse 
matrix Ji, to get the new set of deflection coefficients A,. 

Functions Used. 
lations made so far, six deflection modes have been used. 


In the program development, and in the calcu- 
They 
are as follows: 


Symmetric 


Nonsymmetric type I 
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( 


The choice was made somewhat arbitrarily, to include all the types 
of functions, and to match to as good an approximation as possible 
what is known and suspected about the pad deformation. The 
validity of the choice has not been tested, but operation of the 


method appears to be successful 


APPENDIX 2 
4 13 X 13 mesh was used in the numerical integration of equa- 
1), (2), and (3). 
used in the program. 
by the authors or reported in the literature on bearing analysis 


tions This was the finest grid that could be 


It was also finer than any previously used 


Comparison was made at one point, with a calculation made using 
an ll x 
agreed within | per cent. 


11 mesh. The resulting pressure and temperature fields 


Since an iterative method was used in the calculations, limits 
were set to determine when the final solution was achieved 
There were as follows: 


a) Successive iterations of the pressure field had to repeat 
within 0.1 per cent. 

b) Successive iterations of elastic deflections had to repeat 
within 3 XK 10~*in. 

c) The resultant of the pressure field had to coincide with the 
pivot point within 0.2 « 107% in. 

The authors feel that these limits were sufficient to insure that: 
5 deg F. 
0.0001 in 


a) Errors in calculated maximum temperature 
(b) Errors in calculated minimum film thickness < 
With regard to the calculated oil flow and horsepower loss, 
however, much larger errors are introduced in the necessary 
numerical calculation of the pressure gradients at the edges [4]. 
Based on observation of the point scatter obtained from a large 
number of calculations, it is felt that, in extreme cases, the cal- 
culated oil flow and friction losses may be in error by as much as 


10 per cent. 
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The Effect of a Longitudinal 
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Gravitational Field on the Super- 
cavitating Flow Over a Wedge 


The free-streamline flow past a symmetrical wedge in the presence of a longitudinal 


gravitational field is determined with a linearized theory. 
depend upon the cavitation numter and Froude number. 


The proportions of the cavity 
The drag coefficient is like- 


wise affected by gravity, though toa smaller extent. 


I. recent years a number of papers treating linear- 
ized free-streamline problems have appeared subsequent to Tulin’s 
introductory paper on this subject [1].'_ Among these may be 
mentioned Wu's extension of Tulin’s method for supercavitating 
hydrofoils with arbitrary shape and cavitation number [2], hydro- 
foils with cavitation only near the leading edge [3], supercavitat- 
ing hydrofoils in cascade [4], and Cohen’s work on wall-inter- 
ference effects [5]. In all of these works the hydrofoil is assumed 
to be in a force-free field. However, Parkin recently has estimated 
the effect of a gravity field normal to the direction of the flow by 
means of a simplified representation of the gravity effect on the 
cavity boundary condition [6]. As yet the problem of the longi- 
tudinal gravity field does not seem to have been discussed. 


‘Numbers in brackets designate References at the end of the 
paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, [ll., June 14-16, 1961, of Tae American Socrety 
or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, July 7, 1960. Paper No. 61— 
APM-2. 


Fully cavitated flows are known to occur in axial gravitational 
fields. The cavity associated with vertical water entry or exit is 
one example. An effect similar to that of axial gravity occurs 
when fully cavitating flow takes place in a large water tunnel with 
slightly diverging walls. The longitudinal pressure gradient that 
results from the variable cross section plays a role much like that 
of a force field. It appears then, that to have an understanding 
of free-streamline problems in all cases of possible technical in- 
terest, the effect of an axial or longitudinal gravitational field must 
be examined. 


Formulation of Problem 

A sketch of the cavitating wedge is shown in Fig. 1 where for 
convenience all lengths are made dimensionless by dividing by the 
The central idea of thin-airfoil theory is 
The analy- 


length of the wedge L. 
the linearization of the surface boundary conditions. 
sis is further simplified by fulfilling these conditions on the axis 
rather than on an approximate neighboring shape. In linearized 
free-streamline theory both of these simplifications are made. In 
the spirit of these approximations we will require that the velocity 
never differ too much from the free-stream velocity and, further, 
that the slope of the body must be small. 














Fig. 1 


Sketch of cavity configuration 





Nomenclature 


= constants 


= drag coefficient (v / e un) 
5 = pressure 
= pressure coefficient = (p—p,) 
pU?/2 
= drag force 
Froude number squared 
( U?/gL) 
= gravitational acceleration 
= 4/-1 
K = cavitation number 
[(po — p.)/pU*/2] l 
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= characteristic velocity on the 
cavity [(U (1 + K)‘”] 

dimensionless cavity cross-sec- 
tional area 

velocity at infinity 

perturbation velocity in direc- 
tion of U 

perturbation velocity normal to 


= length of wedge w=u—iv 
= cavity length divided by L 


Cartesian co-ordinates in physi- 
cal plane 


q, y 
z+ wy 
wedge, semi-apex angle 


= fluid density 


= quantity on cavity 


z 
y 
p 
¢ = transformed plane 
e 
do 


= quantities far from the body 
but in plane of base of weged 
( ) = the complex conjugate 
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In the thin-airfoil theory, the characteristic velocity is the ve- 
locity at infinity. However, it was shown by Wu [2] that a better 
approximation to the nonlinear theory was obtained if the velocity 
on the cavity was used as the characteristic velocity. In the case 
presently to be considered, the fluid velocity along the cavity is 
not constant owing to the effect of gravity. For the purpose of 
definiteness, the fluid velocity at the base of the wedge is used as 
the characteristic velocity. The connection between the charac- 
teristic velocity and the free-stream velocity is provided by the 
Bernoulli equation 
= + pg =p. + f qa? + pg =p t+ 


- 


Po + q+ por (1) 


9 


The reference datum for the longitudinal gravity field is taken at 
z=0. Thus if K = (pm — p)/pU*/2,q.=UQAt+K 
The velocity vector q is 

q=qGa tutw (2) 
where u, v are pérturbation velocity components assumed to be 
much smaller than g.. We now define a pressure coefficient based 
upon the free-stream dynamic pressure and the cavity pressure: 

P — De 2uq. 


Cc. = = (3) 


“ pU?/2 U? U? 


2g(1 — 2) 


where u?, v? have been neglected compared to q,?._ It should be 
noted from equation (1) that the gravity force points upstream, 
Fig. 1. 

As in other thin-airfoil theories, the boundary conditions are 
applied on the chord line of the profile which in the present case is 
the slit of length / on the real z-axis. The formulation of the prob- 
lem can now be completed by stating the boundary conditions. 


They are: 


(a) v = + g,y on the wedge (0 < z < 1), 
(b) C, = 0 on the cavity or from equation (3) 


u g(l — z) 


Te q." 


for l1<z<l 


Thus 


Asz— ©,q,+ u-* U,v— 0, 


u 1 


-= 1 r kK . 1 far from the body 
qe (1 + A) 


The combination of body and cavity must be 
closed. The equivalent statement is that the net 
source strength must be zero. 

Lastly, the flow cannot contain nonintegrable sin- 
gularities on the slit or have multiple values off the 
slit. } 

Conditions (a) — (e) are sufficient to determine the flow field al- 
though it has not been proved that the solution is unique.” 


2 Other linearized models of the flow are possible. For example, see 
Cohen's linearized model of the notched hodograph [5]. However, 
for the present purpose Tulin’s original model seems simplest. 


Z-Prane 


a 
| 


ve q.7 





l. ae gt -™/% a 


Solution 

The complex velocity w = u — i» is an analytic function of z = 
z+ iy. It can therefore be transformed to other more conven- 
ient planes in such a way that w is the same at corresponding 
The plane chosen for analysis is the semicircular plane 
except 


points. 
shown in Fig. 2. It is the same as that used by Wu [7] 
that the physical plane is transformed onto the upper-half 
{-plane. The appropriate boundary conditions are also shown 
in Fig. 2. 

It can be verified that the mapping function that transforms the 
z-plane onto the upper half [-plane is 


where ¢,, f are the roots of 
O = f*+ 2¢721-1) + 1 = (f? — &9) (? — F.9 
For reference, these roots are 
wit sea-n 


=i l 


Note that ¢, is exterior to the unit circle and represents the point 


(7) 


*— (1 — 1) 7?) 


z= @ 


The solution proceeds as follows: Separate w into two terms 
that satisfy the following conditions: 


For w; 

+q.y on the wedge, 
g/q- on the cavity 
For w 

0 on the wedge 


gr 


“w=-—- 


q- 


on the cavity 


The sum of w, + w: must satisfy the remainder of conditions (4). 
The solution of w; subject to the foregoing restrictions is 


-< 
—+ iA (5 - 
—i 


From (4a), B = g/q, but A can- 


« 
wy4s-- 


q. In 


where A, B are real constants. 
not yet be determined. 

Term w, poses somewhat more of a problem. 
from equation (5) that z(¢) is a complicated function. 
a simple closed-form solution for w, can be obtained by use of the 
transformation function, equation (5), and suitable images. Such 
a possibility is immediately suggested since on the real ¢-axis (i.e., 
Hence we might suspect 


It can be seen 
However, 


on the cavity) equation (5) is equal to z. 
that w(f) ~ z. However, z({) cannot be directly used as the 
velocity function since it has a pole at {; (orz = ©). (fis in- 
terior to the unit circle and therefore does not represent a point in 


TPwe 


ta oo) 


ve-q? vegT 


f, 


B us g-«)//q u=gl-yq 8 








~U 


wg? 


Fig. 2 Sketch showing physical plane (z-plane) and transformed plane. 


conditions ore marked on diagram. 
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the physical plane.) What must be done, therefore, is to remove 
the singularity at [, and add suitable images to make r zero on the 
unit circle. At the same time the contribution of the images on 
the real (¢) axis must be purely imaginary to maintain the prop- 
With these preliminaries it can be seen that 


erty uw ~ x there. 


al — Do 


obeys the requirements of equation (4b). With the aid of equation 
this expression is capable of considerable simplification and 
becomes, after some manipulation, 


l- ‘y"| o 
l C+ { 


rhe complete velocity function is w, + w: or 


9 
“a In © 
T 


gl we ‘ eC - 
4. .( ——_ = -| (10) 
q.* 5 vse wes 


We have yet to determine A and to find the relation between y, 
K, andg and (d) of (4) remain to be ful- 
filled. These operations can be carried out in the {-plane, but as 
pointed out in [7], it is easier to work in the z-plane for this pur- 


However, conditions (c) 


pose. We require according to this method the expansion of 


uz) for large z in the form 


ea > ib; ae T ibe 
+ -_ 


> +2 


Then from (c) of equation (4) 
{ 


and from (d) 
(13) 


Asz—~ o,[— also. ¢ can be found in terms of 1/z from 


equation (5) with the result 
{l— 1}? Ki — Dd 
Pr 4 82? 


+o(3)] 0 


Substitution of (14) into (10) and simplification gives the desired 


form 


16g 2 


The constant A can now be found as indicated by equation (13) 


Yq ; mg(l — 1)? 
a(l — 1) 8yq2l'/? 


Equations (15) and (16) constitute the solution. 


and is 
(16) 


In the next 


section the principal results are summarized. 


Results 

We obtain first the relation between the cavity length /, the cav- 
itation number K, and the gravity effect. Let F? = U'?/g be the 
square of the Froude number (recall that the length of the wedge 
U?/gL). With equations (16) 


is unity—in the general case F? = 


and (13) we get 


Y [ l 
In 
T l 


The cavity area (for unit wedge length) is shown in [7] 
It then follows from equations (15) and (16) that the 


to be S 
= —27a2. 
cavity area is 

x (i—1)8 


S=yi'? - 
Y 16F2? 1+K 


The drag coefficient of the body can be expressed as 


(2g(1 — x) 2uq 
f | —— 2a | ay 19 
body U? U* 


in which the expression for the pressure coefficient equation (3 


has been used. and furthermore 2uv = — 


Now dy = dr v/q 
Im(w?) so that equation (19) can be written 


2g(1 — x) 1 
— ¥ - dy — — Im wiz 
[v2 [2 


body body 


Cp = 


since on the wetted portion of the body dz = dz (Im denotes the 


imaginary part). The contour around the body can be considered 
a part of a contour H that encloses the body, cavity, and the 


eavity closure denoted bv €. Fig 4 The second term of equation 


CONTOUR 


Fig. 3 Definition sketch of contour used in evaluation of drag integral 
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(20) can now be transformed further by deforming contour H un- 
til it consists of a circle of large radius It is seen immediately 


from equations (11), (13) that w* has no simple pole within H, 


0 = fu = f wdz 


H body 


hence 


or 


—Im f w'dz = Im f wdz 
body € 


e cavity 


where boundary condition (4b) has been used in the second of these 
The expression for the drag coefficient now becomes 


2g(1 — a l 
dy + — Im wdz 
l U2 


body + cavity € 


integrals. 


We only need to observe that 


1 e 
+ Im wdz 
[72 


e 


Apart from its effect on w, the gravity field gives rise to a buovant 
force equal to the product of the area S and the specific weight of 
the fluid. 
have been written down without calculation 


Indeed, this contribution to the drag coefficient could 
The usefulness of 
is in the fact that the ve locity function w has a par- 
l In fact as 


equation 21 


ticularly simple expansion about the point z = 


z—~ lf — 2i(l — 1 —1 
, ' AG ) 


the velocity function, equation (10), becomes 


Straightforward application of equation (21) gives the final re- 


sult 
8y%(1 4 AK ( j ) 2yl ° 
T /— |] F? 


Discussion 


The expressions for cavity length, area, and drag coefficient 
were calculated as a function of cavitation number and Froude 
number for a wedge with a 15-deg semiapex angle. These re- 
sults are shown in the graphs of Figs. 4, 5,6. The cavity length 
is strikingly affected by gravity, 


F? or gravity effect means that the gravity force points upstream 


Fig. 4 tecall that positive 


and negative F? downstream.) As one would anticipate, the ef- 
fect of a positive Froude number is to increase the cavity length, 
since in this case the flow proceeds into a region of decreasing 
pressure. Conversely, the effect of negative Froude numbers is to 
shorten the cavity. Indeed, for a given 
length is finite for K = 0. In 
©), the cavity length is infinite for K = 0. On 


negative) Froude num- 
ber, the cavity the absence 


of gravity (F? = 
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3 
; Y LENGTH, é 
Fig. 4 Cavity length versus cavitation number for various values of 
Froude number. The semiwedge angle is 15 deg (7 = 15 deg). 





Fig. 5 Dimensionless cavity area versus cavitation number as a function 
of Froude number for y = 15 deg 
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Fig.6 Drag coefficient versus cavitation number as a function of Froude 
number for various cavitation numbers 
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the other hand, for a given positive Froude number, there is a mini- 
mum value of the cavitation number. In Fig. 4 the curves of | 
versus K are not extended beyond this minimum. 

The effect of gravity on the drag coefficient, Fig. 6, is somewhat 
less important than on the length or area. The trend is again as 
one would expect from physical grounds; namely, that when the 
force field points upstream, the drag force is increased. Negative 
values of F? decrease the drag force for the same reason. These 
effects may be partly likened to a horizontal buoyant force as in- 
spection of equation (21) shows. From an inspection of Fig. 5 it 
appears that the buoyant terms could actually give rise to a nega- 
tive drag coefficient for a sufficiently strong downstream gravity 
vector. Such a condition is not likely to occur, however, in prac- 
tice. 
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Viscoelastic Materials With Temperature- 
Dependent Properties 


This paper deals with the quasi-static analysis of transient thermal stresses in the linear 
theory of viscoelastic solids with temperature-dependent properties. 

constitutive law rests on the temperature-time equivalence hypothesis. 
exposition of the theoretical framework exact solutions to two specific problems are 
deduced: The first concerns the thermal stresses ina slab of infinite extent, generated by 
a temperature field that depends arbitrarily on the thickness co-ordinate and time; the 


The underlying 
Following an 


second application concerns the stresses produced in a sphere by an arbitrary time- 


dependent radially symmetric temperature distribution. 


The numerical illustrations of 


the results obtained include a quantitative study based on actual test data for a poly- 


methyl methacrylate. 


1 Introduction 


HE analysis of thermal stresses in viscoelastic ma- 
terials has been the object of increasing concern during recent 
years. A quasi-static treatment of such problems, within the 
linear theory of homogeneous, isotropic viscoelastic solids and 
in the absence of thermomechanical coupling, presents no major 
difficulties even for transient temperature fields, provided the 
physical properties of the material are assumed to be independent 
of the temperature. In this event, as shown in [1],? an ele- 
mentary extension of the correspondence principle* which links 
the linear theories of elasticity and viscoelasticity ordinarily per- 
mits a systematic reduction of the problem to an associated (un- 
coupled) thermoelastic problem. 

The foregoing type of analysis was applied in [1], as weil as in 
several subsequent studies, to the solution of various specific 
boundary-value problems. Unfortunately, however, such a 
treatment, which disregards the influence of temperature upon the 
basic response characteristics of the material, is remote from 
physical reality; for it is well known that the rate processes of 
viscoelasticity are highly sensitive to temperature changes. 

The importance, in thermal-stress problems, of effects which 
stem from the temperature dependence of the viscoelastic proper- 
ties was emphasized by Freudenthal [3, 4]. Hilton [5] con- 
sidered such effects in connection with the plane problem of a 
hollow incompressible Kelvin cylinder, which is exposed to a 
radially symmetric temperature field. Rongved [6], in an in- 


1 The results communicated in this paper were obtained in the 
course of an investigation conducted under Contracts Nonr-562(25) 
of Brown University, Providence, R. I., with the Office of Naval 
tesearch, Washington, D.C. 

2 Numbers in brackets designate References at end of paper. 

* See, for example, Lee [2]. 

‘ The inclusion of thermal expansion in [5] is not altogether con- 
sistent with the accompanying assumption of mechanical incom- 
pressibility . 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—-Decem- 
ber 2, 1960, of Tue American Society or MecuanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the closing 
date will be returned. Manuscript received by ASME Applied 
Mechanics Division, July 6, 1960. Paper No. 60—WA-124. 
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teresting investigation, arrived at an explicit solution for the 
transient thermal stresses in a compressible Maxwell sphere, 
on the assumption that the viscosity is an arbitrary function of 
the temperature, and supposing the latter to possess polar sym- 
metry about the center of the sphere. 

More recently, Morland and Lee [7] returned to linear thermo- 
viscoelastic stress analysis of materials with temperature-de- 
pendent characteristics on the basis of the temperature-time 
equivalence hypothesis originally proposed by Leaderman [8]. 
According to this hypothesis all basic response functions (e.g., 
the relaxation moduli and creep compliances in shear and dilata- 
tion) are affected by a constant temperature change only within a 
corresponding uniform shift of the logarithmic time scale. The 
same postulate was introduced in a slightly different form by 
Ferry [9], and materials exhibiting such behavior have been 
termed “thermorheologically simple’? by Schwarz] and Staver- 
man [10]. The postulate has been confirmed experimentally® for 
a variety of viscoelastic materials. 

The constitutive law adopted by Morland and Lee [7] is ob- 
tained through a natural extension of the shift hypothesis to 
variable (time-dependent) temperature fields. In case the tem- 
perature varies with time, the extended law implies a (nonlinear) 
dependence of the instantaneous stress state at each material 
point of the body upon the entire local temperature history. The 
application contained in [7], however, is confined to a steady-state 
temperature field; it consists of a plane-strain analysis of the 
stresses arising in a hollow circular cylinder which is maintained 
at a steady radial distribution of temperature and is subjected 
to a suddenly applied uniform internal pressure. Moreover, in 
this example, the assumption that the material is incompressible 
is made consistently.® 

The theoretical developments presented in [7] provide for the 
possibility that the temperature dependence of the responses in 
shear and in dilatation are governed by two distinct shift func- 
tions. Yet, such an eventuality is precluded by the underlying 
assumption of a thermorheologically simple solid since the re- 
laxation modulus in tension displays the shift property if, and 
only if, the two shift functions just mentioned are identical. For 


‘ Experimental evidence, as well as additional references to re- 
lated theoretical considerations, are cited in an expository article by 
Schwarzl and Staverman [11], and by Payne [12]. 

* Thus thermal expansion is also neglected; cf. footnote 4. 
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this reason, and to avoid superfluous complications, we shall 
(without loss of physically meaningful generality) stipulate from 
the start that the entire response of the material is characterized 
by a single shift function, in so far as its temperature dependence 
is concerned. 

It is the purpose of the present investigation, which was sug- 
gested by, and is complementary to, the work of Morland and Lee 
[7], to explore the consequences of the temperature-time equiva- 
lence hypothesis in circumstances involving time-dependent tem- 
perature fields. Following an exposition of the theoretical frame- 
work, which is intended to be clarifying, we deduce exact solu- 
tions to two specific problems. The first of these concerns ther- 
mal stresses and deformations in an infinite slab that is free from 
loading and is constrained to a purely transverse motion. The 
stress-inducing temperature distribution is permitted to vary arbi- 
trarily across the finite slab thickness, is otherwise independent of 
position, and may have an arbitrary dependence on time. The 
second application concerns the thermal stresses and displace- 
ments in a sphere which, in the absence of loads, is under the in- 
fluence of an arbitrary radially symmetric transient temperature 
field. 

The treatment of the slab problem introduces no restrictions 
(beyond the hypothesis of linearity, homogeneity, and isotropy) 
of the viscoelastic response in shear and dilatation. In contrast, 
the problem of the sphere is dealt with on the assumption that the 
behavior in dilatation is purely elastic, but compressibility is 
taken into account. In either problem the results obtained alter- 
natively accommodate stress-strain relations which are specified 
in terms of a relaxation law, a creep law, or through given dif- 
ferential operators. Further, the temperature dependence of the 
shift function and of the coefficient of thermal expansion re- 
main unrestricted. 

Both solutions just described are particularized for viscoelastic 
solids of the Maxwell or Kelvin type and are contrasted with the 
corresponding behavior of an ideally elastic medium. It is found 
that the surface displacements in the problem of the sphere are 
entirely independent of the deviatoric response and thus coincide 
for an elastic material and for any material whose dilatational 
response is linearly elastic. This conclusion may be of interest 
from an experimental point of view. 

The paper concludes with illustrative numerical results ap- 
propriate to the case in which the respective temperature field is 
a solution of the (uncoupled) heat-conduction equation and is in- 
duced by a suddenly applied uniform change in the surface tem- 
perature of the body under consideration. Especially instructive 
are the numerical values reached for a polymethyl methacrylate, 
which are based on available relaxation-test data. These re- 
sults indicate the radical qualitative and quantitative changes 
arising in the thermal stresses computed for an actual viscoelastic 
material once the fiction of a temperature-independent response is 


abandoned. 


2 Fundamental Field Equations for Isothermal Conditions 

In preparation for the developments to follow we recall first the 
relevant quasi-static system of field equations in the isothermal 
linear theory of viscoelasticity.? With reference to rectangular 
Cartesian co-ordinates z;, the linearized displacement-strain re- 
lations in the usual indicial notation* appear as 


3 
- uz, 0] (1 
Or; 


Here, as in the sequel, the single argument z stands for the triplet 


1 ra) 
é,(z,t) = as E - u,(z, t) + 
2 x 


’ See, for example, the expository article by Lee [13]. 
* All Latin subscripts, unless otherwise specified, range over the 
integers (1, 2, 3) and summation over repeated subscripts is implied. 
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of co-ordinates (x;, 22, 23), while ¢ denotes the time; wu; and €;; 
designate the Cartesian components of the displacement vector 
and of the infinitesimal strain tensor. In the absence of body 
forces, and under neglect of the inertia forces, the equations of 
motion reduce to the equilibrium equations 


fs) 
- 6,,(2, t) = 0, 
2 


5 = Fj, 


where o;; are the components of the stress tensor. 

With a view toward stating certain alternative forms of the 
linear stress-strain relations for a homogeneous and isotropic 
viscoelastic solid we introduce the deviatoric components of 
stress and strain through 


ae 


65,0, 3 = ij — r (3) 


%; = 0 


l 
41 3 


C= Oy, € = Cy, 


in which 6;, is the Kronecker delta. Turning first to constitutive 
laws in integral form, we cite the relaration integral law 


o 
- €;(2, t’)dt’, 


8;;(2z, t) — t’) 
‘ ol 


re) 
o(z, t) e’) — dz, t’)®’, 
ot 


re) 
~ s(x, t’)dt’, 


, 


, 
€;;(z, t) t’) 


é(z, t) Jt - a(x, t’ dt’. 

Here G,(t), G.(t) and J,(t), J2(t) are the relaxation moduli and 
creep compliances (in shear and isotropic compression) at the 
uniform temperature under consideration. In this connection we 


stipulate that 


Got) = 0, Jet) = 0 (8 = 1,2) for—7- <i <0. (6 


Alternatively, for a medium with a finite and discrete spectrum 
of relaxation and retardation times, the linear constitutive law 
admits the differential-operator representation 


P\(D)s;(z, t) = Qi Doei,(2, 0), 
P{D)o(z, t) = QA D)ez, t), 


provided 


Ng 
ra) 
D= , PAD) = og’ D", 
ot . p> si 


pa %e8 #0, gq3a“a - 0 


Mg 


Qal D) = > qs ~)D* 


n=0 
(6 = 1, 2). 


Thus Pg and Qg (8 = 1, 2) are polynomial operators of degree Ng 
and Mg, respectively, whereas the coefficients pg, gg are 
material constants. 

The familiar connection between the foregoing three variants 
of the stress-strain law is obtained with the aid of the Laplace 
transform. Suppose F(z, ¢) is a function of position and time, 
and adopt the notation 


F*(z, 9) = £{F(z, t); n} = f F(z, t) exp (—nt)dt, (9) 
whence F'*(z, 7) is the two-sided Laplace transform (with respect 


to t) of F(z, t), n being the transform parameter. Applying the 
transform to (4), (5), and making use of the convolution theorem 
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we conclude, under suitable regularity assumptions,® that (4) and 
(5) are equivalent if 


l 


Gg*( 7) = 
nd a*(n 


Similarly, the equivalence of (4) and (7) is assured by 
Qaln) 

Gs*(n) = ve 1” (8 =1,: 

nPaln 


while (5) and (7) are equivalent provided 


FA”) 0g m1, 2), (12) 


Js*(n) = 
nQa(n 


, (12) permit the passage from a given differential- 
operator law to an equivalent stress-strain law of the hereditary 
integral type. On the other hand, a given law of the type (4) or 
(5) admits a (strictly) equivalent representation of the form (8) 
only if the Laplace transforms of the corresponding memory func- 
tions are rational. 

In addition to the relaxation moduli in shear and isotropic com- 
pression (dilatation), we shall have occasion to make use of the 
and of ‘‘Poisson’s ratio’’ for a 


Equations (11 


“relaxation modulus in extension’”’ 
viscoelastic material. The definition of these concepts” may be 
based on a uniaxial tensile relaxation test at constant strain, 


which is characterized by 
€u = & H(t), 
O22 
where H(t) is the Heaviside unit step-function given by 


l for O<t< « 
H(t) 14) 
0 for - <i<0 


The defining equations for the tensile modulus E(t) and for 
Poisson’s ratio P(t), both of which are time-dependent, now appear 


as 


Ot — €29(t) 


E(t) = (15) 


e ’ € 

In order to reach the relations connecting E(t), 0(t) and G;,(2), 
(4), with the aid of (13), (3), all 
On ap- 


Gt), we first eliminate from 
components of stress and strain except o1:(¢) and €2(¢). 
plying the Laplace transform to the resulting pair of equations 
we arrive at 
Ou*(n) = Gi*(n)[€ — n€2*(n)], 
Ou*(n) = G2*(n)[€o + 2€2*(7)), 
from which, in view of (15), 
| 3G,*()G.*(n) 
E(t) =f J ” a7? iS. 
1G,*(n) + 2G,*(n)’ J 
G,*(n) — G,*( 
Kt) @ at fe) — SD) A 
(n[Gi*(m) + 2G,%(n))' J 
if we employ the usual notation for the inverse transform. 
It will be helpful for our future purposes to particularize the 


In order not to detract from the main purpose of this investiga- 
tion we shall, throughout the analysis, refrain from stating explicitly 
the regularity assumptions needed to justify the formal Laplace- 
transform manipulations used. For a rigorous treatment of this 
transform, reference may be made to Van der Pol and Bremmer [14]. 

%” For other definitions of Poisson's ratio in the context of visco- 


elasticity theory, see [11], p. 73. 
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preceding discussion for certain important special viscoelastic 
media. In the case of the elastic solid the constants entering (8 


have the values 
N,=M,=0, p 
N. = M, = 0, Pe 


whence (7) become 


8: (x, t) = Que; (z, 1), o(z, t) = 3ke(z, 0), 19 


in which yp is the shear modulus and k the bulk modulus. It will 
also be convenient to recall the relations 
E 


> = ’ 
21 + pv) 


3k — 2p 
~ 23k 4+ rv 


Sky 
3k +p 
where E and v are the (constant) Young’s modulus and Poisson’s 
ratio of the elastic material. In accordance with (11), (12), (8), 
and (18), the corresponding relaxation and creep moduli, in 
shear and dilatation, reduce to 


1 
Jt) = H(t), 
9 


2u 


G\(t) = 2uH(t), 


l 
= 3kH(t), JAt) = H(t), 
3k 


while from (17), (20), and (21), 


E(t) = EH(t), vH(t) (22) 


P(t) = 


For the Marwell solid" the dilatational response is elastic, 
whereas the behavior in shear, with reference to (8), is charac- 


terized by 


so that the first of (7) becomes 
i) + - t) =2 ~ (z,t 
8:AZ, ) ~~ 8A Zz, 0) = 2p — Os Az, €), 
; % - a” 


where uw and Tf» designate the shear modulus and the relaxation 
time of the solid. The corresponding memory functions for shear 


in this instance are found to be 
H(t) ( ; 
2 
whereas E(t) and P(t) here take the form 
2 t 
3 (1+ v) ‘| 
- H(t) j ' 


- l 9 ° 2a t t 
P(t) 9 ) — (1 — 2v) exp —3' be f° 


if the constants E and v appearing in (26) are defined formally 
through the last two of (20) in terms of the shear and bulk 
modulus of the Maxwell solid. The physical significance of E 
and v in the present context is apparent from 


t 
Gt) = H(t)2yu exp (- ), J,(t) = 
To 


E(t) = H(t)E exp | - 


(26) 


E(0+) = E, WO+) =», 
as is immediate from (26). 

1! The following definition, strictly speaking, refers to a solid which 
exhibits Maxwell behavior in shear but is elastically compressible. 
For the sake of brevity we shall, however, consistently use the term 
“*Maxwell solid” in this restricted sense. 
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Finally, we cite the corresponding results for the Kelvin solid 
(cf. footnote 11), which are obtained in a strictly analogous 
manner. Now 


N,=0, M_=1, p™=1, ga = Qu, qa = Qu 7m (28) 


in (8) and the first of (7) assume the form 


8i(2, t) = Qu [ 2 es(z, t) + e,(z, |, (29) 


where p retains its previous significance, but 7) at present stands 
for the retardation time. The dilatational response is again 
elastic. The associated shear moduli of relaxation and creep are 


Git) = 2u[H(t) + red(t)], 


ee ae 
Jit) = Ou [1 exp ( ‘)| (30) 


provided 6(/) stands for Dirac’s delta function. Further, 


E(t) = H(®)E {1 + 7%) ep | 


1 — 2v 


t 
xo =no--csnae[-7252} 
= 0 


in which E and v are once more defined formally through the last 
two of (20). Evidently 


E(t) — E, With—~v as t— o, (32) 


which accounts for the physical significance of the constants EZ 
and v in the case of the Kelvin solid. 


3 Modification of the Constitutive Law: Influence of 
Temperature. Temperature-Time Equivalence. 


The constitutive laws discussed in the preceding section rest 
on the assumption that the entire body is permanently main- 
tained at a uniform temperature. Accordingly, the response 
functions Gg(t) and Jg(t) entering (4) and (5), as well as the 
material parameters pg, gg appearing in (8), are to be re- 
garded as having been determined at the relevant fixed “base 
temperature,’’ which is henceforth designated by T>. 

We now turn to the modifications arising in the stress-strain 
law if the temperature field is variable with position and time. 
With a view toward the analytical formulation of the temperature- 
time equivalence hypothesis we confine our attention at first to 
the effect of a uniform temperature change, i.e., a change in the 
base temperature, and temporarily consider merely the tempera- 
ture dependence of the relaxation moduli. To this end, let 
Galt, T’), (8 = 1, 2) be the relaxation moduli (in shear and dilata- 
tion) at the conslant temperature T so that, in accordance with 
previous agreements, 


Galt, To) = Ge(t) = La(log é) (8 = 1, 2) 


The postulate of thermorheologically simple behavior then takes 
the form 


Galt, T) = La{logt + Y(T)] 
where the “shift function” ¥(7T') obeys 


dy 
ar > 0. 


(33) 


(8 = 1, 2), (34) 


v( To) = 0, 


Setting 
UT) = log oT), 
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one gathers from (35) that the shift factor g{(7) conforms to 


AT) = 1, &T)>9, “ >0 (37) 


and is thus a positive, monotone-increasing function of T through- 
out the range of validity of (34). Also, (34), by virtue of (33) 
and (36), yield 


Galt, T) = Gx) 
provided the “reduced time”’ & is defined by 
E = t¢(T). 


Consequently, the entire one-parameter family of response-func- 
tion pairs Gs(t, 7’) is completely determined by its single member 
G(t) = Galt, To) once ¥(7') is known for the temperature range 
in question. The shift-function ¥(7'), and hence the shift-factor 
¢(T), in turn, represent an intrinsic property of the material 
under consideration. 

Equations (38), (39) enable us to pass from (4), which holds 
at the base temperature 7», to the corresponding relaxation in- 
tegral law applicable at any constant temperature 7. This 
transition is evidently effected by replacing Gg(t — t’) (8 = 1, 2) 
in (4) with Gg(= — &’), where £ is given by (39) and &’ = t’g(T), 
provided the body (in the absence of loads) is considered to be in 
the unstrained state at the uniform temperature 7. 

Next, suppose the medium is under the influence of a variable 
temperature field T(z, t). In this event the foregoing modification 
of the constitutive law (4) requires a twofold amendment. First, 
to allow for the temperature dependence of the response functions 
in the presence of a time-dependent temperature distribution, the 
definition (39) of the reduced time £ must be generalized consis- 
tent with the postulated temperature-time equivalence. Second, 
thermal expansion must be taken into account in the equation 
governing the dilatational response of the material. In this 
manner Morland and Lee [7] arrive at the generalized relaxation 
integral law 


(8 = 1, 2), (38) 


(39) 


t + 
° 
8;,{z,t) = f Gyvé - &’) Si ez, t’ jdt’, 


(40 
‘ 4 
3) 
o(z,t) = f GAE — &') a [e(z, t’) — 3apO(z, t’) jdt’, 
where 
Eas.) = frei, 0a, F=fz,0), aD 


while the ‘‘pseudo-temperature”’ O0(z, ¢) is defined by 


1 T(z, 0 
O(z, t) = | a(T’)dT’, 
% Ts 


&% = a(T>) (42) 
Here a(7') is the temperature-dependent coefficient of thermal 
expansion and a its value at the base-temperature 7); G,(t) 
and G,(t), as before, are the relaxation moduli measured at 7%. 
Equations (41), in contrast to (39), imply a dependence of the 
reduced time £ upon both position and the physical time. 

If, in particular, a( 7’) is constant, (42) become 


a(T) = &, O(z, t) = T(z, t) — To. (43) 


Further, in case T(z, ¢) is constant, the reduced time £& given in 
(41) coincides with that defined in (39). Finally, (40) de- 
generate into (4) when T(z, t) = 7). Examining the structure of 
(40), and bearing in mind (41), (42), one notes that the tempera- 
ture enters (40) both through the reduced time £ and through the 
pseudo-temperature ©. The instantaneous stresses at each 
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material point of the body are, in general, functionals of the entire 
preceding local strain and temperature history; these functionals 
are linear in the strains but nonlinear in the temperature. 

Analogous considerations apply to the generalization of the 
creep law (5), which—under nonisothermal conditions—assumes 
the modified form 


t 
e;,(z, i)= f Ji(é ad £’) a 8;;(2, t’)dt’, 
(44) 
: re) 
€e(z,{) = f JAE — o) a o(z, t')dt’ + 3a,0(2, t) 
Here Jg(t) (8 = 1, 2) are the creep compliances at the base tem- 
perature 7», wisereas £, 0, and a@ retain the meaning attached to 
them in (41), (42). 
The integral laws (40), (44) involve the physical time ¢ through 
& = f(z, t), as well av explicitly. It is expedient to eliminate any 
explicit reference to ¢ fvom these equations in favor of the reduced 
time £. For this purpose we note from (41), with the aid of (37), 
that & = f(z, t), for fixed (x1, 22, 2), is a monotone increasing 
function of ¢. Hence j(z, ¢) in (41) may be inverted with respect 
to t, so that 


i’ = g(x, §&’) (45) 


(=) ‘ 

ot 
Suppose F(z, ¢) is any function of position and time. Then, to 

avoid ambiguity, we shall consistently adopt the notation 


F(z, t) = F(z, —) = F[z, g(z, £)]. 


It should be emphasized that F and P are distinct functions unless 
& = ¢, i.e., unless g(7’) = 1. Moreover, F(z, £) needs to be dis- 
tinguished from F(z, £), the values of which are obtained by 
replacing the argument ¢ in F(z, t) with £, rather than by subject- 
ing ¢ to the first of the transformations (45). 

We now use (45) to change the variable of integration in (40), 
(44) from ¢’ to —’. Employing the notation (47) and taking ac- 
count of (46), we are thus led to the relaration integral law 


€ 
siz, §) -f Gi(§ — §) a 


é D2 
é(z,§) = GE — &) ae’ [e(z, &’) 


— 3a6(z, =’) dé’, 


t = g(z, &), 
Also, by (41) and (45), 


re) ot 
h = ¢(T(z,t)], - 


at at (46) 


(47) 


iz, E dE’, 


and to the creep integral law 
2 


sp ted, Bae 


g 
(2, €) -f Je = &° 


(49) 
é 
€(z, £) -f JAE — &') ss G(x, &’)dt’ + 3a06(z, £). 


We have yet to discuss the extension of the constitutive law (7) 
to nonisothermal conditions (for a thermorheologically simple 
material). This generalization may be reached most economi- 
cally by taking the Laplace transform of (48) with respect to £ 
and by subsequent use of (11). On applying the corresponding 
inverse transforms, one thus obtains the modified differential op- 
erator law 


P\(D)8 «2, §) = QD). Az, §), 


i = . (50) 
PA D)é(z, &) = QA D)[E(z, £) — 3a0O(z, £)], 
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in which 


a 
De- ry: (51) 


and the polynomial operators Pg, Qg (8 = 1, 2), as before, are 
given by (8). When 7(z, t) = 7%, (50) reduces to (7). 

If the medium is elastic, the differential operators in (50) 
according to (8), (18), and (51), fail to involve the reduced time, 
whence the response is independent of the temperature in this 
special instance.'* Elastic materials with temperature-dependent 
characteristics thus do not belong to the class of thermorheologi- 
cally simple viscoelastic solids, i.e., the assumption that the 
“elastic constants’ vary with temperature is inconsistent with 
the temperature-time equivalence hypothesis. 

We now pursue further the limitations imposed by the shift 
postulate. Suppose the material parameters pg™ (n = 0, 1, 2, . 
Ng; B = 1, 2) and qg™ (n = 0,1, 2,...Mg; 8 = 1, 2) in the iso- 
thermal differential operator law (7), (8) are replaced by functions 
of the temperature, while at the same time the thermal-expansion 
term is inserted in the second of (7). Such a formal modification 
of (7), (8) evidently results in a stress-strain law appropriate to 
a linear (homogeneous and isotropic) viscoelastic solid with 
temperature-dependent properties. It is clear, however, that an 
arbitrary independent assignment of the functions pg(7') and 
qs™(T’) is incompatible with the temperature-time equivalence 
hypothesis; for this hypothesis implies that the temperature de- 
pendence of the response of the material is governed by a single 
function of the temperature,"* namely, by the shift-factor g(T). 

In connection with the foregoing remarks, consider the particu- 
lar cases of the Maxwell and Kelvin solids. In either instance the 
dilatational response is elastic and hence temperature in- 
dependent. On the other hand, specializing the first of (50) in 
accordance with (23) and (28), and using (45), (46), (47), one 
obtains for a thermorheologically simple Maxwell solid 


1 re) 
TT) 8;,(z, t) = 2p rv e;,;(z, t), (52) 


re) 
ym ft 
By Skt )+ oT 


while for a Kelvin solid of the same type 


&j(z, t) = Qu [xn = €c(z, t) + e:,(2, o| (53) 


To 


oT 
Further, from (54) and (37) follows 


(T) = 


dr 
——— €@ 


aT (55) 


7(T>) = %, 7(T) > 0, 


Comparing (52), (53) with (24), (29), we identify the function 7(T') 
in (52) and (53) as a temperature-dependent relaxation time and 
retardation time, respectively. This function may be specified 
at will, subject to (55), without contradicting the shift hypothesis. 
In contrast, 4 must remain constant if the materials under con- 
sideration are to exhibit thermorheologically simple behavior. 
At this stage we may proceed to the formulation of boundary- 
value problems in the quasi-static linear theory of thermorheo- 


12 The same conclusion may alternatively be based on (40) or (44) 
in conjunction with (21) and (41). 

13 It is worth noting that if the stresses and strains in (50) are re- 
ferred to the physical time ¢ by recourse to (41) and (47), there re- 
sults a constitutive law of the form (7), (8); the coefficients pg’, 
as, however, then depend not only on 7(z, t) but also on the suc- 
cessive time derivatives of the temperature, unless Ng < 1, Mg < 1 
for (50). 
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logically simple (homogeneous and isotropic) viscoelastic solids. 
The corresponding complete system of field equations consists of 
the displacement-strain relations (1), the stress equations of 
equilibrium (2), together with the constitutive law (48), (49), or 
(50 }e 

To these field equations, which must hold throughout the region 
D oceupied by the medium, we must adjoin suitable initial and 
boundary conditions. In the applications to follow we shall sup- 
pose the body to be initially undisturbed, so that 

uz, t) = o,{z,t) = O(z,t) =OmD(—- <i <0) (56) 

Also, we shall assume that the boundary 8 of D is permanently 
free from surface tractions; i.e., 


o;(z,tnf{z) =O0on®B (0 <t<-@), (57) 


The mechanical properties of the material—represented by the 
relaxation moduli Gg(t), the equivalent creep compliances J(t), 
or the material parameters pg™ and gg‘—are to be regarded as 
given quantities, as are the shift factor ¢(7') and the coefficients 
of thermal expansion a(7). The foregoing formulation of the 
problem presupposes further that the temperature 7(z, ¢), and 
hence the pseudo-temperature O(z, ¢), is a known function. In 
the absence of thermomechanical! coupling, the temperature field 
may, in particular, be the solution of an independent heat-con- 
duction problem. In this event T(z, t) is governed by the (un- 
corrected) equation of heat conduction 

, re) 
KV2T(z, t) = — T(z, 0), (58) 
ot 
in conjunction with the appropriate initial and boundary condi- 
tions. Here V? is the Laplacian operator and « the thermal dif- 
fusivity of the material. 

We now consider two specific examples which belong to the 
class of thermoviscoelastic boundary-value problems just de- 
scribed. 


4 Transient Thermal Stresses in a Viscoelastic Slab 


For our present purposes it is convenient to depart from indicial 
notation. Thus let the Cartesian co-ordinates, previously 
designated by (x1, 72, 23), now be denoted by (z, y, z). Consider a 
slab of infinite extent and finite thickness 2a, bounded by the 
planes z = +a. Let the slab be under the influence of a tem- 
perature field of the form 

T = 7(z, t), (59) 
and be constrained to the purely transverse motion charac- 
terized by the displacement field 


u,su, =0, u, = u,(z, t). (60) 


It is required to determine u,(z, t), as well as the associated ther- 
mal stresses, in accordance with the field equations, initial, and 
boundary conditions outlined at the end of Section 3. The fol- 
lowing analysis is based on the relaxation integral law (48) but the 
results will be adapted also to the case in which the response of 
the material is prescribed in terms of the creep compliances or is 
specified in differential-operator form. 
By (60), (1) the components of strain here become 


ou, 
=€, =€,, = 4a —, 


vy sy Be (61) 


while (61) and (3) yield for the dilatation and the deviatoric 


strains 


€= €,, Csr = € : , , = ¢,, = ¢,, = 0. 


(62) 
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From (62), (3), and (48) follow 
(63) 


(64) 


Clearly, the functions appearing in (61) to (64) depend on z and ¢ 
alone. The constitutive law (48), by virtue of (62) and (64), now 
yields the pair of integral equations 


E 
— é,,(z, =) -f Git 


£ 
G,(z, £) + 26,,(z, &) = f 


—@® 


Gas z, g ) 


° 
GAE — &) — [€(z, £') 
7 8) 3e ‘ s 


— Zaz, £’)\dé’, 
while the equilibrium equations (2), because of (63), (60), reduce 
to the single nontrivial equation 

° 


. (66) 
oz 


g,(2z,t) = 0. 


The boundary conditions (57) at present demand that 
o,(z2,t) =0 for z= +a, 
and from (66), (67) 
0,(2z,t) = 6,,(z, £)=0. (68) 


We now apply the Laplace transform (with respect to &) to 
(65), make use of the convolution theorem and, bearing in mind 


(6), (68), arrive at 
6.5°(z, w= —G,*(n)é*(z, ”), 
o * (69) 
26,2°(z,) = nG2*(n)[€*(z, 9) — 3a00*(z, 9)], 


the notation being accounted for by (47) and (9), provided in 
the latter (z, t) is replaced by (z, £). Eliminating €*(z, 7) between 
(69) one has 

3aG, *(9)G2*(n) 


SO 6*(z, ). 
26,°%(n) + Gm)? “*" 
et. 


Then (69), in view of the initial conditions (56), implies 


G.2*(z, n) = (70) 


Let an auxiliary function R(£) be defined by 


Ri 
, A(z, dé’ 


€ 
6,3(2, &) = —3a RE to £’) > 
f " 


0<&< ~~), (72) 
or, upon changing variables from the reduced to the physical time 
by means of (45), (46), (47), 


H 
re) 

O,,(2, t) = —3a% R[&z, t) — &z, t’)] — Oz, t’)dt’ 
° at 


(0 <t< @), (73) 


where &(z, t) = f(z, t) is given by (41). The remaining com- 
ponents of stress vanish identically, except for ¢,,, which coin- 
cides with ¢@,,. 

According to (61), (62) the only nonvanishing displacement 
component is given by 


z 
u{z,t) = re ef, ide, 
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(74) 





if the median plane z = 0 is assumed to remain fixed. Also, from 


(10) and the first of (69) 

€*(z, n) = —Ji*(n)né,.*(z, 7), (75) 
where J;(¢) is the creep compliance in shear. Inverting (75) and 
referring the resulting equation to the physical time, we reach 
upon substitution into (74), 


z t Pa) 
u,\2, j7!-- Ji [& ¥ = &( 2 t’)] “or mie t’ )dt'dt 
0 0 ns) 


(O<t<@), (76) 


This completes the solution of the problem at hand. The func- 
tion R(£), entering the stress formula (73), is defined in (71) in 
terms of the relaxation moduli Gg(t) (8 = 1, 2). If the response 
of the material is given instead through the creep compliances 
J a(t) or through the polynomial operators Ps, Qg of (8), equation 
(71), because of (10), (11), is to be replaced with 

ae Se t " 
_ . (n?[Ji*(m) + 2J2*(m)]’ é = 


or with 


Q1(7)Q2(0) { 


J 
m4 : 8 
\niPumedn) + 2Pamacm! *f 


R(é) = £ 


accordingly. Similarly, the creep compliance J, appearing in the 
displacement formula (76) may alternatively be replaced with the 
inverse Laplace transform of 1/n°G,*() or of Pi()/nQ,(n). 

For future convenience we cite also the form taken on by R(£ 
if the dilatational response of the material is purely elastic. In 
this event, as is apparent from (8), (18), (21), 
3k l 


G,*(n) = J2*(q) = , PAn)=1, Q(n) = 3k. (79 
3kn 


Further, we may, without ambiguity, presently set 


Gilt = Git ) Jit = Jit 3 P, = P, = q. 


By virtue of (79), (80), equations (71), (77), (78) then reduce to 


3kG*(n 


R(Eé) = L 43 , (81 
> 


3k + 2nG*(n)’ 
3k rt 
3kn2J*(m)’ *4 


‘7 7 3kQ(n rh. (83 
\n[3kP(n) + 2Q(m)]’ “J 
We now particularize R(£) further by considering the special 
cases of the elastic solid, the Maxwell solid, and the Kelvin solid. 
Inserting in (82) the values of J*(7) = J,*() implied by (21), 
(25), (30), performing the corresponding inversions, and using 
(20) in all three instances to express k, u in terms of E, v, we are 
thus led to the following results: 
For the elastic solid 


and for the Kelvin solid 
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AOE |. 2. vé 
R(é) = 3 — ») E + By exp (- 4 ) 


311 — » 


2(1 — 27) 


where 


l+p 


=. : (87) 
3(1 — Pv) 


B 

Substitution of (84), (85), (86) into (73), after obvious simplifi- 

cations, yields the subsequent formulas for o,, corresponding to 

the three particular types of solids under consideration. For the 
elastic solid 


QE 
O(z, 0), 
Vv 


¢,,(2,t) = — 


for the Marwell solid 


aE 


- ew - . 


0,{z,t) = Tes 
t 3 a 
° exp | — Hz, | - O(z, t’)dt’, (89 
0 To ol 


and for the Kelvin solid 


g,,(z,t) = — 


az 


OE Oe, t) + By exp | - 
—v) 


0 


. re) 
. exp| 2 Ke, 0) | (2, var’ (90) 
0 To ol f 


The foregoing three specialized results for o,, are valid for 
0 <t< ©; the corresponding formulas for u, are immediate from 
(76), (21), (25), (30). 

The solution for the Maxwell solid clearly tends to that charac- 
teristic of the elastic medium as the relaxation time 7 approaches 
infinity. These two solutions also coalesce in the limit as ¢ — 0, 
the initial response of the Maxwell solid being elastic. If 
(91) 


t— @, 


O(z,t)—~0 as 
ot 


then o,,(z, t) ~ 0 in (89) asi — ©, so that the Maxwell plate 
relaxes into a stressless steady state. 

The solution appropriate to the Kelvin solid, in turn, evidently 
tends to the elasticity solution as the retardation time 7) ap- 
proaches zero; the same is true in the limit as i> ©, provided 
(91) holds. 

Finally, we mention a recent investigation by Landau, Weiner, 
and Zwicky [15] which deals with certain aspects of the foregoing 
problem for a viscoelastic, perfectly plastic material. In [15], 
however, the viscoelastic behavior is restricted to be of the Max- 
well type. 


5 Transient Thermal Stresses in a Viscoelastic Sphere 


As a second application of the theory summarized in Section 3, 
we consider the thermal deformations and stresses in a sphere, in- 
duced by an arbitrary radially symmetric temperature distribu- 
tion. For this purpose we introduce spherical co-ordinates 
(r, 8, @) by means of the mapping 


zm =rsin@cos¢, x22 =rsin@sing, x; =r cos 8, 
(92) 
0<6<r7, 


0<r<., 0<o <2n 


Let the sphere have the radius a and be centered at the origin. 
The temperature field then has the form 


T = T(r, t). (93) 
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Because of the polar symmetry of the problem, the spherical 
components of displacement conform to 


u, = u(r, t), (94) 
whence (1), referred to spherical co-ordinates, yield the strains 


ug = ug = 0, 


60 = €g = €& = 0. (95) 


Up 
€ey or’ — a" 


From (95), (3) follow 


1 0 
€ Ge + 2eqe = SS (rte), 


Cr = —2egg = —2egg = Ey — — 


Crt = C0 = Cor = 0. 


Appealing once more to the polar symmetry of the present prob- 
lem we have 


Ce = Cee, 0.6 = Cog = Cy, = 0, (97) 


and (97), (3) imply 


2 
Srp = —2s99 = —2sgg = — (C,, — Coe), 


og = 0,, + 209, 3 (on (98) 


8 = 806 = 8or = 0. 


Furthermore, all of the functions appearing in (95) to (98) evi- 
dently depend on r and ¢, exclusively. For later convenience we 
note here also the identity 

3 0 

— 3, 

> op Pienlrs 


r3 = er, t) = (99) 


which is an immediate consequence of (96). 

In view of the restricted form (93) of the temperature field, the 
reduced time £ in the current circumstances becomes a function of 
rand talone. Replacing (41) with 


t 
E= sr.) = felt, WMA, F = s,t), (100) 
and in analogy to (45), (47), we now adopt the notation 
t= ofr, &), F(r,t) = P(r, &) = Pir, tr, £)). 


The analysis of the problem under consideration will be based 
on the generalized relaxation integral law (48), but the dilata- 
tional response of the solid will, from the start, be assumed purely 
elastic. On setting G,(t) = G(t), as in (80), and with reference 
to spherical co-ordinates, the first of (48) at present reduces to the 
single equation 


(101) 


€ 
a(r, &) = f GE- £95 tale, EME, (102) 
the remaining deviatoric stress-strain relations being met identi- 
cally by virtue of (96) and (98). On the other hand, using in the 
second of (48) the special form of G,(¢) appearing in (21), and re- 
ferring the resulting equation to spherical co-ordinates, we gather 
that 


o(r, t) - 3kle(r, t) if 3aA(r, t)], (103) 


where the pseudo-temperature O(r, ¢), in accordance with (42) 
and (93), is given by 


1 T(r, 0 
O(r, t) = | a(T’)dT’. (104) 
% Jr, 
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The equilibrium equations (2), in turn, because of (97) and 
since all spherical stress components are independent of @ and ¢, 
now yield the single aig Ay 


"Mads:  anlr t) +— = [ot t) XX Col, t)] = 0. (105) 


In view of (98), we may rewrite (105) as 
3 
~ [r*s,,(r, t)] + = = o(r, t) = 0. (106) 


Substitution into (106) for o(r, ¢) from (103), and use of (99), 
lead to 


kyo 
2. [r*s,(r, ¢)} = = {2 [r%e,(r, t)] 
— Zar? — = er, ol, (107) 
from which, upon integration with respect to r, 


8,(T, t) = -" [en(r, t) ad h(r, t)), 


2a re) 
Ar, t) = — p? — O(p, t)dp. (109) 
r op 
Next, we apply to (108) the change of the time variable indicated 
in (100), (101), and use the resulting equation to eliminate é,,(r, ) 
from (102). This procedure leads to the following integral equa- 


tion for 3,,(r, £): 


intr = fo ae #) > S| ie. #9 


, S-(r, | dg’ (110) 


Taking the Laplace transform of (110) with respect to £, invoking 
the convolution theorem, and keeping (6) in mind, we arrive at 


a. os nh*(r, 0). 


(111 
3k + 2nG*(n) _ 


,%r, 9) = 
Inverting (111), we find with the aid of (56) that 


€ 
infer, £) = f RE - £1) 5, hr, PE (O<E< =), (112) 
0 
if R() is defined by (81) in terms of the relaxation modulus in 
shear. As shown earlier, R(£) admits the alternative representa- 
tions (82) and (83), in terms of the creep compliance J(t) = J,(t) 
and the operators P = P,, Q = Q,, respectively. Referring (112) 
to the physical time ¢ by means of the transformations (101), and 


substituting for h(r, t’) from (109), there results 


o*0(p, t’) 
dp oat’ 


8,(r, t) = — "Rie, t) — &r, t’ nf er dp dt’ 


(0<ti<). (113) 

With a view toward the explicit determination of the normal 
stress ¢,,({r, 1) we observe, on the basis of (98), that (105) may 
also be written as 


= o,Ar, t) = = 8,(7, t), (114) 
Tr 


or 


Transactions of the ASME 





and note that the boundary conditions (57) at present require 
o,Aa, t) = 0. (115) 
From (114), (115) follows 


o,{r,t) = sf ah dp, 


and (113), (116) finally yield 
r t 1 

“man ~6ay f f + RIA, ) — £0, 0) 
a 0 M 


f o*O(p, t’ 
- | p 
0 


) 
3s ———— dpdt'dd (117 
dp a’ sta 
Further, by (97), (98) 


for0 <i < », 


3 
Coo(r, t) = ogg(r, t) = @,,(r, t) —Zinkr, t). (118) 
Since the spherical components of shear stress vanish identically 
the desired thermal stresses are completely determined by (117), 
(118), (113), in conjunction with (81), (82), or (83), and (100), 
(104). In particular, one is led to 


3a 


t 
oa, t) = —— 5 f R(&a, t) — Ka, ¢’)] 
0 


2  3*O(p, t’ 
f pans? dp dt’ 


9<t @ ), 
| Oa oF (9<t<@) 


(119) 


Our next objective is to find the nonvanishing radial displace- 
ment u,(r, t). To this end we note that the equilibrium equation 
(105) is equivalent to 


em [r*e,,(r, t)] = = [o,(r, t) + 2oee(r, t)], (120) 
: 


r3 


whereas (103), which asserts that the dilatational response is 
elastic, by virtue of (96) and (98), implies 


3k {4 ~ [r2u,(r, t)] — 3a,0(r, of = ¢,,(r, t) + 2oee(r, t). 
(121) 


From (120), (121) we draw 
b 2 {r2u,(r, t)] = 2 [r*o,(r, t)] + 3aor*O(r, t). (122) 
hi iit ie 3k Or : ; 
Integrating (122) with respect to r, we obtain the desired result 
r 3a r 
tilt t) 5 Olt 1) + = f p°A(p,t)dp (0<t< ©). (123) 
0 


It is important to observe that (123) was deduced without re- 
course to the deviatoric stress-strain law (102), and hence holds 
for any isotropic and homogeneous material whose dilatational 
response—in the presence of infinitesimal deformations—is 
linearly elastic. In particular, for any such material 


3a. ad 
u,(a,t) = — f p*O(p, t)dp, 
a 0 


3Q% 
€90( a, t) Se 
a’® 


a 
f p*O(p, t)dp, (124) 
0 


as may be inferred from (123) by means of (115) and (95). The 
strikingly simple formulas (124) for the surface values of the 
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radial displacement and of the circumferential strain are apt to 
be of interest in connection with the experimental! verification of 
the assumption that the material behaves elastically in isotropic 
compression. 

The solution just established may be simplified if the tempera- 
ture field (93) satisfies the heat-conduction equation (58), and 
provided the coefficient of thermal expansion is constant. In 
these circumstances (104) becomes 


O(r, t) = T(r, t) — To, (125) 


while by (58), (125), 
, -# r) 1 
= Ee. ~" 9 aoe a— 
Sh [. > Or, o| = 
whence, using integration by parts, 
> [+ 2 a,0} (127) 


r Op, t) 
p?§ ——— dp = «rt— 
0 dpot or Lr Or 


By virtue of (127), equations (113), (117) are now reducible to 


O(r, 2), (126) 


(r,t) = 2 * RIE ( t) — & ry2 [+ 20% | a 
8,(r, t) aur { RIEG. Ot) el oie , , 


(128) 
r t 
g,{r, t) = bau f f RlE(p, t) — Ep, t’)) 
a 0 


aofia 
— [+ — Op, "| di‘dp, (129) 
2p Lp Op 


whereas (119) becomes 
t 

Cep(a, i) = —deuna f R{&a, t) — Ka, t’)] 
0 


offi 2a nit ‘ 
42 [+ or acre |b ae. (130) 


Finally, we list the special forms assumed by the stress field 
for the particular cases of the elastic solid, the Maxwell solid, and 
the Kelvin solid. The following results, which are valid for 
0 <t < ©, are obtained from (113), (117), (118) with the aid of 
(84), (85), (86), after some elementary manipulations: 

For the elastic solid 


2aB [1 4 1 r 

¢,{r, 1) =—— ras p*O(p, tdp — +f p*O(p, oie | 
l1—vyLa 0 r 0 

(131) 





~& [2° 
= ti p*O(p, t)dp 
—vtLa 5 


- 


(132) 


7 F! p*O(p, t)dp — Or, |. 
r Jo 


These formulas agree with the well-known solution of the present 
problem in classical elasticity theory. 
For the Marwell solid 


—2mE {" 1 B 
o,{7, 1) = 7 "7 i} rv exp | - 4 EA, o| 
a 


t X ’ 
f exp [4 GA, | p* a) dp dt'dy, 
0 


(133) 
0 0) p22 


14 See, for example, Timoshenko-Goodier [16], p. 147, et seq. 
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Cor, t) = o,-(r,t) — 


exp | - £ &(r, o| 


e . aX 8 , ] : o*O(p, t’) , 
f[4 &(r, t’) fo dp at’ dp dt 


Formulas (133), (134) are in agreement with Rongved’s [6] solu- 
tion, which is confined to the Maxwell solid. 
For the Kelvin solid 


(134) 


2a,F l . 1 4 
o,(r, t) = ——- p*O(p, thdp — — p*O(p, t)dp 
l-vp 7 a’ 0 rs 0 


r .. Y t : | . 
~8v f Xa exp| - : 0,0] f'eo[ 2 EA, t ] 


o*O(p, t”) 


r 
; 8 
P Dp dt! 


0 


aE » oo 
= <Q¢, t) - — *O( p, td 
oP ) (r t) r3 f p (Pp, lp 


8 t 
na ay exp | - y &r, t) exp [ &r, t’) 
r3 To 0 L To 


r , 
, pre ap a’. (136) 
0 Op ot 


dp avant (135) 


Ger, t) = a,,{r, t) — i 


The foregoing special results exhibit the limit behavior de- 
scribed at the end of Section 4, in the discussion of the solution 
to the problem of the slab. Thus the solutions appropriate to 
the Maxwell and the Kelvin solid tend to the solution for the 
elastic solid in the respective limit as the relaxation time ap- 
proaches infinity and as the retardation time approaches zero. 
The initial response of the Maxwell solid is again confirmed to 
be elastic. Further, if 


re) 


i— o, (137) 


O(r,i)—~0 as 


the stresses in the Maxwell sphere tend to zero as {> @, while 
those in the Kelvin sphere, in this limit, coincide with the steady- 
state stresses of the elastic sphere. 

In the present context reference ought to be made to a recent 
paper by Nowinski [17], in which the problem treated in this 
section is solved for an elastic sphere whose Young’s modulus and 
Poisson’s ratio are assumed to be prescribed functions of the 
temperature. As emphasized in Section 3, such an assumption is 
inadmissible within the temperature-time equivalence hypothesis 
underlying our investigation. 

Before turning to a discussion of numerical results, we mention 
that the foregoing analysis of transient thermal deformations 
and stresses in a viscoelastic sphere is readily generalized to the 
corresponding problem for a viscoelastic spherical shell. 


6 Specialization of the Temperature Field. Numerical 


Results. Discussion. 

We now illustrate the solutions established in the preceding 
two sections with numerical examples. In this connection we 
consider first results appropriate to the problem of the slab, 
treated in Section 4. 

Suppose the temperature field T(z, ¢) introduced in (59), satis- 
fies the heat-conduction equation (58) (for a constant thermal 
diffusivity x) and obeys the initial and boundary conditions 


T(z, t) = Ty 
T(z, i= 7; 
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(-a<zsa, —@” <t <0), 
(138) 


(z = ta, 0 <t < ~), 


1961 


which correspond to a sudden uniform heating (or cooling) of the 
two plane faces of the slab. Let us assume, further, that the co- 
efficient of thermal expansion is constant so that 
O(z, t) = T(z, t) — To, (139) 

and let 
0, = T, — To. (140) 


The solution to the heat-conduction problem governed by (58), 
(138) is well known and admits the alternative representations"* 


ic (Qn + 1)°4%xt 
A(z, 2) = O,<41 -— — : | - esl 
eS en tl 4a? 


(2n + 1)rz\ 


* cos 2a (’ 


— 2n +1 —2/a 


n=0 
2 1+2 
ape ee 4 “I. 


co. & oak 
2(xt/a?)/? 


(141) 


(142) 


where erfe designates the complementary error function defined 


o . 
erfe (w) = —> f exp (—A?)dA. 
ve J. 


While (141) is advantageous to use for large values of t, the error- 
function representation (142) is better suited for the numerical 
evaluation of the temperature distribution at small time values. 
For future convenience we cite here also the power-series develop- 


by 


(143) 


ment 


2 (—1)e™*! 


erfe(w) = 1 — — > pe ‘ 
Ve 26 (2n + 1) In 


as well as the semiconvergent expansion, valid as w —~ ~, 


= , a ie 
exp( —w?) —1)"\<n 
erfc(w) = a= - ‘ = + O(w-2-*) | (145) 
Vw 4 (20) in 


= TWAT -T ye 


tt a ee 10 is 
Fig. 1 Slab. Time dependence of temperature at z = U 
Fig. 1 displays the time variation of the temperature in the 
middle plane of the slab and is based on (141), (142). 
In order to find the normal stress ¢,, at the faces of the slab, 
induced by the temperature distribution under consideration, we 
note on the basis of (9), (47) and (138), (139), (140) that 


+ —e «t/o* 
oO 


0; 


6*(a, n) = £1 A(a, £); 7} = (146) 


Consequently, from (70) 


6 See Equation (43). 
€ See Carslaw and Jaeger [18], p. 83, and [19], p. 275. 
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—3av9,R[Ea, t)], (147 


Ga, &) = ¢,,(—a, —) = 
where R(£) is the auxiliary response function given by (71), and 
the reduced time &a, t), because of (41), (138), has the form 
=Q(7T,)t (0<t < @), (148) 


+ 
&(a, t) 


For a Maxwell or a Kelvin solid (148), by virtue of (54), be- 


comes 
Tol 


f(a, t) = — (0 
: 7(T)) 


(149) 


where r(7') is the relaxation or the retardation time of the material 
at the temperature 7, and R(£&) here is given by (85) or (86), re- 
spectively. For the elastic solid R(&) has the degenerate form 


(84). 
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Fig. 2 Slab. Time dependence of c.. at surface for various Poisson's 


ratios 


Fig. 2 shows the time dependence of the normal stress ¢,, at 
the faces z = +a for an elastic solid, for a Maxwell solid, and for 
a Kelvin solid, corresponding to the values v = 1/8, 1/4, 3/8 of 
Poissun’s ratio." These graphs were obtained with the aid of 
(147), (148), (149), (84), (85), and (86 
perature of the slab is constant for ¢ 
pendence of the relaxation (or retardation) time affects merely the 


Since the surface tem- 
> 0, the temperature de- 


time scale in Fig. 2. 

A more revealing discussion of the influence of temperature- 
dependent viscoelastic properties upon the thermal stresses 
arising in the slab problem necessitates an examination of these 
stresses in the interior of the body, where the temperature field 
(141), (142) We therefore turn our attention 
next to the normal stress o,, in the middle planez = 0. Further, 


aiming at a quantitative appraisal of the effects under investi- 


varies with time. 


gation, we depart from the oversimplified models of the Maxwell 
and Kelvin solids and base the subsequent computations on 
available experimental data for an actual material, i.e., for poly- 
methyl methacrylate. 


17 Recall (27) and (32), which account for the meaning of E and v 


in Fig. 2. 
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In dealing with this particular high polymer we shall adhere 
to the assumption that x and @ are constants. The discrepancies 
introduced by this approximation" are likely to be insignificant 
compared to the influence of the temperature upon the mechanical 
response, especially if the temperature changes are confined to a 
sufficiently narrow range (in the example to follow we choose 7 
= 80 C, T; = 110 C). In addition, we shall presume the re- 
sponse of the material in dilatation (isotropic compression ) to be 
purely elastic. Such a hypothesis appears to be reasonably ade- 
quate for high polymers, at least in the transition range between 
the glassy and the rubbery state,” which is of primary importance 
for the purpose at hand. 

The thermorheologically simple 
methacrylate was established by Bischoff, Catsiff, and Tobolsky 
[20], through tensile relaxation tests which indicate that this high 
polymer obeys the shift law with considerable accuracy for tem- 
peratures from 40 to 125 C. The results reported in [20] supply 
the values of the time-dependent Young’s modulus E(t) and of the 
shift factor g(7') for this temperature range. On the other hand, 
Hoff [21], in tests conducted at —25 to 50 C, observed the con- 
stant initial value }(0) = 0.35 of Poisson’s ratio. 

The experimental information just cited is sufficient to deter- 
mine the relaxation modulus in shear G,(t) = G(t) and the (con- 
stant) bulk modulus &, once the dilatational response of the ma- 
It is more expedient, however, to 


character of polymethyl 


terial is regarded to be elastic. 
express the required response function R(£), given in (81) in terms 
of Gt) and k, from the start in terms of E(t) and 0(0). To this 
end we gather from (17), (79), (80) that 


f 6kE%(n) | 
19k - nE*(n) 


q 
i 


G(é) = £-'- 


By (150) (81), and the first of (20), 


Jj] <a 
in n(l + (1 — 2v)nE*%(n)/E}’ 


E = E(0), v = 70) (152 


) 
and thus characterize the initial elastic response of the material. 

We proceed to the explicit determination of R(£) for poly- 
methyl methacrylate. According to [20], the experimental meas- 
urements of E(t) may be adequately described by the empirical 
formula 


logioF(t) = 8.85 — 1.5 erf[0.31 (logit — 3.6)] at 80°C, (153) 


in which the units of £ and ¢ are dynes/em? and hr, respec- 
tively. Since it is highly inconvenient to obtain the Laplace 
transform of E(t) in the representation (153), we introduce in- 
stead the analytically more advantageous approximate represen- 


tation 


2 4+. 0.0316 
* — exp(—1.897)]} at 80C. 


E(t) = 105-5} 63.0(t + 3.98) 

— 15.5[7.94(t + 3.98) —*/ (154) 
Fig. 3 shows that the values of E(t) based on (154) agree closely 
with those resulting from (153) for the entire time range. The 
shift factor ¢(7'), in turn, for 7’ between 80 and 110 C, admits the 
approximation 


18 Reliable information concerning the actual temperature de- 
pendence of x and a for polymethy! methacrylate seems to be lacking 
in the experimental literature. 

1% See [11], p. 77, et seq. There is an obvious need for further ex- 
perimental corroboration of this common theoretical assumption. 

* Actually, the formula given in [20] applies to the base tempera- 
ture 110 C and has been modified accordingly. 
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Fig. 3 Time dependence of Young's modulus for polymethyl metha- 
crylate 


¢(T) = 10° exp {_ ~ (110 — T) ‘ 
-[T — 40 + 0.0365(T — soy, (155) 


which refers to the base temperature 7, = 80 C, the units of T 
being degrees centigrade. From (155) the reduced time £ may 
be computed by numerical evaluation of the definite integral in 
41) for any given T(z, é). 

Applying the Laplace transform to (154) and using the first of 
(152), we reach*! 

. 
=n) = Vx An~'? exp (bn) erfe (bm)'/* 


D 
a+e 
(156) 


— 3 1 — (bm) exp (bm) exfe (bn)'*] + < + 
Ve! — (xbn)’* exp (bm) erfe (bn ; 


E = 10"-*, 6b = 3.98, 
A=1.99, B =3.89, C = 10-, 


It is clear from (151) that the transform of the desired auxiliary 
response function R(£) is fully specified by (156), (157) together 
with the experimental value vy = 3(0) = 0.35. The complete de- 
termination of the corresponding inverse Laplace transform, i.e., 
of R(£) for the entire range 0 < — < ©, in a form convenient for 
further numerical work, presents great analytical difficulties. 
For this reason we adopt the usual asymptotic method** for find- 
ing the required inverse transform and, with the aid of (144), 
(145), (151), (156), (157), deduce separate approximate represen- 
tations of R(£), valid for sufficiently small and sufficiently large 
values of £, respectively. The results of these highly cumbersome 


c = 1.89, 
D = 0.490. 


(157) 


1 See [22], p. 267. 
22 See, for example, [19], p. 271, et seq. 
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log git) —_—_ 





of shift factor for polymethyl! metha- 





computations—the details of which will be omitted here—indi- 
cate that the intermediate range of &values may be covered ade- 
quately by a linear interpolation for R(£) if log £ is chosen as the 
independent variable. The values of R(£) thus obtained, and 
used in the subsequent stress computation, are given by 


R(t) 
= 0.513 — 0.193 [1 — exp(—1.89£)] + 0.0234é | 


— 0.0476£? + 0.0465¢* — 0.0301£¢ 


RE) 
E 


(0 < & < 0.398), | 


= 0.366 — 0.121 logwé (0.398 < = < 70.8), 


R(é) 1 ( 10.6 114 =) 
—* = 0.000666 + —- {1.33 — — + — - — 
E VE\ g & & 


| 
| 
| 
| 
(708 <t< x] 


The graph of R(£), plotted on a semilogarithmic scale, is pre- 
sented in Fig. 5. 

We are now in a position to compute ¢,, as a function of time 
in the middle plane z = 0 of a polymethyl methacrylate slub 
which is under the influence of the temperature field (141), (142). 
For illustrative purposes we choose 


T, = 80C, T, = 110C, a*/k = 1hr (159) 


Since 


a=8 xX 10-9/C, x =8cm*/hr (160) 


for this material,** the last of (159) corresponds to a slab thick- 
ness of approximately 5.7 cm. Inserting (159) into (141), (142), 
setting z = 0, and bearing (139), (140) in mind, we reach the ap- 
propriate values of 7T(0, ¢). Substituting the latter into (155), 
and thereafter evaluating the integral in (41) by the usual nu- 
merical procedure, we arrive at the relevant values of the reduced 
time &0, ¢). Once £0, ¢) is known, ¢,,(0, ¢) follows from (73), 
with the aid of (141), (142), and (158), through the numerical 
evaluation of the definite integral in (73). 

The results of the calculations just outlined, which were carried 
out in part on an IBM 650 computer, are displayed as Curve 1 in 
Fig. 6. Curve 2, inthe same diagram, shows the behavior of 
o,,(0, ¢) predicted on the assumption that the response of the 
material is temperature-independent; this curve is based on the 
values of the tensile modulus of relaxation appropriate to the aver- 


23 These approximate values are based on experimental informa- 
tion cited by Simonds and Ellis [23], p. 44. The temperatures at 
which the underlying measurements were carried out are not given in 
[23]. 
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Fig. 6 Slab. Time dependence of o,, in middie plane for polymethyl 
methacrylate 

age surface temperature of 95 C. Curve 3, finally, illustrates 
the time variation of o,,(0, ¢) in an elastic slab whose elastic con- 
stants coincide with the corresponding initial values E = E(0) 
and vy = ¥(0) for polymethyl methacrylate. We observe that for 
an initial period of about 10 min the three curves almost coa- 
lesce, the response of the material being nearly elastic (and 
hence temperature independent) during this early stage. For 
approximately the first 25 min, Curve 2 slightly underestimates the 
“actual” stress values, as was to be anticipated; throughout this 
period, as is evident from Fig. 1, the temperature at z = 0 is 
less than the average temperature of 95 C on which the modulus 
E(t) underlying Curve 2 is based. Later on, however, Curve 2 
progressively overestimates the stress values predicted by Curve 1, 
reaching a maximum value at ¢ = 1 hr which exceeds the “true” 
maximum (occurring at ¢ = 1/2 hr) by over 25 per cent. The 
stress relaxation according to Curve 1 is seen to be far more rapid 
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than that implied by Curve 2; after a 2-hr period the actual stress 
is less than 15 per cent of the corresponding value indicated in 
curve 2. These conclusions clearly confirm the totally unrealistic 
character of any viscoelastic thermal-stress analysis which ne- 
glects the temperature dependence of the viscoelastic properties. 

The remaining numerical results relate to the problem of the 
sphere, solved in Section 5. Once again we assume @ and x to be 
constant and consider the special case in which the temperature 
field is induced by a sudden uniform change of the surface tem- 
perature. Thus 7(r, ¢), introduced in (93), is assumed to be the 
solution in (58) which satisfies the initial and boundary condi- 


tions 
T(r, t) = To —a <t< 9), 


T(r, t) = Ti 


(O<r<a, 
(161) 
(r=a, O<t< ©). 
In accordance with (104) we now have 
O(r, t) = T(r, t) — To 
and on setting 
0, = T, — To (163) 


the known solution™ to the present heat-conduction problem 
appears as 


2a (-—1)* nrkt\ | nar 
O(r, i) = 6; E + od > = — exp (- a ) sin =| 
(164) 


This representation of the solution is well adapted to computa- 
tions involving large values of t. An alternative representation, 
suitable for small time values, is given by 


Oya = 2n+1-—r/a 
_— f ny 
— Y {ee [ 2% xt/a*)”* | 


n=0 
2n+1+1r/a - 
— erfe keeaz I} (165) 


Formula (165) is analogous to (142) and may be deduced by 
strictly analogous means.* The values of O(0, ¢) follow from 


O(r, t) = 


%4 Reference [18], p. 200. 
% Reference [19], p. 275. 
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Tae a, t 


r 


(164), (165) through an elementary limit process which yields 


- Kt 
Q(0, t) = @, E +2 )> (=1)" exp (- | (166) 
a 


n=1 
2n + 1)? 
(0, t) = = "| (167) 


> up| - 24 
4xt/a*® 


n=0 


20; 
(wxt/a*)'/* 
Fig. 7 shows the variation of the temperature with time at the 
center of the sphere and is based on (166), (167). 

Explicit formulas for the surface displacement generated in the 
present instance are obtained by substitution from (164), (165) 
into the first of (124). Carrying out the required integration we 
find that 


6 


ufa, t) = aaO; E -- 
r? 


— 1 
> - exp (—nrxt | (168 
n? 


and, alternatively, 


n=) 
xl 2 "/2 
ufa,t) = 3aa,P, _-_— + — ( ) 
a’ VT 
4 xt \'2 = 
>> — exp 
5.(4)" Des 


Paco | kl 


= n 
—4 ) n erfe (ata) } (169) 


xt 


a’ 


As is clear from the discussion in Section 5, these results, which 
are plotted in Fig. 8, are valid for any material with a purely 
elastic dilatational response. 

Finally, we examine the surface values of og for the tempera- 
ture field at hand. In view of (161) the reduced time & at r 
is once again given by (148). Bearing this in mind and taking the 
Laplace transform® with respect to ¢ in (130), we arrive at 


of 2 19 Si! 
e [| \dr E 


and (58) readily yield 


=a 


3QoKa 
¢(T;) 


d t 


— Q%r, 
dr " ot. 


(170) 


7*(a, 7 


Furthermore, (161 


Or, » aQ, sinh (r?/x) 


: (171) 
rn sinh (a%/x) “* 


Confining our attention henceforth to the special cases of the 
elastic, the Maxwell, and the Kelvin solid, we now use (84), (85), 
86), as well as (54), and invert (170). 
to the following results: 


In this manner we are led 


For the elastic solid 


6a,OE 


Feel a, t —exp (—n*rxt/a*)- (172) 
n 


For the Marwell solid 


Lt 3 


6 


aO.E 


l-vyp 


3 P 
+ — 5, cot V6 | exp (—dxt/a?) 
V6 


+ 


n=l 


exp (—n%r*xt/a*) | 
nr? — 6 {’ 


+ 


(173 


ap 


KT( T; ) 


nor? (174) 


oe LS ee 


* Note that it is not permissible to substitute (164) into (130) if 
a because of the discontinuity of O(a, t) att = 0. 
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Fig. 8 Sphere. Time dependence of displacement at surface. 


and 8 is given by the first in (87). 
For the Kelvin solid 


GOVE J6 
1—v (x 


Coola, t) = exp (—n*r*xt/a? 


Zz 
9 
n° 


n=l 


(1 3 3 
ny ts Vs 


iT)? 


n=1 


cot > °) exp (—dxt/a?) 
exp (—n*r'*xt/a?) || 
nr? — 6 {’ 


where now 


; ay 
8 ts 


en*g? (n = 1,2,...), 


~ «r(T:) 
while y is defined by the second of (87). 

The infinite series appearing in (172), (173), (175) are rapidly 
convergent except in the vicinity of 4 = 0. For small time values, 
useful representations of oge(a, 4) may be deduced by an appro- 
priate asymptotic inversion of (170). 


Thus, for the elastic solid, as t — 0, 
6 xt ) , 
/r \ a? 
xt \'/2 
+0 ( -) exp (- 
a’? 


For the Marwell solid, as t — 0, 


(- 3) of 
"3 


‘ aO.E | 3xt 
dea, t) = —— 41+ 
l1—vp) 


a’? 
a’ 


kl 


) 


aO,E J Oxt 


1—»v\) 


= 


eel a, t) 


xt 


a’ 


) If: (178) 
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in which I’ denotes the Gamma function and 6 is defined through 
(174). 
For the Kelvin solid, as t > 0, 


QaOAE | 3xt 6 ( kt ) : 
Toa, t) = ——— 41+ - - 
l-—vp } a’? Vr \ a? 
3 xt 
+ ay| (1 - 5) ex (- =) 
3 xt \'2 —1)" dxt \* 
— — 
6 (“) oa 5 (#)] 
 ( <)" ( “Ii 
+0 exp{ —- — & 
a’ kt f 


(179) 


where 6 is again given by (176). 

Equations (172), (173), (175) and (177), (178), (179) were 
used to compute og at r = a as a function of time, for several 
values of the parameter 6. The corresponding numerical re- 
sults are presented in Fig. 9. It should be noted that the curve 
belonging to a Maxwell solid with 6 = 1/10 is practically coinci- 
dent with the curve representing the elastic solid. 
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Darcy Law 


The Darcy law is used extensively to describe the flow of fluids through porous media. 
According to this law the fluid flow is linearly dependent upon the pressure gradient and 
the gravitational force. 
ity of the porous medium. 
equation since this equation includes terms which characterize the fluid only. 


The proportionality factor is generally known as the permeabil- 
The Darcy law cannot be derived from the Navier-Stokes 
With the 


help of nonreversible thermodynamics it is possible to develop a general equation of 
motion of a fluid through a porous body, and obtain the Darcy law as a special case of 


such an equation. 


Reiaaiiin use of the Darcy law has been made to 
describe the flow of fluids through porous media. According to 
this law the flow is linearly dependent upon the pressure gradient 
and the gravitational force. The proportionality factor is gen- 
erally known as the permeability of the porous medium. It is 
supposed to be equal to a constant divided by the viscosity of the 
fluid, and, according to Muskat [1],' the constant depends only 
upon the porous medium. Thus the permeability of a porous 
medium for nonviscous fluids will become infinity. Muskat [1] 
states that the Darcy law may be taken as the dynamical basis 
for all problems of viscous fluid flow through porous media. 
Carman [2] gives a detailed account of how the Darcy law has 
been applied to the viscous, molecular, or partly viscous flow of 
fluids through porous media. For viscous flow the permeability 
is defined as before. For partly viscous or slip flow the permea- 


bility is supposed to be equal to a sum of two terms one of which 


includes the viscosity of the fluid. For the molecular flow the 
permeability is independent of the viscosity of the fluid. 

Darcy [3] originally formulated the law to obtain the average 
or apparent flow rates of fluids through porous media in one- 
dimensional flow. However, it is now used to describe the flow 

1 Numbers in brackets designate References at end of paper. 
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closing date will be returned. Manuscript received by ASME 
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APM-5. 


field in two or three-dimensional problems. In such cases the 
fluid velocity is assumed to be a continuous function of the space 
co-ordinates. 

The Darcy law cannot be derived from the Navier-Stokes 
equation since this equation includes terms which characterize 
the fluid only. By suitably defining a thermodynamic system, it 
is possible to apply the technique of nonreversible thermody- 
namics to the problem of flow of fluids through porous media. 
This approach yields a general equation of motion of a fluid 
through a porous medium. The Darcy law can then be obtained 
as a special case of such an equation. 


Thermodynamic System 

In an actual system consisting of a porous medium and a fluid 
it is possible, in principle, to consider an infinitesimal volume 
which will contain the fluid only, and describe the fluid flow 
through a porous medium by the application of the laws of ther- 
modynamics and hydrodynamics. In practice, however, it has 
not been possible to analyze the problem of fluid flow through 
porous media with the help of the foregoing procedure owing to 
the complex boundary conditions as a result of intricate structure 
of the porous media. 

In order to simplify the boundary conditions and make the 
problem amenable to theoretical analysis, we shall consider a 
model of a porous medium which was developed by the author in 
his PhD thesis.? In this model, it is assumed that the porous 
medium is isotropic and that it consists of fine solid particles uni- 
formly scattered and fixed in space. Shrinking or swelling of the 


2“Trreversible Thermodynamics of Vapor Transmission Through 
Porous Media,” PhD thesis, University of Minnesota, 1953. 





Nomenclature 


e = total internal energy per unit mass of fluid 
phase 
F = gravitational force per unit mass 
F, frictional force per unit volume of system 
F;; = bulk stress components 
F;,’ intrinsic stress components 
Lew Lue, ete. Onsager or phenomenological coefficients 
= kinetic energy per unit mass of fluid phase 
reference length of porous medium 
potential energy per unit mass of fluid phase 
bulk pressure of fluid phase 
intrinsic pressure of fluid phase 
dimensionless intrinsic pressure of fluid phase 


1961 


reference pressure differential across porous 
medium 
= total heat flow per unit area of system 
= heat flow through fluid phase per unit area of 
system 
heat flow through solid phase per unit area of 
system 
density concentration of fluid phase, or 
porosity of system 
density concentration of solid phase 
entropy per unit mass of fluid phase 
entropy per unit mass of solid phase 
temperature of system 
time 
(Continued on next page) 
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porous medium is neglected, and the density of the particles is 
assumed constant. Any infinitesimal volume of the system is as- 
sumed to contain both the solid and the fluid phases. In other 
words, the matter in any infinitesimal volume of the system under 
consideration will always be a solid-fluid mixture. For the fluid 
phase we shall consider a single liquid or gas. It will also be as- 
sumed that the porous medium is a nonadsorbent. This assump- 
tion precludes the existence of an adsorbed phase. 

It will thus be noted that at any point in the system we have a 
mixture of the solid and the fluid phases. Thus an infinitesimal 
volume of the system will be equal to the sum of the infinitesi- 
mal volumes of the phases, and its state will be defined by the prop- 
erties of the phases. These properties will be called intrinsic or 
actual properties. However, for the purpose of analysis we do not 
admit of an infinitesimal volume which will be occupied only by 
the fluid or the solid phase of the system. Hence it is necessary 
to assume that, at any point in the system, each of the phases 
occupies the entire volume of the system. In order to accommo- 
date this assumption, it is necessary to modify some of the prop- 
erties of the phases. These modified properties will be called bulk 
properties. It will be shown that there is a definite relationship 
between the intrinsic or actual and bulk properties of the phases. 
From the foregoing discussion it is obvious that in the application 
of equations of thermodynamics and hydrodynamics to an in- 
finitesimal volume of the system, it will be necessary to use the 
bulk properties of the phases. Thus our thermodynamic system 
consists of a solid-fluid mixture in which each of the phases is 
assumed to occupy the entire volume of the system. In this 
manner an essentially heterogeneous system can be treated as if 
it were continuous. Henceforth all properties, which are not 
specifically described as bulk properties, will be considered as in- 
trinsic or actual properties. 

At any point in the system let the volume of the system be V. 
In this volume, V, the actual volume, pressure, density, and tem- 
perature of the fluid phase are denoted by V’, p’, p’, and T, re- 
spectively. These are called the intrinsic properties of the fluid 
phase. As indicated earlier, the same mass of the fluid (occupying 
V’) will be assumed to occupy the entire volume, V, of the system, 
and its bulk properties will be denoted by V, p, p, and 7. There 
is no difference between the intrinsic and the bulk temperature of 
the fluid phase. A similar classification of properties will also be 
made for the solid phase. At any point in the system, 


l 
V (1) 


where r is defined as the density or volume concentration of the 
fluid phase. It will be noted that r is in fact the porosity of the 
system. Considering both the phases we have 


r+r,=1, and dr=0 (2) 


where r, is the volume concentration of the solid phase, and it is 
constant. 

Guggenheim [4] defines the pressure of a fluid phase as a 
thermodynamic property which when multiplied by a differential 
change in the volume of the fluid phase gives a reversible work 
done by that phase. This definition will be used to correlate the 
intrinsic and the bulk pressure of the fluid phase. Thus if dw’ is 
the reversible work done by the fluid phase for a differential 
change dV’ in its intrinsic volume, 


du’ = p'dV’ (3) 


If the foregoing work is based upon a differential change, dV, 
of the volume of the system, the coefficient of dV can be con- 
sidered as the bulk pressure of the fluid phase. From equations 
(1), (2), and (3) we have 


dw’ = p'rdV = pdV (4) 


It will be noted that p dV is also the total reversible work done 
by the system since the solid phase is fixed in space, and dV causes 
only inclusion (or exclusion) of more solid particles. Equation 
(4) defines the bulk pressure of the fluid phase, and it satisfies the 
assumption that the fluid phase occupies the entire volume, V, of 
the system. The bulk pressure can be considered as a normal 
force, due to the fluid, per unit area of the system at a given 
point. Since the intrinsic pressure of the fluid phase is a com- 
ponent of its total intrinsic stress tensor, 6’, we shall define the 
bulk stress tensor, $, by 

$ = 1’ (5) 


The stress tensor is included in the analysis to obtain generality 
in the treatment of the problem. The bulk stress tensor can be 
considered as the total force, due to the fluid, per unit area of the 
system at a given point. 

For reasons stated earlier, it is necessary to use the bulk proper- 
ties, as defined, in the development of the continuity, momentum, 
energy, and entropy equations. For continuous systems they are 
generally written with reference to an infinitesimal volume of the 
system on “per unit volume”’ basis. To begin with, these equa- 
tions will be written independently for the two phases. From 
these we shall obtain an equation giving the local time rate of 
change of entropy of a unit volume of the system for the analysis 
of various nonreversible phenomena. It will be noted that the 
assumption, that each of the phases occupies the entire volume 
of the system, has no effect on the specific properties (based on a 
unit mass) of the phases with the exception, of course, of the 
specific volume. 


Continuity Equation 
According to the model of the system, an infinitesimal volume 
of the system at any point is assumed to contain both the phases 





Nomenclature 


t” dimensionless time 
u molecular internal energy of fluid phase per unit 
mass 
u, molecular internal energy of solid phase per 
unit mass 
V = volume of system 
Vv’ intrinsic volume of fluid phase 
V = velocity of fluid phase 
VY" = dimensionless velocity of fluid phase 
Vo = reference velocity of fluid phase 
dw’ infinitesimal reversible work done by fluid 
phase 


Zz, y, 2 = space co-ordinates 
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= dimensionless space co-ordinates 
bulk density of fluid phase 
= bulk density of solid phase 
intrinsic density of fluid phase 
bulk stress tensor of fluid phase 
intrinsic stress tensor of fluid phase 
total entropy production per unit volume of 
system 
entropy production due to viscous flow per unit 
volume of system . 
Kronecker delta 
shear and volume viscosities, respectively, of 
fluid phase 
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and each is assumed to occupy the entire volume. The velocity 
P of the fluid phase is therefore defined as the fluid mass-flow rate 
per unit area of the system, at a given point, divided by the bulk 
density of the fluid phase at that point. Like other properties 7 
is considered to be a continuous function of the space and time 
co-ordinates. Hence for the conservation of mass of the fluid 


phase we have 


= = —div pV (6) 


Equation (6) also represents the conservation of mass of the 
system since the solid phase is stationary. For any extensive 
property of the fluid phase like entropy or molecular internal en- 
ergy, we have 


1. 
= — div (ps?) (7) 
dt 

where s is the specific entropy of the fluid phase. 


The relation between the local and the substantial time 
derivatives is given by 


d 


re) 
— = — + D-grad (8) 
dt ot . 
Equations (7) and (8) could be written along the motion of the 
This alternative procedure is, how- 
Consequently, the sub- 


center of mass of the system. 
ever, unsatisfactory in the present case. 
stantial time derivatives of the properties of the phases will be 
counted along their respective velocities. Since the solid phase 
is stationary, the local and the substantial time derivatives, in this 
case, will be the same. 


Momentum Equation 

The system is a solid-fluid mixture, and the solid phase is sta- 
tionary. The fluid phase will be accelerated as a result of the 
bulk stress tensor, gravitational force, and a “frictional’’ force. 
The bulk stress tensor represents transfer of momentum between 
the fluid contained in an infinitesimal volume of the system 
and the fluid immediately adjacent to this volume, whereas the 
frictional force represents transfer of momentum between the 
stationary solid and the moving fluid in the infinitesimal volume. 
The action of the stress tensor is an external effect while the 
action of the frictional force is an internal effect. Let F be the 
gravitational force per unit mass, and F, be the frictional force 


Then 


per unit volume of the system. 


= divd + pF + F, (9) 


av 
p dt 


Energy Equation 
If e, u, 1, and o are the specific values of the total, molecular in- 
ternal, kinetic and potential energies, respectively, of the fluid 


phase, 


pe = p(u+1+ 0) (10) 


For the conservation of energy of the fluid phase we have 


Ope 2 ~- 

= = —div {p(u+1+o0)P+4,-$-0} + FP (11) 
where @, is the heat flow through the fluid phase per unit area of 
the system. The last term represents transfer of work between 
the phases resulting from the frictional force. Assuming that the 
gravitational field is time independent we have 
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From equations (7) to (12) we get 


Opu 
at 


= $: grad 7 — div (pu? + 4,) (13) 


where @: grad Tis the first scalar invariant of the tensor $-grad 
Corresponding to equation (13), the law of conservation of 
energy of the solid phase of the system will be given by 


op.u, 


de = —div 9, — F,-V 


(14) 
where p, and u, are the bulk density and specific molecular inter- 
nal energy, respectively, of the solid phase, and @, is the heat flow 
through the solid phase per unit area of the system. 


Entropy Equation 
Following Gibbs, the rate of change of entropy of the fluid 

phase is given by 

ds a du 


Te 


_ p dp 
dt dt 


p dt 


where s is the specifie entropy of the fluid phase. 
From equations (6), (8), and (15) we get 
ds 


: du A 
wa a”? ws + pdiv V 


From equations (7), (8), (13), and (16) we have 


ops 
ot 


1 i « . a . . rad - 
= r {o: grad 7 + pdiv 7 — div q,} — div psV (17) 


Considering no temperature difference between the solid and the 
fluid phases, for the solid phase, corresponding to equation (17), 
we have 


OP,s, 1 Ae ; 
a tp et FP) 


where s; is the specific entropy of the solid phase. 
The local time rate of change of entropy of the system will be 
given by 


re) 


~ ps + p,8,) = {@: grad P + p div P — divg — F,-P} 


r 
— div psV (19) 


where @ is the sum of g, and g,. It is the total heat flow per unit 
area of the system. 
Now 
oV 


. > »s > ‘ 
22 ;(p6;; — F;;) (20) 


@: grad 0 + pdiv V= 
ci 
where 7 and j are z, y, z, and z, = 2, z, = y, z, =z, and 4,; is 
the Kronecker delta. F;; represents the bulk stress components 
of the bulk stress tensor. 
From equations (19) and (20), we have 


B bun Te 
T 122 irh, F;;) f 


Bic 
— (ps + p,s,) = “em > 
“= dz, § 


“4 _ grad T 


— F,- ; ia div (@/T + psV) (21) 
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From equation (21) the rate of generation of entropy, o, per 
unit volume of the system is 


ov; | grad T 
om F; ‘ , F,- aw (Geckmeaeaeny 292 
a Se ee atte, 


C= 


ae 
T 72s 


The nonreversible changes in the system are therefore due to 
viscous flow, heat conduction, and fluid motion in the presence of 
frictional force. The first term is a scalar product of the quanti- 
ties which are second-order tensors, whereas the last two terms are 
scalar products of the quantities which are first-order tensors. 
Owing to difference in their tensorial character, no coupling be- 
tween the first and the other two terms exists. A coupling 
between the last two terms is assumed. 


Phenomenological Equations 


Considering fluid motion and heat flow as fluxes dependent 
upon both temperature gradient and frictional force, we can write 
the following phenomenological equations 


grad 7 


ea Lew, 
T? 


—L 


zrad 7’ 
— ee LewF; 


where Ly,, Luw, Lou, and L,. are called Onsager or phenomenologi- 

In the foregoing equations frictional force and 
1 

The equations are 


cal coefficients. 
temperature gradient are considered as forces. 
called phenomenological since they require experimental verifica- 
tion. A linear relation between the forces and the fluxes is as- 


sumed here. If the foregoing equations are valid, 


Lew 


Lin (25) 


Equation (25) represents the Onsager reciprocal relations, and 
indicates how the cross phenomena, heat transfer due to fric- 
tional force, and the fluid motion due to temperature gradient, 
L,,, and L,. are indicative of the thermal conduc- 
Assum- 
ing the existence of the cross phenomena, the author [5] has 
shown that the sign and magnitude of L,.. or L., are dependent 
upon the Joule-Thomson coefficient of the fluid phase. 


are connected. 
tivity and the permeability, respectively, of the system. 


For the first term in equation (22), we can consider the stress 
tensor as a flux and the velocity gradient as a force, and assume a 
linear relation between the two. Since they are tensors of the 
second order, a separate phenomenological equation is necessary 
to connect these two terms. The bulk stress tensor in equation 
(22) is related to the intrinsic stress tensor through equation (5). 
Thus 
2,2 ;(pb;; — F rZ jz, 


‘ p's; — F,,’ 26) 
If a’ is the entropy generation per unit volume of the system as 
a result of viscous flow, equations (22) and (26) give 


ov, t 
Or; { 


r ~ . :¢ . 
IEE (p'b,, — Fi’) 
T \ 

Connecting the intrinsic stress tensor with the velocity gradient, 
we obtain the following phenomenological equation: 


{e- os ) aa | 
' - 88, div PS 
Me } Or; Or; “os { 


+ 6, div T 28) 
where the phenomenological coefficients 4, and mw, are the in- 
trinsic or actual shear and volume viscosities, respectively, of the 


fluid phase. Since the system is isotropic, the stress tensor in this 
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case is symmetric. If the hydrostatic pressure, p’, is considered 
as equal to the mean value of the normal components of the in- 
trinsic stress tensor, the volume viscosity is zero. Normally this 
is the case. Equation (28) is the well-known law of viscosity. 
From equations developed in the foregoing, general equation of 
motion and the Darcy law will now be derived. 


Equation of Motion 
From equations (9), (26), and (28 
dV 


Pal rs 


we have 


—r grad p’ 


+ rp, (4 grad div 7? + div grad 7) + pF + F, (29) 


To describe the fluid motion, equations (24) and (29) are neces- 


sary. From these we get 


dV 
p 


i —r grad p’ + ru, (4 grad div V + div grad V) + pF 
€ 


J re) iT (30) 
L gra < 


T Liv 7 oes 


Except for the last two terms, equation (30) is similar to the 
Navier-Stokes equation. In fact, if the thermodynamic system 
consists of the fluid alone, equation (30) reduces to the exact form 
of the Navier-Stokes equation. In equation (29) the viscous 
term represents exchange of momentum between the fluid in an 
infinitesimal volume of the system and the fluid in the immediate 
neighborhood of this volume when these fluid elements are moving 
at different velocities. The frictional force represents the ex- 
change of momentum between the fluid and the solid phases in 
the same infinitesimal volume of the system. This force is de- 
fined by the equation (24). As the porosity, r, of the system is 
decreased the exchange of momentum resulting from frictional 
force will become more significant than the exchange of momen- 
tum resulting from viscous effect. 

Equation (30) can be applied to describe fluid flow through an 
actual porous medium if we can define the various properties and 
consider them as continuous functions of time and space co-ordi- 
nates throughout the extent of the porous medium. According to 
Muskat [1] this can be done in terms of what he describes as 
It therefore follows that we can use 
equation (30) in terms of these properties. It will then be seen 
that the velocity used by Muskat [1] is equal to r 7, and that the 
viscous effect in equation (30) is macroscopic in character. As 


“macroscopic” properties. 


indicated earlier, the viscous term becomes less significant than 
This view is 
Generally, the 


the frictional force as the porosity, r, is decreased. 
also supported by the observations of Iberall [6]. 
inertial effect is neglected because of the low velocity of the fluid. 
Therefore assuming isothermal! conditions and neglecting the 
inertial and viscous effects, equations (1) and (30) give 


VP = —rT Law (grad p’ - p'F 31) 


Equation (31) represents the Darcy law. If the gravitational 
effect is also neglected we have 
v —rT Lew (grad p’) (32) 
The coefficient in equations (31) and (32) is r7L,.. This can 
be defined as the permeability of the system and it will be a 
property of the system which consists of the solid and the fluid 
The Darcy law can thus be considered as a special case of 
The permeability can be obtained from experi- 
However, since it is indicative of the mechanism 


phases 
equation (30) 
mental data. 
of the frictional force we can deduce its dependence upon the 
viscosity of the fluid. Using Muskat’s terminology, if the fluid 
flow is viscous on the ‘‘microscopic’’ level, the frictional force will 
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depend upon the viscosity of the fluid. Therefore the permeabil- 
ity will be a function of the viscosity. For the slip flow, the fric- 
tional force will depend partially upon the viscosity of the fluid 
and so the permeability will depend only in part upon the vis- 
cosity. If the flow is molecular, the frictional force and therefore 
the permeability will be independent of the viscosity of the fluid. 
In the second case, the viscous term in equation (30) will be much 
less significant than in the first case, whereas this term will drop 
out entirely in the case of a molecular flow. 

Except in the case of rarefied fluids (particularly gases), a slip 
or molecular flow is obtained only in very low-porosity media. 
In such cases the viscous term in equation (30) will be quite 
negligible, and the coefficient L,.. in equations (24) and (30) will 
not be zero. As the author [5] has shown, this coefficient will 
then depend upon the Joule-Thomson coefficient of the fluid 
phase. On the basis of this it has been possible to explain the 
findings of Denbigh [7] on the spontaneous flow of carbon dioxide 
and hydrogen through rubber membranes as a result of a tem- 
perature gradient. If the flow is viscous on the microscopic level, 
Low is zero, and the term containing temperature gradient in equa- 
tion (30) will drop out. It will be observed that whereas the 
Navier-Stokes equation may be considered as a microscopic 
counterpart of equation (30) for a viscous flow, the same will not 
be true for a slip or molecular flow. This is due to the fact that 
the Navier-Stokes equation is based upon a continuous system 
which contains the fluid only. On the other hand, in a slip or 
molecular flow even a system containing only the fluid is essen- 
tially discontinuous. The system (solid-fluid mixture) that has 
been used in the present analysis is also basically heterogene- 
ous but continuous in a macroscopic sense. Hence equation (30) 
is much more representative of the fluid flow through porous 
media than the Navier-Stokes equation. 

To obtain an idea of the relative importance of the various 
terms in equation (30) for viscous flow, we can rewrite it in di- 
mensionless form. Using double-primed symbols to represent 
dimensionless quantities, and taking V» as reference velocity, 4, as 
the reference length of the porous medium, and Ap as the ref- 
erence pressure differential across the porous medium, we have 


V= VP", 2 = be’, y = by’, 2 = be’, 


p’ = (Ap)p’, and t= _ t” (33) 
0 


In equation (30) we can drop the term containing temperature 
gradient, and also omit the gravity term since its order of mag- 
nitude is not in question. In order to simplify notation the terms 
in vector parlance in the dimensionless equation will be with 
reference to dimensionless co-ordinates. From equations (1), 
(30), and (33) we have 


( pret ( rats ) <”” 
My LAp / dt’ 
Vo 


Hel) (4 grad div 7” + div grad 0”) 


» (rl 
-" (sim) 


We take the order of magnitude of the coefficient of dimension- 
less velocity as equal to that of the dimensionless pressure 
gradient, namely, unity. From Fig. 8 in Muskat’s book 


- grad p* + ( 
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[1] an idea of the order of magnitude of the coefficients of re- 
maining terms in equation (34) can be obtained. In this figure 
the “friction factor” is plotted against Reynolds numbers. Both 
of these quantities include the “average grain diameter” as one of 
the parameters. Taking an example of unconsolidated sand, it 
can be shown that 


( ac ) <€ (10)-* (any value of Reynolds number) 


p' Volo Von, ad a ” 
(ee ) (is )< (10)-* (Reynolds number = 1000) (35) 


< (10)? 
< (10)-* 


(Reynolds number = 10) 
(Reynolds number = 1) 


We arrive at similar conclusions for other porous media. 
Therefore the viscous term in equation (30) appears to be quite 
insignificant. The acceleration term can also be neglected for low 
values of Reynolds numbers. 


Conclusion 


Equation (30) can be treated as a general equation of fluid flow 
through porous media. The Darcy law is valid only for isothermal 
flow in which the inertial and viscous effects are negligible. 
Inertial effects can be neglected for low values of Reynolds number. 
The viscous effect appears to be quite insignificant in the cases 
cited in the foregoing. For very highly porous media it may not 
be so. The relationship between the permeability and viscosity 
will depend upon the nature of the flow as indicated earlier and as 
stated by Carman [2]. Slip or molecular flow can be described 
accurately with the help of equation (30) by omitting the inertial 
and the viscous terms. Such types of flow cannot be described 
by the Navier-Stokes equation. Although it is not possible to 
deduce the exact magnitude of the permeability from equation 
(30), this equation together with equations (23) and (24) includes 
a number of thermodynamic phenomena which are beyond the 
scope of the Darcy law or the Navier-Stokes equation. 

In the foregoing analysis the phases were considered as in ther- 
mal equilibrium. However, such a condition does not obtain in 
regenerative heat exchangers. The author is presently engaged 
in the analysis of fluid flow and heat transfer in porous media 
where the solid-phase temperature differs from the fluid-phase 
temperature. 
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Static Friction’ 


Measurements are reported of electric contact resistance, actual area of contact, static 
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friction, adhesion and pure shear for lead on lead. The data exhibit a statistical bifurca- 
tion of friction. In other words, below extreme pressures, statistically there are two 
branches of the coefficient of friction versus normal load relationship. The nature of one 
of the branches is explicable exclusively in terms of the weld-junction or adhesion theory 
of friction. The nature of the other, however, is not so explicable. 


This points to the 


existence of what Holm [1)* called the Y-term of friction, the nature of which has yet to 
be satisfactorily explained. 


Introduction 


O THE student of mechanics, solid friction is, more 
often than not, that necessary evil which enters a problem in 
the boundary condition(s). The mechanism of friction is usually 
of no direct concern to him so long as there is a law of friction at 
his disposal. From Amontons’ second law (1699) emerged the 
much used Coulomb friction (1785). However, with the increas- 
ing use of extreme pressures (normal load per unit area compara- 
ble to yield point), that is, conditions under which Amontons’ 
second law is not generally valid, clearly, a more adequate law 
must be found. 

To this end, several theories on the mechanism of friction have 
been advanced since the turn of the century; by far the most 
popular one is the weld-junction or adhesion theory. To further 
test the validity of the adhesion theory, the following quantities 
have been measured over a wide range of loads: Electric contact 
resistance, actual area of contact, static friction, adhesion, and 
pure shear. So far as the authors are aware, these quantities as 
a group have never been measured in a single experiment. 

The data exhibit a statistical bifurcation of friction. In other 
words, below extreme pressures, statistically there are two 
branches of the coefficient of friction versus normal load relation- 
ship. The bifurcation feature extends to the adhesion, versus 
normal load and the pure shear versus normal load relationships. 

It is shown that one of the branches of the friction curve is 
explicable exclusively in terms of the weld-junction or adhesion 
theory. The nature of the other, however, is not so explicable. 


Measurements of Electric Contact Resistance, Actual Area 
of Contact, Friction, Adhesion, and Pure Shear 


The main features of the apparatus consist of the following: 
Two interchangeable specimens are made in the form of cylinders, 


S in Fig. 1. The details of the specimen are shown in Fig. 2. 
The apparent area of contact is an annular region 0.50 in. ID 
and 0.55in.OD. These dimensions were selected on the basis that 
the thickness of the region be small compared to the radius of the 
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region, and that the area be sufficiently small so that the whole of 
the apparent area of contact can deform plastically within the 
range of the normal load that can be applied. The latter condi- 
tion was applied with lead specimens in mind. A solid right 
circular cylindrical block, A in Fig. 1, is used as the main body of 
the apparatus. A circular opening transverse to the cylinder 
makes it possible to see and to reach the test section. The test 
section is where the two specimens meet. The specimen below 
the opening can be inserted through it and can be secured from 
motion. The upper specimen is secured snugly in a plunger, B, 
which is in turn free to rotate and to move axially in A. The es- 
sence of the construction is in the precision of the dimensions and 
the preparation of the plunger and its mating part. There are 
sixteen holes in A, J in Fig. 1, which constitute air inlets for the 
air bearing formed by the plunger and the vertical hole in A. The 
diametral clearance is 0.003 in. Compressed air is fed to the inlets 
through a filter, a pressure regulator, and a header. For stability, 
the air pressure has to be maintained below certain limits. A 
satisfactory pressure of 70 psi was used throughout the experi- 
ments. 

Torque is measured by applying forces to a pair of strings, at- 
tached to a spool which is an integral part of the plunger. These 
forces form a couple so that no net lateral force is applied. Nor- 
mal load is applied by a lever arrangement with suitable places to 
apply dead weights. A bracket, D in Fig. 1, is attached to the 
lever. When the lever is loaded so as to make D act downward, 
the hardened steel ball which is shown, attached to D, transmits 
load to the plunger. When the lever is loaded so as to make D act 
upward, the ball transmits the load to the plunger through the 
hardened steel disk, C, with a slightly concave surface. When the 
load is on, it is possible to rotate the plunger for measuring static 
friction by applying a torque to initiate rotation. The initiation 
of rotation is detected by the breaking of an electric circuit when 
rotation begins. 

Electric contact resistance is measured by standard tech- 
nique. The actual area of contact is measured by scanning the 
specimen used for adhesion measurement under a microscope in 
a systematic manner. The tests are conducted in a dust-free, 
temperature and moisture-controlled room with temperature 
arbitrarily set at 68 F and relative humidity at 50 per cent. The 
data reported here are for lead specimens. Specimens are ma- 
chined, and the burrs are removed by passing a special facing tool 
over the end face three times, each time reducing the amount 
of cut by 50 per cent of the previous cut. 

Cleaning consists of dipping specimens in carbon tetrachloride 
for 5 min and boiling in alcohol for 15 min, followed by one hr of 
drying and cooling in the test room described. Of concern here 
is a standard preparation of clean specimens and not the particu- 
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Fig. 1 
C—disk for lifting; D—tifting bracket; S—sp 
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Schematic diagram of test apparatus: A—test block; B—plunger; 
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Fig. 2 Details of specimens 


lar kind or thickness of film. The specimens are inserted in the 
block and the plunger which is then inserted in the block before 
compressed air is turned on. The specimens are separated by an 
air gap until testing time. All forces are measured by dead 
weights. For large forces, a spring scale can be used to measure 
the torque. The resisting torque inherent in the air bearing, by 
calibration, corresponds to a coefficient of friction of less than 
0.003. The resistance to longitudinal motion, by calibration, is 
negligible 


Results 


Fig. 3 shows contact resistance versus normal load. There are 
five runs, each consisting of loading and unloading. For instance, 
the triangular points with vertexes pointing upward represent the 
case where the maximum load is 37 kg. Since here only the 
214 
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Fig. 3 Contact resistance versus normal load 
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Fig. 4 Ratio of actual to apparent area versus normal load 


qualitative nature of the resistance-load relationship is of interest, 
no attempt is made to relate actual area of contact to load from 
these data because of the uncertainty of the relationship between 
actual area of contact and resistance and because of the uncer- 
tainty of whether both constriction and film resistance are in- 
volved. However, the data have the following to offer: (a) Be- 
tween 3 kg and 10 kg, the film must have broken to a large extent 
as there is a sharp decrease in resistance; (b) between 7 kg and 20 
kg, elastic recovery ceases to be pronounced; and (c) around 50 
kg, the actual area of contact approaches the apparent area of 
contact. The R-W curves shown are similar to those reported by 
Campbell [2]. 

Fig. 4 shows the result of scanning the specimen after the ud- 
hesion measurement under the microscope, ratio of the actual to 
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Fig. 5 Coefficient of friction versus normal load 


apparent area of contact, r, versus load. The statistical spread at 
lower loads is larger than that at higher loads. Note that the 
value of r exceeds unity at W = 60 kg because the whole area has 
yielded plastically and the apparent area used in this computa- 
tion was the undeformed area. Again, it would appear that r 
approaches unity at about W = 50 kg. 

Next is a plot of coefficient of friction versus normal load, shown 
For a given value of W, the values of uw from a large 


in Fig. 5. 
A typical 


number of tests clustered around two distinct values. 
plot of the frequency of occurrence versus yw diagram would be 
roughly a double Gaussian curve in series. For W < 10 kg, the 
peaks of the Gaussian curves would occur at w = 1.1 and uw = 2, 
respectively. The branches coalesce at W 80 kg, Fig. 5. 

We refer to this statistical phenomenon as bifurcation of the 
coefficient of friction versus normal load relationship. In so far 
as the authors know, this fact has never been observed and re- 
ported in the literature. In a way this is understandable, because 
no report has been found in which more than a few points are 
taken for this type of relationship. The bifurcation appears quite 
distinctly when one acquires a large number of data. Now the 
data fall between, very roughly, 4 = 1 and yp = 2 which is what 
Bowden and Tabor [3] have reported for lead on lead although 
they did not observe the bifurcation feature. 

The other feature to be noted is the rapid convergence of the 
upper branch to the lower branch as the normal load approaches 
that which makes the actual area of contact approach the ap- 
This loading condition is sometimes re- 


parent area of contact. 
The lower branch is definitely 


ferred to as extreme pressure. 
lowered as a result of extreme pressure but not significantly. 
The important thing is that it stays within the order of unity. 
The duration of loading before measurement is one hour. 

Fig. 6 shows the relationship between the coefficient of ad- 
hesion, the ratio of lifting force to normal load, and normal load. 
These data are for a duration of loading before measurement of 
one hr. Two features are worth noting: The coefficient of adhe- 
sion is zero until approximately W = 14 kg; there is a bifurcation 
of the coefficient of adhesion versus normal load relationship also. 
The lower branch has a maximum at approximately W = 30 kg. 

In a similar fashion, Fig. 7 shows the relationship between co- 
efficient of shear and normal load. The coefficient of shear is de- 
fined as the ratio of the equivalent shearing force after the normal 
load has been carefully removed, (#) (torque divided by the 
average radius of the annular area of contact) to the normal load. 
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Fig. 6 Coefficient of adhesion versus normal load 
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Fig. 7 Coefficient of shear versus normal load 


It is really a measure of the shear stress in the absence of normal 
stress at the interface, macroscopically speaking, for r < 1; r is 
the ratio of the actual area of contact, A, to the apparent crea of 
contact, A, This is so because 


p 1 P 


a W ” p. (Wipe) 


where p,, is the so-called yield pressure. For r < 1, « 
therefore 
pe ~ F/A ~ shear stress 


» 


For r 
pwn~P A, ~ shear stress 


These data are also for a duration of loading of one hour before 
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measurement. Coefficient of shear is zero until approximately 
W = 25 kg and there is a statistical bifurcation of the coefficient 
of shear versus normal load relationship. The lower branch has 
a maximum at approximately 50 kg. 


Discussion 

Yield Pressure. Although the scanning method is not so precise 
as one would like, it has been possible to measure the actual area 
of contact’ A from which r = A/A, was computed; r is shown 
in Fig. 4. A, is the apparent area of contact. The constancy of 
the slope of the lower part of the r-W curve in Fig. 4 shows that 
the approximate formula A = W/p,, is rather good, and from the 
slope, p,, can be computed. A simple computation shows that 


Pm = 2530 psi 


Very approximately, the r-W curve may be represented by the 
formulas 


1 
r= W for 


Aa. W<W, 


r=1 for W2W, 

where W, is the transitional load, in this case 47.5 kg. According 
to Fig. 3, W, is indicated by the fact that the contact resistance R 
ceases to be dependent upon W. We see a value about the same 
as the foregoing one. 

If one uses properties of lead from an independent source [4] 
one gets yield stress s, = 800 psi; and using p,, ~ 3s,, one gets 
P= — 2400 psi. From this one calculates a value of W, = 43 kg. 

Unfortunately it would be impossible to extract more quanti- 
tative information on the A-W relationship from Fig. 3 since 
there are the uncertainties of whether both film and constriction 
resistance are operative. Without a more definite knowledge of 
this fact, the formulas of Holm [1] relating R and A are useless. 

Amontons’ Laws. In the case of the upper branch of the u-W 
curve in Fig. 5, for W < W,, Amontons’ laws of friction are valid, 
and for W > W,, neither of the laws is valid. This checks with 
earlier theoretical work of one of the authors regarding the ad- 
hesion or weld-junction theory [5] and experimental results of 
Finnie and Shaw [6]. In the case of the lower branch of the 
u-W curve in Fig. 5, Amontons’ laws are approximately valid for 
W < W,, the deviation occurring forW ~ W,. For W > W,, the 
laws are not valid. This cheeks with earlier theoretical work of 
one of the authors [5] regarding the classical interlock theory and 
Feng’s plastic roughening theory [7]. 

The Role of Adhesion or Welding. Fig. 6 shows the adhesion coeffi- 
cient for one hour duration of loading. Although no data of other 
durations are shown, there are some less abundant data which 
show that adhesion does grow with time as it should [8, 9]. The 
fact that there is no adhesion, in the absence of tangential forces, 
for W < 14 kg is due to the release of elastic energy which helps 
to break whatever joints there were [10]. It does not mean that 
there is no adhesion for all loads before the measurement took 
place. The fact that there is release of elastic energy is implied 
by the rise in electric contact resistance upon unloading as shown 
in Fig. 3 for loads less than 10 kg. The statistical bifurcation 
of the o-W curve, Fig. 6, shows that there are strong joints and 
weak joints for the same duration of loading. It would appear 
that this is a function of the nature of surface films. For weak 
joints, the lower branch, it is not possible to give any explanation 
of the maximum of o. The decrease of ¢ for W > W,, or the 
state of extreme pressure, may account for the tapering of yu in 
Fig. 5 (lower branch). 

Fig. 7 shows the same phenomena of strong adhesion and weak 
adhesion statistically with regard to the resulting shear stresses. 


As pointed out before, 41 W measures the shear stress for W > W,,; 
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it would be interesting to calculate the order of magnitude of the 
shear stresses. For the upper branch in Fig. 7, calculation shows, 
for instance, a stress of 750 psi at W = 78 kg. This is to be com- 
pared with the shear stress of pure lead of 1065 psi given by 
Bowden and Tabor. The fact that these stresses are lower than 
those found from shearing macroscopic solid cylinders may be ex- 
plained by the fact that full strength had not been developed 
after one hour. It is also possible that there is still some elastic re- 
covery operative so that the actual area of contact at W = 78 kg 
is not as large as the apparent area of contact used in the cacula- 
tion; that is, when the load is removed. Of course, the shear 
stress under load may be much higher owing to the state of com- 
bined stress which exists at the joints. 

Bifurcation of Static Friction of Lead. By far, the most astonishing 
result is the statistical bifurcation of the data. What is the 
nature of the upper and lower branches? In the foregoing we re- 
ferred to the strong and weak joints, respectively. We now ex- 
amine these more carefully. Since we must have adhesion for all 
values of W although the tests did not show it because of elastic 
recovery, we see the following anomaly as to the mechanism 
which may apply in the two cases: 

Fig. 8 shows the experimental points from Fig. 5, the circled 
points. Now suppose the so-called adhesion or weld-junction 
theory is operative exclusively, then 

p=— for W<W, (1) 


and u = A,s/W for W > W,. Let wu, denote u for W = W, 


then 


p=uW/W for W> W, (2) 


Here we have assumed that both s and p,, are independent of W. 
Equations (1) and (2) are also shown in Fig. 8 by the dashed 
curves. Note that we fill in these curves without using any 
specific values of s and p,. We merely assume that the mecha- 
nism is adhesion or welding exclusively. 

We see that the upper branch of the experimental curve is well 
expressed by the theoretical curves, as crude as they may be. On 
the other hand, apparently the lower branch cannot be expressed 
adequately by the theoretical curves representing the adhesion 
theory, certainly not for W ~ W,. From the discussion of 
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Amontons’ laws, the lower branch looks more like the result of 
one of the interlock mechanisms or what Holm [1] called the 
Y-term of friction, which has yet to be explained satisfactorily. 

This result agrees with earlier experimental work of one of the 
authors [11] which showed that the adhesion theory does not 
always apply. 
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Propagations of Elastic Waves 
Generated by Dynamical Loads on 


a Circular Cavity 


The Fourter-transform technique has been employed to solve the exterior elasto-dynamic 


problem concerning the region outside a circular cavity in a plane elastic body. 


The 


normal and tangential tractions acting at the surface of the circular cavity are pre- 


scribed as arbitrary functions of the polar angle 0, and the time t. 


The case of im- 


pact, blast, and moving loads are studied in detail. 


= studies of vibrations of spherical and cylindrical 
cavities go back to Jaerisch [1, 2],? Lamb [3], Chree [4, 5], Love 
[6], and Basset [7]. Later Sezawa [8], Kromm [9], and Selberg 
[10] published papers which were concerned with the more re- 
stricted problem of a circular cavity subject to uniform blast 
loading. More recently Miklowitz [11] has found another ap- 
plication of the foregoing problem in a suddenly punched, 
stretched, elastic plate. 

The present study on the hole was completed about five years 
ago. Because of the difficulties involved in carrying out a numeri- 
cal example, namely, that of a cavity loaded with a suddenly ap- 
plied and suddenly released pressure (Dirac delta function), the 
publication was postponed. When our attention was drawn to the 
Kromm and Selberg papers by Miklowitz’s paper, we decided that 
this problem can be looked upon as completely settled. However, 
the general exterior problem concerning the circular cavity for an 
arbitrarily prescribed fixed and moving load is far from being 
complete.* 

Recently the moving-load portion of the present paper was 
added which we believe has important applications in the design 
of beds for cylindrical bearings. 


Formulation of Problem 


The equations of motion of plane, homogeneous, isotropic 
media in terms of plane polar co-ordinates r and @ and the time ¢ 
are [13] (see Fig. 1 


Yu. = (A+ QA, — Qur-! 


w 4. 


YU. = (A + 2u)r As» + 2uw, 
where u(r, #, t) and v(r, 6, t) are the components of the displace- 
ment vector, A and yw are the Lamé constants, and y is the mass 


density per unit volume. The dilatation A and rotation w are 


related to u, 1 by 


rA = (ru), +0 6, 2rw = (rv), — us 


! Sponsored by the Office of Naval Research. 

2 Numbers in brackets designate References at end of paper. 

+ The interior problem, namely, the circular disk subject to arbi- 
trary surface loading, was given in a previous paper [12]. 
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Subscripts after a comma represent differentiation; i.e., 


ug = du/d0, etc... 


Elimination of u and v among (1) and (2) leads to 


ay? = y/(A + 2p) 


a*r2A ,, = r(rA,,),. + Age, 
(3) 


2*7r7W 4p = T(TW.),p + W090, O2? = ¥/p 


These are the equations of dilatational and rotational waves. 
The components ¢,,, 0-9, 799 of the stress tensor are given by 
CO, = AA + 2uu,,, Cre = wr -'ue + pr(v/r),,, 
(4) 
oo = AA + Qur-“v9 + u) 
The problem is to solve (1), (2) under a given o,, and o,¢ at the 
surface r = a of a circular cavity in an infinite plate: 


a,,(a, 0, t) = oof 8, t), o,e(a, 0, t) = Tol, t); (5) 


subject to further conditions the stress waves generated at the 


cavity are advancing into the medium r > a (i.e., diverging 


waves) and vanish atr = ©. 


The General Solution 
The solutions of (3) that 


A . z. 1H, i (pr yet"? @ -_ _ BH, (peo je? 


ar, 1 


are periodic in @ are the real parts of 


p; = 


Fig. 1 


Circular hole with surface tractions 
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where H,(p;) are Hankel functions of the first kind and A, and 
B,, are complex constants of integration. The barred quantities 
represent the Fourier transforms; i.e., 


Fir) = ri e“"F(t)dt, 
‘ 1 5 . : 
F(t) = et" F(r)dr (8) 
= 


We note that H,,(p;) has been discarded from the solution (6) 
of (3) since it does not satisfy the Sommerfeld radiation condition; 


namely, 
1, (2 
lim r/? (. -— iasrB) = 0 
mo or 


This condition assures that the 


A similar condition holds for a. 
waves are outgoing from the source 

Upon substituting (6) into (2) after taking the Fourier trans- 
form of (2) we obtain: 


i = io U.(rrje™, 8 


yt vacrrye™ 


where 

rU,(rr) = —A,p, 'H,'(p:) + iB, 2npe*H,, (pe), 
r7V (rr) = —iA,np,—*H,(p:) — B,2p.7' A,’ (pe) 
Here the primes represent differentiation; i.e., 


H,.'(p:) = dH, (p,)/dp, 


We now combine (4), (6) and (9) to obtain the stress compo- 


nents: 


6,, ‘Qu [A,Nin(rr) + B,N2.(rr Jet”, 


5-e/2Qpu [A,Si.(rr) + B,Son(rr)je™, 


500/2u [A,Tiun(rrt) + B,T2n(rr)e™, 


where 
Nin(rt) = (A/2u)H, (pi) + (1 — n*p.-*)H, (pi) 

+ pi H,'""(pi), 
No(rT) —2inp.—*H,“(p2) + 2inps*H,,’“?( pe), 
S,,(rr) inp, ~*H, (pi) — inp,’ (pr), 


Son(r7) (al- 2n*p2 2)H, (p2) + 2peo ee (P2), 
(A/2u)H,, (pi) + n*p, 2H, (pi) 


— pi 


T (rT) 
1H,’ pr), 


T2n(TT) — Noa(r7) 


Dynamic Tractions Applied to Cavity 


We now consider the problem of the propagation of waves 
generated under the dynamic surface tractions applied to the 
surface r = a of the cavity. Expanding the tractions (6, r) 
and 7»(8, 7) into Fourier series and equating them to @,, and 3,» at 
r = a we obtain 


A, = (2uD,)—'[Sen(ar)é, — Non(ar)?,], 


B, (2uD,)—[—S.,.(ar)é, + Nin(ar)?,], (13) 


Journal of Applied Mechanics 


D,(ar) = Ni,(ar)So(at) — Nea(ar)S;,(ar), 


where ¢@, and 7, are finite Fourier transforms of the cavity trac- 
tions. 


1 2 {5(8,7)\ 


&, | 
= C in6dg ( 0, 
#4 2 (7o(8, 7)§ ‘ , 


Substituting (13) into (9) and (11) we find 


2yur-"i = ps [¢,u,"" 
= >> 4.2% 


where 


rr — [D,(ar)}~[(ayrr)'H,’™(aurr )S2,(ar 


+- 2in( azar )~*H,,™( azar )Si,(ar)] 


— [D,(ar)] —[in(aurr) 7H, (aurr )Sen(ar) 


— 2(aerr)— A,’ (aerr)S,,(ar)] (16) 


G1,(rr) [D,(ar)] ~*[Sen(ar)Nia(rt) — Sin(at)Non(rr)], 


T,°(rr) [D,(ar)] —[Sen(ar)Sin(rt) — Sin(ar)Son(r7)], 


} 


Fon (rz [D,(ar)] —[Sen(ar)Tin(rt) — Sin(at)Tx(r7)), 


v,,, oi,, 7,°, and O,°* are obtained from 


The functions Uy, ”, 
the corresponding ones with superscript (1) above by replacing 
S,,(ar) and S:,(ar) by —Nj,(arT) and —Ne,(ar), 


We 


respectively. 


This formally completes the problem. now give some 


special cases which are of practical interest. 


Special Cases 

(i) Zero surface shear: 7, = 0. 
(ii) Normal tractions with central symmetry and (i): &@, = 
(iii) Normal tractions with constant amplitude over 0 < 6 

and (7): 
a(r) O<O0< 

5(6, r) 

| 0 a<6 


Hence 
G, = —(2mr in) “e~™ — 1)8(7), 
In this case we have (18) with 


Pur), 


(iv) Concentrated load and (i): 


lim &(T)aa = (19) 


a->0) 

a> 
where P,(r) is the Fourier transform of the concentrated time- 
dependent load P(t) acting at r = a, @ = 0. Using (19) in (18), 
we get 


&, = Pi(r)/2xa (20) 


(v) Impulsive concentrated load and (i): In this case the con- 
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centrated load P(t) = Pyd(t), where Py is constant and 4(t) is the 
Dirac delta function defined by 


oc t=0 ® 
&(t) = | f 5(t)dt = 1 
0 t#0 -—@ 


Thus Pir) = Po, &, = Po/2ra (21) 


(vi) Uniform pulsating load and (i): This type of normal trac- 
tion may be expressed by 


oA 8, t) = poe", 79, t) = 0 (22) 
Consequently 


8(8, 7) = 2rpd(w — t), F(O,7) = 0 


2rpd(w — 7), 
0, n#0O 


n= 0, (23) 


Therefore all terms in the series vanish except the term for which 
n = 0. In obtaining (23) we use the formal relation 


2ni(u) = ‘a eit at 
Combining (23) with the first two equations of (15) and taking 
the inverse transform we obtain 


u = [(A + 2y)awaHly (awa) 


—2uH,(a wa) ape, (aywre~**, (24) 
v=Q0 


This result is in complete agreement with that of [14]. 
(vii) Blast loading and (7): 


Oo = pod(t), 


n>0dO 


T = 0, & = & = Pr, 

é, = 0, 

Hence, combining (25) with (15) and inverting. we find 
Po P HH (Exje~ tv 

0 dua f 2 BEHE) — HOE) 


B = (A + 2y)/2u 


This result is in agreement with those of [9]-[11]. Careful ex- 
amination shows that (26) is a convergent integral. However, the 
stress components obtained by using (26) and differentiating 
under the integral sign diverge. The severity of the loading is re- 
sponsible for the nonuniform convergence of (26). Thus the 
stresses must be obtained after (26) is evaluated. This, of course, 
makes the computations very difficult, contrary to the three- 
dimensional counterpart of this problem; namely, for a spherical 
cavity. 





dé, v=0, 
(26) 


z=r/a, y = t/a, 


Moving Loads 
(i) Moving normal and tangential tractions: Moving tractions at 
the surface of the cavity r = a may be represented by 
o(8,t) = 6(8 — Qt), 78, t) = 7A O — Qi) (27 
The Fourier transforms of these are 


GO, 7) = 2e'*/8g fr /Q), FOr) = Bet79/%g,(7/Q,), 


l eo 
s(7/Q) = 0 f alge **0/ 2d, 
and 


‘See, for instance, Eringen [15]. 
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when 7/2 = n, 


fend LG) 4) 


| 2s(7/Q) 
é, = 


ee. Me (29) 
im (r/Q)—n 
when 7/2 # n 


A similar expression for s;(7/Q) may be obtained from ao(7/Q) by 
replacing 2 and oo(¢) by 2; and ro(¢), respectively. 

(ii) Moving periodic tractions: Let us assume that the moving 
tractions (27) can be expanded into Fourier series 


a9 — Qt) = (Qo/ra) > p,er(e~ 20, 


—-<¢ 


TO in 22) = (Qo/ma) >» qe (O— Git) 
where p, and g, are complex. Substituting the Fourier trans- 
forms of these into (14) we obtain 
&, = (2Qo/a)p,d(nQ — 7), 


F, = (2Qo/a)g,6(nQ, — 1) 


(31) 


Components of the displacement vector and the stress tensor 
can now be obtained by combining (31) with (15) and taking the 
inverse transform. Hence 


(2rap/Quru = > Patt, (r 2 nein(O~ M1) 
+ Qatig®?(rQin er MH), 

(2rayu/Qor)v = 7 Pad, (r Qnjein(e= Mt) 
a ae nein (O— Ot) 


>» PaFin(r 2 n ein (O— Qt) 


—-« 


(wa/Qo)on~ (32) 


+ GaFin?(r Q, n jein(@— fut) 


(3a/Qo)ove > & PaTa(r QndeinO- 2) 


+ ara'(r.% nein), 


a PaFen(r Q nein (9— Qt) 


+ daFen(r D, n)ei(@— Bt), 


where the functions with superscript (1) such as u,(r Qn) are 
obtained from (16) by taking r = Qn and those with superscript 
(2) are obtained from the corresponding ones by taking r = Qn. 

(iii) Single moving concentrated load (Fig. 2): This technically 


(3a/Qo)o08 


ee ———— 


‘ 


Fig. 2 Moving load 
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important case is obtained from case (ii) by taking formally: 
a8 — Qt) = (Qo/a)d(9 — M2) (33) 
Consequently, the Fourier coefficients p, and q, of (30) are 
Pp, = 1/2, 


q = 0 (34) 


The stress displacement components now follow from using 
(34) in (32). 

Here we study the structure of the displacement u in further 
detail. Substituting (34) into u of (32) we will have 


= (Qor/4rap) >> u,(r Qn) exp [in(@ — Q2)} (35) 


This expression can be put into the form 


u= (Qr/4non)| - — 


+2 2 Re{u,(r Qn) exp [in(@ — ao | (36) 
n=1 
where for u,((r2n) we have 
u, = K(rQn)/D(aQn 
1 1 


—— — H,(a,0rn)H, (arn) 
~ (ay 2)? rn 


K(rQn) = 


(a2) a2) rin? H,(amQrn) Han" (a,Qrn) 
jae)” ge) 


+ { Dal 1 ! 
«2 rm (a@2)(a,Q)? r*n? 


2 -. 


* Hass (m Orn) H,(a2rn) — ——— 
(a@,2)(a,Q2) r2n? 


* Hass (a rn) Ha ™(a,Qrn), 
A+ 2u A+ Qu 1 1 
DieBa) « | ie Atm (1 ~ ) a 
- = = (: - *) <] H,(aaQn)H,(aaQn) 
(a2)? n/ a? 
l-s 
xf 


A+2 1 1 
7 a2 an 





(37) 


a= 
@,2 an (a,2)(a2Q)? 
* Ha ™(aQan)H,™(aQan) — [ 


2 1 — n? 
(a,:2)*%( a2) 





+ ] H,(aQan)H ay :(a.Qan) 


a*n? 
2 1 — n* 

* | ase a’n? 
H(z) = J,(z) + tY,(z) 


Note that the combination of (36) and (37) does not yield a result 
from which a physical picture can be extracted. The only way 
that we can obtain a meaningful result is to examine (36) in the 
light of various types of approximations. 

(a) Rapidly Moving Load. If the tangential velocity af is 
much greater than the speed of dilatational waves in the medium 
we can make an approximation to (36) as follows: In this case 
we have 


] Huai (aQan)H,+1(aQan), 


Qa>lsa or naQa>n 
In this case we have the asymptotic expression 


H,(aQan) — (2/raQan)'” exp [iaQan — 4 ri(n + $)) 
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Since r > a this expression will be valid also for H,(aQrn). 
Using the asymptotic values of H, and discarding terms (aQn)™ 
for n > 3, after rather lengthy manipulations, we find 


1 A+ mu) . 2 al . 
dry u/Q = —- a ~ pn L(aiQa)*n 
ru u/Qo . T ( > > { (a,Qa)*n 


ops n=l 
A+ 2 


A + Qu 
p(o2aXa,Qayn ~ p(a,Qa)(a2Qa)pn 


A+ Qu 


Dula Qa)*p | coe n{O + Yr — ala, + ar) — Q4 

Ni 
f 
(38) 


6+ Yr — aa, + ar) — 24 


where p = r/a. 

The series contain all modes of oscillations. For a given mode 
(given n) along a circle r = const, after the arrival of wa es, the 
disturbance rotates with the same angular velocity as the load; 
however, it remains behind the load at a phase angle of X(r — a) 
(a, + a). The occurrence of the sum of speeds of shear and 
dilatational waves in this phase angle is significant. Here 1/p 
represents the static solution for a pressure Q,/2ma. 

(b) Slowly Moving Load. (Near field.) When the speed of 
moving load is much less than the speed of sound in the medium 
we have a quasi-steady motion. In this case aQr < 1 and in 
the neighborhood of the hole we have 


H,™(aQrn) +> —i(n — 1)!2*/r(aQrny, n>O 


In this case (36) simplifies into 


l 3 
4n yu u/Qo = 


— —— cos (6 — 2) 
p pa.Qa) nes 


l ~% 


5 1 
: ‘ ee 1 ati = né 
2 (1 + +) 

n 


1 


1 ati 
(+5) 
n 


Here we again find the static solution 1/p. In the neighborhood 
of the cavity (small p) we find that the displacement follows the 
load with the same angular velocity; however, the amplitude of 
the displacement diminishes as p~*. 

(c) Slowly Moving Load. (Far field.) If the speed of the load 
is much less than speed of sound, i.e., aQa< 1 


H,™(aQan) + —i(n — 1)!2*/r(aQan), 


— 1 | cos n(@ — on) (39) 
> 


n>0O 
and r is very large a{:r > 1, hence 
H,(aQrn) — (2/raQrn)'’ exp [iaQrn — $ ri(n + 4)] 


then (36) is simplified a great deal by omitting terms of order 
1/(aQr)? as compared to 1/(aQr). The result is 


1 
4mrpu/Q = -— 
p 


+ (“) 7 = (a,Qa)? cos [6 + Or(a, + a2) — 2] 


a 


/3 On 
+ p> (2) "2 — (—1)*"a,Qa)**a,Qa)* 


(14 my a 


+ cos n[6 + OQr(a;, + az) — Qi] 


+ sheet | ae 


(40) 
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Here again the static displacement field is present. The waves at 
large distances have the same angular velocity. The phase angle 
again, as in the case (a), is behind the load, is proportionate te the 
distance from the cavity, and depends on the sum of the velocity 
of equivoluminal and irrotational waves. 

There is no particular difficulty in computing displacements 
from (38), (39) and (40) for these special cases. 

(iv) Two concentrated diametrically opposite moving loads: In 


this case we write 


Te = 0 (41) 


a8 — Qt) = (Qo/a)[6(8 — Qt) + (0 + w — E)], 
Hence 


tn 


lo n= 


With the use of the principle of superposition, formulas for any 
number of moving concentrated loads can be written down im- 
mediately. The simplifications of the previous cases studied for a 
single moving load can be achieved in a similar fashion. 
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On Classical Plate Theory and 
Wave Propagation 


The purpose of this investigation is to assess the applicabiiity of classical plate theory 
in describing the response of a flat plate of large radius to a sharp, transient loading 
applied over a small surface area by evaluating its predictions and comparing them with 
some preliminary experiments 


= paper is concerned with response of a flat plate 
of large radius to a sharp, transient loading applied over a small 
surface area; that is, for a given loading time history, the time 
dependence of the transverse displacement is sought at various 
points in the plate. The major purpose of the present investiga- 
tion is to assess the applicability of classical plate theory to this 
problem by evaluating its predictions and comparing them with 
some preliminary experiments. 

Some analytical studies on the dynamic response of a plate to 
concentrated and distributed transient loads within the classical 
theory have already been performed by several investigators 
[1, 2, 3]; however, for the most part, the results have been left 
in general terms, and little attempt has been made so far to 
answer the questions of applicability raised in the foregoing. 

The use of the classical (or elementary) theory is somewhat 
anomalous in a wave-propagation problem since it does not yield 
the expected wave front separating disturbed and undisturbed 
regions; that is, even in an infinite plate, the classical theory pre- 
dicts a (spurious) response at all points of the plate immediately 
after application of a localized loading. Loosely speaking, this 
is related to the fact that any disturbance may be considered to 
consist of a superposition of disturbances of various wave lengths, 
and the classical theory asserts that the velocity of propagation 
of a component of the disturbance becomes infinite as its wave 
length approaches zero. On the other hand, the classical theory 
would be expected to provide reliable results for long wave-length 
disturbances; i.e., long relative to the plate thickness.? It seems 
plausible that, in actuality, most of the energy transferred to a 
plate (even by a very sharp impact) would be associated with 
these longer wave lengths; it will be seen that, consistent with 
this conjecture, the early, short wave-length high-frequency re- 
sponse given by the classical theory is of very low amplitude. 
Consequently, hope exists that at any point of the plate not too 
close to the loading area reliable results might be furnished by the 
classical theory for times greater than those associated with the 
passage of the spurious (but insignificant) high-frequency 
motion. 

An improved plate theory that takes into account transverse- 
shear deformations and rotatory inertia would predict finite 
propagation velocities of disturbances [5]. However, analytical 

1 Numbers in brackets designate References at end of paper. 

? For a more complete discussion of the relationship between the 
approximate classical theory and three-dimensional elasticity theory 
the reader may consult [4]. 
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solutions are not easily obtained on the basis of the improved 
theory and hence it is not felt worth while to press efforts for ex- 
tracting such solutions before the predictions of the classical 
theory are fully assessed and exploited. 

The preliminary experimental results [6] used in this paper to 
compare with theory were obtained from plates subjected to 
penetration by high-speed projectiles. 


Conclusions 

According to classical plate theory, a localized transient load- 
ing produces an aperiodic, oscillatory transverse displacement at 
all points of the plate. Experiments indicate that, except for an 
initial time interval, during which the displacement amplitudes 
are very small fractions of the maximum response, the quantita- 
tive predictions of the classical theory are accurate at points in 
the plate at least several thicknesses removed from the area of 
loading. On the basis of both theory and experiment, this 
critical initial time interval is roughly 2 (r/c), where r is the dis- 
tance from the center of loading, and c is the characteristic 
velocity (E/p)'”. 

Except for times comparable to the duration of loading, the 
plate response is primarily dependent upon the total impulse 
transmitted to the plate, and is dependent to only a much lesser 
degree on the details of the load-time history; this appears to be 
borne out not only by theoretical studies, but also by the suc- 
cessful correlation of analytical results with those obtained from 
penetration tests on plates. 


Theoretical Plate Response 

According to classical plate theory, the small transverse deflec- 
tion of a thin, homogeneous, isotropic, elastic plate subjected to 
a concentrated, normal, time-dependent force, Pf(d), at the origin 
is governed by the equation 
Pf(Hb(r 


DV ‘w(r, t) + phii(r,) = 
2rr 


where 


( 2? 1 
Vie= = 
or? 


and 4(r) is a Dirae delta function. w/(r, é) is the transverse dis- 


placement of the mid-plane of the plate; p is the mass density; 
and D is the plate bending stiffness; i.e., 
Eh? 


D= ’ 
12/1 — vy?) 


where E is Young’s modulus, A is the plate thickness, and v is 
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Poisson’s ratio. The usual dot notation is employed to denote 
differentiation with respect to time. 

Since the response of a plate of arbitrarily large radius is sought, 
the transverse displacement w must satisfy appropriate finite- 
ness conditions as r approaches infinity as well as at the origin, 
r= 0. 

Assuming that the plate is initially undeformed and at rest, the 
solution of equation (1) under these conditions is easily obtained 
by means of integral transforms (e.g., see [1], article 20.3). Thus 
it can be shown that, for r > 0, ¢ > 0, 


P t r : ar? 
w(r, j= set f fd sin (, os x) 


where 
ph /s 
(3) 


dd 


(2) 





wir 
——>=_ 0 
asae ./p hd) 


-002 | 
-004+ 


-006 +4 
+ *9 25 wCHES 


The transverse velocities and accelerations can be obtained by 
formal differentiation. 

The classical plate response directly under the applied force is 
useful in constructing simulations of plates subjected experi- 
mentally to localized impulsive loadings. Thus it is easily seen 
that, for t > 0, at the origin: 

The acceleration is 


P 
PU ALG 


m0, 9 = apn)” 


P 
mere BD 


u(0, i) = SiphD) 7 


and the displacement is 
P é 
0,9 = ——z d 
40,0 = rami | KOM 


A 
4 
| 


TimME (MICROSECONOS) 


d ratio of displacement to applied impulse for a 





Fig. 1 Spatial variation of di ionali 
duration of loading of 18 microsec 
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Fig. 2 Time variation of di ionali 
durations of loading 
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d ratio of displacement to applied impulse for various 
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It should be observed that the displacement, w(0, 2), is propor- 
tional to the impulse transmitted to the plate. 
Furthermore, if the driving-point impedance is defined as 





lap = lim 2ar 


(ne force/unit circumferential oe 
r—>0 


transverse velocity of sector of plate 


then 


pE Ye 
Tgp = 8(phD)'”* = 4h*| — 7 
ap = 8(phD) E = =| (7) 


Thus the driving-point impedance is a real quantity independent 
of the time dependence of the applied force [2, 3). 


Discussion and Comparison of Theory 
With Appropriate Experiment 


According to the classical plate theory, a localized transient 
load produces an aperiodic, oscillatory transverse displacement at 
all points of the plate immediately upon application of the load 
(for example, see equation (2) for the response due to a concen- 
trated load). 

Some curves showing typical theoretical displacement-response 
patterns are given in Fig. 1. These curves give the displacement 
of a }-in-thick aluminum plate at points 9.0, 9.25, and 9.50 in. 
from the point of application of a concentrated force of square- 
wave time dependency, equation (12), with an impulse duration, 
8, of 18 microsec. The quantity J in the denominator of the ex- 
pression plotted as ordinate in the figure is equal to the total im- 
pulse, P8, transmitted to the plate. The smooth spatial varia- 
tion of the response is evident from an inspection of Fig. 1; in 
particular, the translation in time of the extrema should be 
noted. 

Fig. 2 shows for the same plate and type of loading the effect of 
varying the duration of loading. The nondimensional displace- 
ment-time history at r = 10 in. is shown for loading durations, 
8, of zero, 10, and 30 microsec. The most important implication 
of this comparison is the relative insensitivity of the large ampli- 
tude portion of the response to small variations in the duration 
of loading for the same impulse. 

A curious characteristic of the response at any point in the 
plate is an anomalous, low-amplitude, precursor pattern (e.g., in 
Fig. 1 between 95 and 110 microsec at r = 9.5 in.) which im- 
mediately precedes the establishment of a smooth aperiodic, 
oscillatory pattern of much larger amplitudes. The location in 
time of this precursor pattern is quite sensitive to the duration of 
loading (e.g., in Fig. 2 the pattern appears between 70 and 85 
microsec for 8 = 10 microsec and between 130 and 150 microsec 
for 8 = 30 microsec) and vanishes as the duration of loading ap- 
proaches zero. 

In order to delineate the limits of usefulness and applicability of 
the classical theory for the types of loading considered in this 
paper a preliminary correlation with the experimental results [6], 
[7] was established. In the particular experiment used in this 
correlation, flat plates (4-in-thick 6061-T6 aluminum) were pene- 
trated by high-speed projectiles (55 grain 220-Swift; impact 
velocity of 4000 fps) and the ensuing time history of the trans- 
verse deflection at various points was recorded by means of con- 
denser microphone pickups, Fig. 3. Representative photographs 
of the oscillograph recording of the output of the condenser micro- 
phone pickups showing the characteristic, aperiodic, oscillatory 
displacement response are given in Fig. 4. Plate dimensions and 
pickup locations were such that rather long time histories could 
be obtained without being influenced by the boundaries. 

The theoretical simulation of the projectile (} in. diam) penetra- 
tion of the plate with its finite contact time between plate and 
projectile was taken to be a concentrated normal force with a 
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square-wave time dependency. Effectively, this simulation 
postulates that, except for times comparable to the duration of 
loading, the plate response is primarily dependent upon the total 
impulse, i.e., the area under the force-time curve of the applied 
force, transmitted to the plate, and is dependent to only a much 
lesser degree on the details of the force-time history. This con- 
jecture arises in part from the foregoing theoretical discussion in 
connection with Fig. 2 and is corroborated, as will be seen, by the 
successful correlation with the experimental response. The total 
impulse transmitted to the plate was estimated as follows. The 
loss of momentum suffered by the projectile on the basis of the 
measurement of its impact and exit velocities was made (see [6] 
for details of measurement). However, the plate was observed to 
suffer a lossof mass upon penetration in the form of fragments, and 
so the momentum imparted to these fragments was estimated by 
assuming they left the plate with the exit velocity of the projec- 
tile. Hence the actual impulse imparted to the plate was esti- 
mated by subtracting the fragment momentum from the momen- 
tum loss of the projectile. If the impulse-time duration § is 
arbitrarily set equal to the time necessary for the projectile travel- 
ing with its average velocity during penetration to traverse a 
distance equal to the plate thickness plus projectile length, the 
magnitude of the impulsive force is then determined since the 
total impulse is known. 

The successful correlation of theory and experiment at various 
points in the plate is graphically given in Figs. 5 through 7. It 
can be seen in all cases that, after a small initial time interval 
during which both theory and experiment show low-amplitude, 
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Fig. 6 Displacement time histories; r = 4.1 in. 


high-frequency motion, the agreement is very good. It is quite 
interesting to note that, immediately preceding this time range 
of good quantitative agreement, the anomalous precursor pattern 
predicted by theory corresponds to a very similar precursor pat- 
tern obtained esperimentally; e.g., see Fig. 7 between 95 and 120 
microsec. ; 

\ theoretical estimate can be made of the critical initial time 
interval preceding good agreement between experiment and the 
classical theory. Note that, as time increases, the displacement 
at any point increases in spatial wave length; for example, equa- 
tion (16). A working hypothesis may be made that the classical 
theory becomes reliable when the wave length becomes some 
multiple N of the plate thickness. A rough calculation shows that 
this occurs at a distance r from the origin after a time interval 
approximately 


where c is the characteristic velocity (E/p)/* 
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NOTE: 


At left, “uu seconds” should read “yu inches.” 


The values of 7 found on the basis of VN = 16, shown by the 
vertical arrows in Figs. 5 through 7, are seen to agree well with 
the times at which good agreement of theory and experiment 


begins. The rule 


may therefore be accepted, tentatively, as a good estimate of the 
critical time. 

The quantitative predictions of the classical theory retain their 
accuracy even for points only several thicknesses removed from 
the loading area as illustrated in the comparison given in Fig. 5 
for the response of the plate at a distance 2.2 in. from the center 
of loading. It is interesting to note from Figs. 5 through 7 that 
the experimental displacement extrema tend to exceed their 
theoretical counterparts at points close to the impact area, i.e., 
at 2.2 and 4.1 in., their 
theoretical counterparts at points further removed; e.g., at 10.1 


while they are in turn exceeded by 
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Fig. 7 Displacement time histories; r = 10.1 in. 


in. Although a direct experimental measurement of the trans- 
verse velocity was not made, it appears evident that the transverse 
velocity-time history predictions of the classical theory will be 
accurate within limitations similar to those inferred from the 


displacement correlation. 
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APPENDIX 


Variation of the Response of a Plate to a Concentrated 
Normal Force With Various Time Dependencies 


In the cases that follow, the plate response to a concentrated 
force of arbitrary time dependence, f(t), will be evaluated for cer- 
refers to 


tain explicit forms of f(t). A subscript on w, wv, or w 


the case designation. 


Journal of Applied Mechanics 


Case 1. Suppose f(¢) is a step function in time, Le 


then for r > 0,t > 0, 


the acceleration is 
Pp sin (ar? /t) 


tar(phD)’ t 


P 
- 4mr(phD)'/* |‘ 


and the displacement is 


i) = 


the ve locity is 


ui; ( r, t) 


P 
= 77, LH (ar* 
4ar(phD)’* 


where 


H(z) = 2/2 — Si(x) + rCi(x) — sin (2)* 


; * sin t ; 
Siz) = dt, and Ci(zx) = 
0 é x 


Suppose f(/) has the form 


with 


Case 2. 
B, 
i>®p 


It is clear that the form of the present solution may be 
mediately deduced from that of case (1). For example, 


UAr, d = U(r ij - 
U,(r, t — B) 


* In Sneddon’s results for similar problems he introduces a function 
F(z) which corresponds to H(z); however, the definition of F(z) given 
in reference [1], page 139, equation (120), apparently omits a sine 


term. 


june 1961 / 227 





where U(r, 4) may represent transverse acceleration, velocity, or . -J . far? 
_ afr, = ———_ | din 
displacement. 4r(phD) ‘/%? 
Case 8. A limiting case of interest is obtained by setting f(i) 
equal to the unit impulse function J(t). Thus, if the impulsive 
force is denoted by 


t 
the velocity is 


J-I(d, : 
: ofr, 77, 
the total impulse is 4m(phD) ‘/* 


_ JUbdt = J and the displacement is 


ae | = 
4m(phD)'/* | 2 


= w,(r, i) = 
Hence the acceleration ‘s . 


228 / JUNE 1961 Transactions of the ASME 





W. H. HOPPMANN II 


Professor, 

Department of Mechanics, 
Rensselaer Polytechnic institute, 
Troy, N. Y. 

Mem. ASME 


Extensional Vibrations of Elastic 
Orthotropic Spherical Shells 


The extensional vibrations (momentless) of spherical shells of elastic orthotropic ma- 
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orthotropic shell. 


I. THE literature there is a paper on the free vibra- 
tions of isotropic elastic shells by Love [2].! In particular, for the 
spherical shell, he deduces that the characteristic shapes are as- 
sociated Legendre polynominals and discusses the frequency 
equation. 

In some modern applications of the theory of shells it is de- 
sirable to know the response to dynamic loading. In the present 
paper a study is made of the vibrations of spherical shells for 
this purpose. Furthermore, the equations of the isotropic shell 
are generalized in order to apply them to a shell composed of ortho- 
tropic material. This development anticipates the use of the 
analogy of such shells to those containing orthogonal systems of 
stiffeners. The problem of the flexure of orthogonally stiffened 
cylindrical shells has been treated elsewhere [3]. In that paper 
may be seen the treatment of the analog between uniformly thick 
shells of orthotropic materials and isotropic shells with uni- 
formly spaced stiffeners. In the present paper the study will be 
made of shells of uniformly thick orthotropic materials. Of 
course the solutions for the vibration of orthotropic shells can be 
specialized readily to the case of isotropic shells which are of 
considerable value in proposed technological applications. It 
may be noted that, although stiffeners are primarily used to resist 
flexure, in the theory of vibration of complete spherical shells it is 
shown by a theorem of Jellett that the deformation is essentially 
extensional [1]. The stiffener system, however, is anticipated in 
the present study because in actual applications it must be as- 
sumed that the uniformly thick portion of the shell may at times 
yield and then it will be necessary to resist flexural loading by 
means of the stiffener system. Also, statical point loadings on the 
shell may cause local damage which will be prevented or limited 
in extent by the stiffeners. Such being the case, there is need to 
know what the purely extensional reaction to the loading will be 
when stiffeners are used. 


Type of Stiffened Spherical Shell 


An easy way to conceive of the shell treated here 1s to consider a 
globe with the two usual poles, north and south. One group of 


1 Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, Ill., June 14-16, 1961, of Taz American Socrety 
or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, June 17, 1960. Paper No. 61— 
APM-14. 
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terial have been studied theoretically. Equations of motion have been derived and 
solved. The principal directions of the elastic compliances are assumed to be along 
parallels of latitude and along meridians. In addition to the case of orthotropic shells 
of uniform thickness, the analysis may be applied in the case of shells with stiffeners 
attached. Special consideration is given to the isotropic shell as a limiting case of the 


stiffeners will correspond to the meridians and the other group 
will correspond to parallels of latitude. Furthermore it should be 
assumed that the stiffness is homogeneous over the whole sphere; 
that is, the stiffness of each stiffener is less near the poles than near 
the equator. The obvious reason for this requirement is the fact 
that the stiffeners of the longitudinal system converge at the 
poles and those of the latitudinal system shrink to a point. In 
fact, the poles are necessarily small regions of isotropy. This fact 
was pointed out for anisotropic plates by Carrier [4]. 

The stiffness is assumed constant through the thickness of the 
shell but to vary with direction in the tangent plane at any point 
of the shell surface. The principal directions for stiffness or for 
the elastic compliances will be along the longitude and along the 
latitude at any point. The resulting stiffness tensor is homogene- 
ous; i.e., it does not vary from point to point on the spherical 
surface. 

Stiffness is in a sense symmetrical with respect to the diameter 
through the two poles of the sphere. Furthermore, in the present 
study it will be assumed that the load will be explosive, isotropic, 
and initiated at a point along the diameter through the poles. 
Hence the loading of the shell will be symmetrical with respect to 
this diameter and we need consider only vibrations symmetrical 
with respect to it. Accordingly, the equations of motion will be 
developed for these conditions. While some like Horace Lamb [1] 
consider that flexure effects in a vibrating complete spherical 
shell will be negligible, others may entertain some doubt on this 
point. It is therefore the hope of the authors that investigations 
may be conducted in the future for the purpose of determining 
how closely the results of this paper agree with the results from 
actual vibration experiments. The authors plan in the future to 
perform some experiments along the lines described in a paper by 
one of them [3]. 


Equations of Motion 
For the uniformly thick shell of orthotropic material the stress- 
strain relations are [3] 


€g = Cuds + C20 

€@ = CuTe + Cre 

Y = Curt 

Cn€ée — Cite 
c* 


Ci1€@ — Cn€e 


c* 
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w here 


¢,, corresponds to direction of @-changing, c22 corresponds to direc- 
tion of 6-changing 
If the effective thickness of shell ish, and Ny, N¢ are the forces 
per unit length of section corresponding to a4, o@ then 
a i 
“oe ae 
Cc 


C2€g — Ci2€@ ) 


h 
Ne = — 
: 


(Ci1€9 — Cn€y) 


Assume that the deformation is momentless; that is, the mem- 
brane-type stresses are of major concern. Then if we introduce 
inertia forces and external loading normal to the surface the 
equations of motion may be written [5]: 

o i A : 0*v 
- Ng sin @) — Necos d = pasin dh,, m7 
op ot 


and 


O*w 


ha 
p an 


Vo + Ne — ap(d, t) = 


radial displacement, positive toward center 
displacement (tangent to meridian), 
positive toward north pole 
ph., mass per unit area of shell 
a = mean radius of the thin shell 
p(d, t) load function (symmetric with respect to diameter 
through north and south poles) 


tangential 


The strains in terms of the displacements may be written [5]: 


w 


1 ad w v 
. € = —cotg@- — (6) 
a a 


oer - ’ 
a dd a 
Substituting equation (6) into equation (4) for Ng, Ne and then 
substituting the values of Ny, Ng into equations (5), we obtain the 
equations of motion in terms of displacements as follows: 


o*y ov ow 
+ cot @ + (a — Bcot? d) + y — 


op? oe op 


+ 6 cot dw = 


20 


+ ecot dv +kw=B + Cp(¢, t) 


ot? 


where 
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Free Vibrations 


In solving the equations of motion (7) for a complete shell it is 
noted that there are no physical boundary conditions. The con- 
ditions to be imposed are that the displacements should be single- 
valued and bounded at every point of the sphere including the 
north and south poles. 

Assume 


P(g, t) = 0 


v = V,(d)R,(t) 
W(@)R,(t 


R, + Pek, = 0 
V,” + cot oV,' + (a — B cot? d)V, + yW,’ + 6 cot ov, 
AV, 


—P,2 (10 


V,.’ + ecot dV, + AW, 


* - 11) 
BW, 


where ’ means derivative with respect to @ 
We may eliminate W,, from equations (10) and (11) and obtain 
an ordinary differential equation on V,, as follows: 


V,” + cot OV,’ + aV, csc? d@ + a;V, = 0 12) 


a 
where 


[8K + P,2B) + «5-4 
[K + P,2B — 4 


[((a + P,2*A\K + P,2B) + BK + P,2B) + de] 
yy = - - ——— - —_—— —_—_— 
‘i. [K + P,2B — ¥] 
if we put z 


= cos @. 


Then we obtain 


Or a dV, z Qs 
(1 — z?) — 2x — + V, | a: + ——_ ] = 0 (13) 
dz? dz 1 — zx? 


The criterion to be applied here is that the solution should be 
bounded at all points of the sphere including the two poles. The 
only solutions which are bounded everywhere, including the points 


xz = +1, are: 


V, = ( ‘ ‘ 14) 
where ¢,, are the Gegenbauer polynomials C,“ given by Whittaker 
and Watson [6]. 
Transforming the differential equation (13) by equation (14) 

we get 

ay 
(1 — 2?) os _ 

dx? 


To remove the singularity at z +1 from the bracket term we 


put 
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A? = —a» (16) 


a, is essentially negative, so that we obtain: 


d*¢,, 
(1 — 27) — —- I+ Adz 
dz? dz 


df, rt 
— —-rAX+a)f, =0 (17) 


+ [as 


The bounded solutions of this equation are the Gegenbauer poly- 
nomials [6] 


(u +n — 11 — 22)'/2-4# 


—?)n ’’ 
Se = Cz = 2) alu : I)... — 
ni(2n + 2u — 1)(2n + Qu — 2)....(n + 2p) 
d"{(1 — x2)" te—*/s} 
" —— (18) 
x 


The exact form of the D.E., of which (18) is the solution, is 


d*t. dt, 
— (Qu + 1)r — + n(n + 2v)f, = 0 (19) 
dx? dr 


(1 — 2?) 
Comparing corresponding terms in equation (17) and equation 
(19) we have 


21+A) = (Qu +1 


a —A + a 


From equation (16) 


80 


a; FF i( a2)’ 24 I 


= n? + 2n(+i-(ae)'/? + 3) (19a) 
Then a solution is 


V. = (1 — 22)/2cC+ (20) 


The corresponding W,, is determined by equation (11). It is 
V,’ + € cot OV, 
—(P,*B + K) 

Consequently, for any integral value of n we have a pair of 


functions V’,, W’,, satisfying the differential equations (10), (11). 


Frequency Equation 


The terms a, a; in equation (12) may be written 


811 — a\(K + P,2B) + (8B — a)? 


I . + P,*B) 4 


+ P.2B) — 
Now for integral values of n, equation 19a) gives the required 
relation between Qs and Qs 
For any given orthotropic shell the constants a, B, K, and B are 
known and P,? is the square of the circular frequency. 
The frequency equation is immediately obtained by substitut- 


ing the values of a2, a; from equation (21) and equation (22 
into equation (19a 
The equations may be written somewhat more conveniently 


for the actual calculation of frequencies 
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We may write 


C:Q,.2 + C:Q, + Cs . 
a= 23) 
Q, + Cy 





where Q, = P,?B and C; are constants in accord with equation 
(21) and 
CQ, + Cs 
a = > (24) 
C:Q, + Cs 


Solve equation (24) for Q and we have 


Craze — C 
2, = a Q,,’ say 


Ciaz — Cs 
Then from equation (23) 


(a — C2) + [(C: — as)* — 4C,(C, — Cas)" : 


2c; 


(26) 





Q, 


Now obviously Q,’ must equal Q, for the required simultaneous 
solution of equations (23) and (24). 

The procedure just outlined obviously amounts to the deter- 
mination of the roots of a biquadratic equation. We may express 
equation (19a) in terms of the parameter A as follows: 

a; = A? + n? +n + A(2n + 1) (27) 

Inspection of (21) shows that a, is always negative for real 
frequencies, hence A is always a positive real number. 

Also, equation (25) is a fixed curve for Q as a function of a, 
since the C are constants. This equation in terms of \ may be 
written 

CaA* + Ce 


CA? + Cs (28) 


Q n 


Now for a given integral value of n we must choose that value 
of A which with the corresponding a; determines the intersection 
of curve (28) with the curves given by (26). In this manner the 
frequencies of vibration are readily determined. It may be noted 
that frequencies of vibration for the isotropic shell as a special case 
of the anisotropic shell may be determined readily with the aid of 
equations (25), (26), and (27), using the proper elastic constants 
Calculated frequencies for the anisotropic shell using elastic 
constants previously determined [3] are shown in Table 1. 
The constants are 


Cu = 1.4 X 10-h,, Coz = 0.83 X 10-Fh,, C —0.21 K 10%, 


The values of A which determine the corresponding displace- 
ment functions are also shown. be noted that there are 
two main sets of frequencies but one set corresponds to negative 


It may 


values of A, which give displacements unbounded at the positions 
x +1. Also, for positive 
values of A there is an infinite set of frequencies which become 


These solutions are then discarded. 


+ P,*B) 
(22) 


indefinitely large with \ increasing. In addition, there are several 
values of frequencies in a second set which in the case of isotropic 
shells become an infinite bounded set. The frequencies for an 
isotropic shell of Poisson’s ratio equal one third are shown 
in Table 4. The frequencies for several cases of anisotropy are 
shown in Tables 1, 2, and 3. The data on which the tables are 
based are as follows: The radius of each shell is 15 in. and the 
average thickness is 0.1 in. For purposes of calculation, the mass 
per unit area of the orthotropic shell is based on aluminum. 
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Table 1 Netural frequencies of vibration and other parameters for Case | 


Unbounded set — Bounded set 
Jf.’ fn” X 
Pr’ x 10-8 Pr” 10-3 
10-* Q’ x 10-4 cps ” 
2.52 , : 0 0 l 
3.39 . .36 .58 0.987 1.57 0.66 
.46 - , . 7677 1.143 1.82 0 
.60 





Awe 
~] as 
| 


SCOWBDNMUPRWHRO FZ 
PSSaSessee: 
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Table 2 Natural frequencies of vibration and other parameters for Case Il 


Unbounded set -s Bounded set 

pr’ X fa’ X 107% pa’ X fa” xX 10-8 
Q’ 10-4 cps "yl Q’ 10-4 cps 
1.217 0.00157 0 0 1.00 
1.187 0.480 0.962 1.532 0.836 
1.170 0.720 1.178 1.875 0.40 
1.164 
1.161 
1.161 
1.159 
1 
1 
1 
1 





oe 


“ID Ore Choe 


.158 
.158 
.157 
.157 


WNW WOBMNMOON ED 


~ 
oo 





Table 3 Natural freq jes of vibration and other parameters for Case Ill 
Unbounded set Bounded set- 
fn’ f,” 


x 10-3 Pa” x 1073 
r’ x 10-4 cps 
.07 : 0 

060 .38: 0.979 .558 
.057 , 1.164 854 
.054 6 1.247 .985 
.054 66 1.287 2.050 
.053 

.053 

052 

052 

.052 

.051 





eee 
mC OWI Or ts 
t 


n 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 


laalaiad 


_ 
_ 
ow 


I fr ies of vibration and other parameters for Case IV (isotropic) 


Unbounded set--————— —————Bounded set — 
pr’ fa’ X 10-* Da” fa” x 1078 
x 10-* cps Q’ x 107" cps 
4.55 0 0 
6.24 0.354 0.982 
.33 0.498 .165 
.48 0.577 . 253 
.06 0.600 .27 
.94 0.619 300 
0.632 .312 
0.637 318 
0.645 .325 
0.648 .330 
0.652 .333 





~ 
. 


DONIBWUPwwKro s 
ee es 
NWHWNNNNNNeRKOo 
fod fed fem feed fd feed fed fd pend pe” 


o 
i eee 


S: 


The isotropic shell is considered to be steel of the same diameter Case I 
and thickness. The density of aluminum is taken to be Cu = 1.4 X 10-*h,, Co = 0.83 K 10-Fh,, Cre = —0.21 & 10-%,, 
reference [3] 


= 0.0945 Ib per in.? 
? a ancien B = 5.93 X 10~* sec? 


Case IT 
B h ' i Cu = 1.2 X 10-A,, Cz = 0.90 K 10h, 
hs Cu = —0.21 X 10-h,, B = 5.18 & 10~* sec? 
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Case III 


Cu = 1.05 XK 10-h,, Co. = 0.95 K 10~h,, 
Cy = —0.3 X 10~*A,, 


B = 3.997 X 10~* sec? 
Case IV 


Cu Cz. = 0.33 X 10-h, Cu = —0.11 XK 10h 


v Poisson’s ratio = 0.33 


B = 3.66 X 10~° sec? 


The density of the steel is taken as 
p = 0.2836 lb per in.? 


Case V 
Cu = 0.95 X 10-th,, Coz = 1.05 K 10h, Cx = —0.21 K 10, 


B = 4.155 X 107° sec? 


The second set of frequencies, which are shown in the tables 
with double primes and called the bounded set, may raise a ques- 
tion as to their physical interpretation. The question has al- 
ready been answered by Lamb [1] where he points out that for a 
given increasing positive radial displacement in any one mode the 
tangential displacement may be increasing in either the positive 
or the negative direction. The finite number of frequencies 
occurring in this set for the orthotropic shell corresponds to in- 
admissible displacernent functions as explained subsequently. 
One reason for calculating the frequencies for the four tables was 
to show definitely that as the anisotropy approached isotropy the 
number of frequencies in the bounded set increased in number. 


Pure Radial Vibration 

It is clear that for the isotropic shell a pure radial vibration is 
possible. In that case» = 0 and w = C(t). Now consider vibra- 
tions for the anisotropic shell in which v is assumed to be zero; 
that is 


Using this assumption in equations (7) we find that 
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Fig. 3 


se  Satdeo® 
7 —_—- co w= 
op 


0*w 
kw = B ar + Cp(¢, 0) (29) 


For free vibrations we may take p = 0. Now for the first of 
equations (29) we may write a solution in the form 


w = w,($)T(t) 


yw,’ aa 5 cot ow = 0 
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Table 5 Natural freq ies of vib 


tion and other parameters for Case V 








_— 


Unbounded set 


x 10-8 
cps 
4.13 
5.89 
7.96 

10.15 

12.35 

14.60 

16.84 

19.08 

20.23 

23.54 

25.83 

52.70 0 


Pr’ 
x 10-* 
2.59 


~ 3 


5. 
10. 
17. 
25 
35. 
46. 
60. 
74.: 

9 91. 
10 109. 
20 460. 


ON ie CO ND 


NAO 


a) 
CHOPWONE NORIO 


are unbounded at the poles. 


dw, 6 
— + — cot ddd = 0 
? Y 


Ww) 


The solution is: 


w = C1 — x2)— %/2Y T(t) 
From 


7 - T=0 


k 
B 


‘ _ (-k\: —k\' 
7 A sin (+; t+ Becos| — t 
B B 


k is negative and B is positive so that (—k/B)'/* is real. 
Now obviously if 6/2y is positive the deflection at both poles is 


unbounded and a solution does not exist. Recalling that 


Cr 


=-—-1 


Cy is negative so y is always negative; if Cy > C22 the quantity 6 
is positive and we have a bounded solution and 


w= Oatzr= +! 


It appears then that for such a vibration the poles are fixed in 
space. 


To obtain the forced vibrations we have 


2 


kw = B - + CP()f(t) 


° 
ot 
Using separation of variables and assuming 
P(o) = Pol — x*)— @/2 
where P, is a constant we get 


= BC\(1 — 22)—@/2n)p 
+ CP,1 —_ ax?) — (6/27) #2) 


kC\(1 — 2t)~ O27 


or 
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x’ 
.9335 
.9444 
.9470 

9490 
.9497 
.9500 
.9501 
.9503 
.9506 
.9510 
.9512 

9515 


—~ - 


Bounded set-—-——-—— 
i." 


x 10-3 
cps r 


Da” 
Q’ 10-* 
.420 
567 
626 
668 
.700 
.700 
.700 
.700 
.700 
700 
705 


ox 


595 
854 
950 
014 
060 
060 
060 
2.060 
060 
060 
067 


003 
. 166 
. 226 
. 226 
295 
295 
295 
.295 
295 
.295 
.300 


20 
6 


NWN NN Nhe ee ee 


* The A of this set being each less than unity, the corresponding radial displacements W» 


C : 
—— P»f(t) 
1 
This can readily be integrated by Laplace transform method for 
any f(t). If the shell is not loaded as assumed it cannot vibrate in 
the shape 


w, = C,(1 — 22) 0/2”) 
If the shell is isotropic 6 = 0 and 
w, = C; 
w = C,T(t) 
If the orthotropic shell is not loaded as indicated by equation 
(33) then vibrations in other modal shapes will be excited. Also 


in that case 
v #0 
It should be noted that this solution of the differential equations 


of motion is not contained among the solutions given by equa- 
tions (20). 


Initial Value Problems 


Now that the differential equations of motion have been solved 
for free vibrations, we can in the usual manner solve any initial 
value problem in which the displacements and velocities are 
specified at time t = 0. 

Any linear combinations of v, and the corresponding linear 
combination of w, are solutions of equations (10) and (11). Re- 
calling that there are two sets of frequencies and related displace- 
ment functions we can write in general for v and w the following 
which are obviously solutions: 


v= > v,[A, sin p’,t + B, cos p,’t] 
+ va2[D, sin p,.”! + E, cos p,"t) 


and 


sal. ea —k\" 
w = (1 — z?)~@/2 | F sin | — i+ Gcos| — t 
B B 


+ :B waulA, sin p,’t + B, cos p,’t] 
+ wna2[D, sin p,”t + E, cos p,”t] (34) 
where 


= (1 — 22/2042 
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v t+ € cot ov, 
—(p,°B a k 


€x 
—(l1 — zy? 
dx (1 — 2?) 


—(p,?B + k) 


The A and p,’ are calculated as shown under section in “Frequency 
Equations.’’ Values of these parameters for an isotropic case and 
for four orthotropic cases are given in Tables 1 to 5, inclusive. 

For each coefficient, say A, in the function v, there is a cor- 
responding one in the function w 
like A, vm: sin p,’t and A,w,: sin p,’t will then satisfy the dif- 
ferential equations. 

The C,* functions which determine v, are given for the first ten 
integers in Table 6. The coefficients used in these functions are 
given in Table 7. 


Consequently, combinations 


These tables therefore provide explicitly, the 


u+2)(u+3)u+ 4 
11340 


w+ 2)(u + 3)(u + 4 
113400 
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displacement functions for the first ten modes of vibration of the 
sphere. 

The leading term in the function w outside of the summation 
sign is the portion of the solution for so-called pure radial vibra- 
tion. Its corresponding function v is identically zero. This 
term is included only if 6 > 0; otherwise F = G = 0. 

Now any initial conditions may be specified. At time ¢ 
the displacements and velocities be given as follows: 


let 


* * 


o*, and w w 


so that at ¢ = O we obtain 


Table 6 Gegenbaver polynomials C,.“() 
Cc 
ko doo) 
ki(auz 
k2(@o2 + G22? 
kx(Qig + Gysr*) 
keg(Qog + Gaur? + Aur* 
ks(Qist + dasx* + assr* 
Kel dog + doer? + ayer + aeer® 
kanx + anz* + agz* + Anz") 
kel Qos + Gost? + Gygx* + aegx* + Aegr*) 


ke(aist + asor® + agers + azer? + aor” 
7s 4- 


kyo(ao.10 + Ge,10r® + G4,07* As, Os.07* + 


ayo. 7”) 


‘onstants k,; and a,; are given in Table 7. 


9 


= 2(u + 2) 


3, da = —12(u + 2), au 
+ 6) 


3 ass 


15, az5 = —20(u + 3), 
+ 12) 

—15, do = 90(u + 3), Ges 
+ Tu + 12) 

8(u? + 12u? + 474 + 60) 

—105, ax = 210(u + 4), an 
+ 94 + 20) 

8(u? + 154? + 74u + 120) 

105, dag = —840(u + 4), Gas = 
+ 9u + 20) 

—224(u? + 15u? + 74u + = 120), 
sg = 16(u* + 22u* + 179? + 638 
+ 840) 

945, dx = —2520(u + 
+ ilu + 30) 


840(u? 


5), ass 1512(u? 
—288(u? + 184? + 1074 + 210) 
16(u* + 26u* + 251yu* + 1066yu +4 
1680) 
—945, a.0 = 9450(u + 5), 44.10 
— 12,600(u? + llu + 30) 
5040(u? + 184? + 1074 + 210) 
—720(u* + 26u* + 251lu? + 
+ 1680) 
32(u5 + 35u* + 485u* + 3325y? 
+ 11,2744 + 15,120) 


10664 
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v* = D> mB, + oak, 
w* = G1 — 2)- 4/27 + DS wu B, + work, 


—k\'/s 
;*) F(l — x) 9/27 + » bs P,' wud, + P,'W,2D, 


= (1 — 21AC t's 
=(1—-— zt Ac +s 


1 , 
= E+ Bp.” (vm’ + € cot Orn) 


1 , 
Was = E> Bp. + € cot > maz) 


A case of especial interest is that in which the original displace- 
ments are specified and the velocities are zero. Then 
s*=0 so A, =D, =0 


but then 


k\"/s 2)— (8/2) 
oe Fl — — (8/27 
“s (+) a **) 


Consequently, for this case 
F=0 
Functions describing the several cases of elastic compliances are 


as follows: 
Isotropic case: 


Cu = Cu 


v4 = tne = v, = (1 — 22)'C," 


1), We 
=f e's z*)~ "My, 





wa = 


—(p,"*B + k) 


—(1 — 2%)" ae + 2(1 — 2*)~“y, 





v,: = 


—(p,"*B + k) 
For this case then, in which the material of the shell is isotropic 
there are two distinct sets of frequencies p,’, p,” as shown for 


example in Table 4. 
Finally 


* = > (By + E,) 
w* = G@ + > waB, + wk, 


Orthotropic case: Cu > Cx. A” < 1 (Tables 1, 2, and 3) and 
causes corresponding functions to be unbounded at the poles so 
that there is only one set of allowable frequencies, namely, P,’. 

For this case we must then choose EZ, = 0 and the constants 
for the solution are given by 
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y* = -} Bava 


w* = G1 — 2*)—*/27 2 Bm 


The B,, are determined in the usual fashion as follows: 


1 1 
tae v* mdz = : ik : Bvnitmi dz 


It is quite clear that both v* and w* cannot be specified as 
purely arbitrary functions. This fact is obvious from the dif- 
ferential equations themselves which show that if v, is specified 
the corresponding w, is determined. 

Orthotropic case: C22 > Cu A’ < 0 (Table 5) and causes cor- 
responding functions to be unbounded at the poles so that there is 
only one set of allowable frequencies; namely, p,’. 

For this case we must choose B, = 0 and the constants for the 


solutions are given by 
v* = >? Eons 


w* = pb Ens 


The E, are determined in the usual fashion as follows: 
1 1 
1 v*in2dt = hs £ E,,0,0 m2 


Forced Vibrations 


There are various kinds of loading functions which may be con- 
sidered. For the purpose of dealing with blast or explosive load- 
ings we may represent the functions as follows: 


Pd, t) = F(P)f(t) 


The function f(t) may be expressed in a trigonometric series to 
represent any reasonable function on some time interval of dura- 
tion To. 

In problems involving the type of loading now under considera- 
tion rest initial conditions are assumed; that is both displace- 
ment and velocity at each point are zero at time? = 0. The load- 
ing function now may be written 


W¢, 1) = Fb) D> Ba sin (35) 


where m is an integer and the B,, can be calculated by the 
Fourier method for any time interval of duration 7. 

The solution of equations (7) must now consist of two parts for 
each displacement component v or w. To the solution of the 
homogeneous equation (p = 0) must be added particular inte- 
grals. This can be accomplished readily if F(@) in equation (35) 
is developed in a series of space functions of the type which 
correspond to the solutions w, of the homogeneous differential 
equations. 

The complete solution can then be written as follows: 


v =) {va:[A,, sin p,’t + B, cos p,’t] 


+ vn2[D, sin p,"t + E, cos p,"t]}+ vpr (36) 


and 


—}\ '/: —z\'/s 
w = (1 — 22)~8/27 [F sin (+) t+ G cos (+) r| 
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+ » {walA, sin p,’t + B, cos p,'t] 


+ wna2[D, sin p,”"t + E, cos p,"t]} + wer (37) 


where vp; and wp; are particular integrals satisfying the non- 
homogeneous differential equations and for which v and w satisfy 
the initial conditions which for our problem are assumed to be 
rest conditions. 
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Experiments on the Postbuckling 
Behavior of Square Plates Loaded 


in Edge Compression 


In previous papers [1, 2],' the postbuckling behavior of rectangular plates under edge 
compression has been studied theoretically under eight different boundary conditions, 
and numerical solutions are presented for square plates with and without initial de 


flection. 


To compare with these results, experiments were carried out by using aluminum 


square plates, and the relations of the maximum deflection, stresses, and strains at typical 
points in the plate with applied loads were determined under four different boundary 


conditions. 


It is found that the experimental results are in reasonable agreement with 


those theoretically predicted. 


L, is well known that the failing strength of a 
rectangular plate under edge compression can exceed appreciably 
the buckling strength when the thickness is sufficiently small in 
comparison with its other dimensions. Thus it is of practical 
importance to clarify the postbuckling behavior of the plate, and 
numerous researches, both theoretical and experimental, have 
been carried out [3]. However, most of these studies seem to be 
confined to the case where the plate is simply supported along all 
the edges. 

In previous papers [1, 2], the author investigated this problem 
theoretically under eight different boundary conditions and pre- 
sented numerical solutions for square plates with and without 
initial deflection, assuming the Poisson’s ratio as 1/3. To com- 
pare with these results, experiments were conducted under four 
different boundary conditions by using aluminum square plates 
with a side length of 11.8 in. and thickness of 0.04 and 0.05 in. 
In what follows, first the test equipment and procedures are de- 
scribed briefly and then experimental results are presented and 
discussed in some detail. 


Test Equipment 

The test fixture shown in Fig. | is designed for compression tests 
on 11.8 X 11.8 X 0.05-in. flat aluminum plate, the loading ca- 
pacity of which is about 2200 lb. The jig consists essentially of a 
lower base, two equal side supports, and an upper frame, which 
are bolted to each other. A manual loading apparatus is fixed to 
the upper frame. The supporting and loading elements of this 
jig can be accommodated to test plates of different dimensions. 

A schematic drawing of the loading apparatus is shown in Fig. 
2. By turning the screw shaft, the loading head is moved verti- 
cally in the guide, and this motion is transmitted to the upper 
loading beam through a load-measuring beam or dynamometer, 
by which the plate is compressed between the loading beams. 

The dynamometer is a centrally loaded rectangular beam with 
strain gages attached on both faces. The magnitude of the ap- 
plied load can be determined by measuring the bending strains. 


' Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27- 
December 2, 1960, of THe American Society oF MECHANICAL 
ENGINEERS. 

Written discussion on this paper should be addressed to the 
Editorial Department, ASME, 29 West 39th Street, New York, N. Y., 
and will be accepted until July 10, 1961. Discussion received after 
the closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, March 24, 1960. Paper No. 60— 
WA-103. 
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Through preliminary calibration, it is found that the strain meter 
reading of 100u in./in. corresponds to the load of 176 lb, and that 
this linear relation holds up to the load of 3500 lb. The loading 
beams are designed to be much stiffer than the test plate, so that 
the condition of constant displacement along the loaded edges, 
which is assumed in the previous papers, is satisfied. 

Knife edges, as shown in Fig. 3, are used for supporting the 
plate along the edges. One and two pairs of these, respectively 
are used for realizing the simply supported and clamped condi- 
tions. For fixing the knife edges, base plates are bolted to the 
side supports and further upper supporting beams and lower 
supporting bases are fixed to the side supports as seen in Fig. 1. 

By using this method, four cases are treated, i.e., I—All edges 
simply supported, II—loaded edges simply supported, the other 
edges clamped, III—loaded edges clamped, the other edges simply 
supported, and IV—all edges clamped. Noting that the unloaded 
side edges are free from stresses, the loading condition here treated 
will be seen to correspond to the case (b) designated in the previ- 
ous papers [1, 2].? 

In Case II, the plate generally buckles into two half-waves in 
the direction of loading but these waves are not quite similar 
owing to the initial deflection. Considering the convenience for 
comparison with theory, the plate is further supported from each 
side by a pair of 0.04-in. steel plates along the horizontal center 
line, so that it may buckle into two perfect half-waves 


Test Plate 

Square test plates with side length 11.8 in. are carefully manu- 
factured from the aluminum sheets which are 16 in. wide, 48 in 
long, 0.04 and 0.05 in. thick. The thinner one is used in Case II, 
while the thicker ones are used in other cases. The chemical com- 
position of the aluminum sheets used is shown in Table 1. 

In a previous paper [2], numerical solutions for both the mem 
brane and bending stresses are obtained at the four typical points 
of the square plate in each case. To compare with these results, 
pairs of strain gages are mounted on opposite faces of the plate 
at each point as shown in Fig. 4. The positions where strains are 
to be measured are E, B, C, and F in Case II, while A, B, C, and 
D are used in other cases 

Since the plate is to be supported by knife edges along the sides 
as shown in Fig. 3, gages are mounted about 0.08 and 0.32 in 
2In the previous papers, another four cases corresponding to the 
loading condition (a), where side edges are kept straight by a dis- 
tribution of normal stresses, the resultant of which is zero, are also 
treated. But these cases are not treated here as it seems to be 
difficult to realize this condition. 
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Fig. 1 Test equipment 
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Fig.3 Knife edge 





Fig. 2 Sketch of loading apparatus 
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Table 1 Chemical composition of aluminum sheets, per cent 


Cu Si Fe 


0.15 
0.13 


0.086 
0.25 


0.46 
0.20 


Al 
Zn (by difference) 
99 25 
99.42 


Table 2 Elastic properties of test plates (h:in., E:10%b./in.*) 


h E, BE; 


0.0388 9.89 
0.0490 9.99 














tp 


Fig. 4 Strain gage installation in test plate 


inside the simply supported and clamped edges, respectively. 
At positions D and F, the strains in the loading direction are 
predicted to change so rapidly toward the edge that two adjacent 
gages are used to obtain the edge strain by extrapolation. The 
gages at D’ and F’ serve to check the uniformity of the com- 
pression. 


Mounting the Test Plate 


After removing the upper frame, the test plate is installed in the 
jig and the upper frame is added and bolted to the side supports 
The knife edges are carefully fixed along the parallel lines 0.02 to 
0.03 in. apart from the edges, Fig. 3, so that they are in smooth 
contact with the plate without exerting initial bending moments 
The edges of the plate are coated with vaseline beforehand to 
diminish the friction. The upper loading beam and dynamometer 
placed on the upper edge of the plate are adjusted so that their 
center lines coincide with that of the test jig as shown in Fig. 2. 
The preparation for measurements is completed when the dial 
gages are mounted at the appropriate positions and the lead wires 
from the strain gages are connected to the strain indicator through 
switching boxes. 


Measuring Equipment 

The deflection of the plate at the point corresponding to the 
theoretical maximum deflection is measured by two dial gages 
with an accuracy of 0.0004 in. Thus in Cases I, ITI, and IV the 
gages are mounted at the center of the plate on each side, while in 
Case II they are mounted on one side of the plate at the points 
one fourth of the side length apart from the edges, respectively, 
along the vertical center line of the plate. 

The applied load and strains in the plate are measured by a 
strain indicator through two sets of ten-point switching boxes. 
The wire strain gage of paper base with gage length 0.16 in. and 
resistance 602 is used throughout the experiments. 
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9.83 
9.79 


E. vr 
9.86 0.318 
9.89 0.332 














Fig. 5 Tension test specimen 














Wm mn 


0.12 0.16 





0.04 0.08 


Fig. 6 Maximum deflection versus applied load in each case 


Preliminary Experiments 

To determine the elastic properties together with the degree of 
anisotropy of the test plates, tension tests were conducted by using 
the specimens as shown in Fig. 5, which are cut from each 
aluminum sheet in both the rolling and transverse directions 
Pairs of strain gages are mounted on both faces as shown. A 
mirror extensometer with gage length 4 in. and magnification fac- 
tor 500 is used in parallel with the strain meter. Young’s modulus 
is determined from the measurements using the extensometer, 
while Poisson’s ratio is obtained as the ratio of the transverse 
and longitudinal strains read by the strain meter. The results 
are shown in Table 2. In this table, Z, »v, and h denote Young’s 
modulus, Poisson’s ratio, and p!ate thickness, respectively, while 
subscripts r, ¢, and m stand for the values in the rolling and 
transverse directions and the average value. It will be seen that 
the plates may be regarded as almost isotropic. 
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From the stress-strain relations obtained in the tests, the limit 
of proportionality is found to be about 8500 psi; hence, care is 
taken not to exceed this limit in the following experiments. 
Further, the gage factor of the strain gage is determined as 1.74, 
from the comparison of the longitudinal strains obtained by both 
the methods. 


Experimental Results and Discussions 


Under four different boundary conditions mentioned in the 
foregoing, the plate deflection and strains under applied loads 
are measured and the results are compared with the previous 
theoretical solutions. In each case, measurements are repeated 
several times by inverting the top and bottom of the plate, and it 
is found that no appreciable change results except that the initial 
deflection slightly increases with the repetition of measurements. 

Load-Deflection Relations. The maximum deflection of the plate 
is measured whenever the plate is loaded and unloaded at equal 
load increments. The readings of the two dial gages are found to 
be in good agreement. The experimental results in each case are 
shown in Fig. 6, where P and w,, denote the applied load and maxi- 
mum deflection, respectively. It will be seen that the curves show 
small hysteresis loops owing to the friction along the edges. Here 
we will introduce the dimensionless load factor defined by 


X = Pa/x*Eh’, (1) 


where a is the side length of the plate. Taking the average values 
of w,, for each load and rearranging the load-deflection diagrams 
in the dimensionless form using the values of h and E,, in Table 2, 
we obtain Figs. 7(a) and 7(b). In these figures, symbols O @ + 
and X show the experimental results, while solid and dotted 
curves, respectively, represent the theoretical results obtained in 
the previous paper [1] for the initially flat and deflected plates, the 
maximum deviation of which is 0.1h. 

From these figures, it will be seen that in Cases III and IV, 
both the results are in excellent agreement. In Cases I and IT, the 
experimental results for deflection are smaller than those theoreti- 
cally predicted, which is found to be attributable to the fact that 
the condition of free rotation along the loaded edges is not fully 
satisfied by using the knife edges. 

Hoff, et al. [4] have carried out ingenious experiments for Case 
I, using square plates of fiberglass with a = 20 in., h = 0.25 in., E 
= 2.20 X 10* psi, and vy = 0.14, and employing needle bearings 
and knife edges, respectively, for the loaded and unloaded edges 
of the plate. Their results are shown in Fig. 7(a) by chain lines; 
designations 27a and 28a are the specification of the test plates. 
Hoff’s results are seen to be in better agreement with theoretical 
ones, probably because the theoretical boundary conditions are 
realized satisfactorily. 

Load-Strain Relations. In parallel with the deflection measure- 
ments, strains at the typical points in the plate, Fig. 4, are re- 
corded at each applied load. Now we will take the z, y-axes along 
the center lines of the plate, so that the z-axis is perpendicular to 
the loading direction. Denoting by e,, e,; ¢,’, ¢,’ the strains at 
a point in the z and y-directions, on the convex and concave sides 
of the plate, respectively, the membrane strains, €, and ¢€,, and 
the bending strains on the convex side of the plate, €,’ and ¢,’, 


are given as follows: 
€, = '/:(e, + e,'), €, = Vsle, + €,’), , 
2) 
, 


“ = 1/(e, — e, ), ¢ = /s(e, = 7 
Here we will introduce the following dimensionless strain factors: 


é, = €,a*/m*h?, é, = €,0°/m*h', 


(3) 


z,’ = €'a"/mth*, i,’ = €,'a*/wth? 
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Fig. 7(b) Load-defiection relations for Cases iff and [IV 


Taking the mean values of the strains for each load in the loading 
and unloading cases* and representing the load-strain relations in 
the dimensionless form, we obtain the results shown in Figs. 8(a) 
through 11(d) for each point under each boundary condition. 
The theoretical solutions‘ [2] are shown together for comparison. 
The meaning of the curves is the same as before. 

From these figures, the following may be concluded: 


1 A pair of knife edges is used for giving the simply supported 
conditions, but it is found that this method is not satisfactory for 
the loaded edges because it results in appreciable bending strains 
as seen from Figs. 8(b) and 9(b). However, the conditions of 
simple support along the unloaded edges are reasonably satisfied 
by this method as seen in Figs. 8(d) and 10(d). 

2 Clamped edge conditions seem to be satisfied by using two 
pairs of knife edges. 

3 In general, the agreement between the theory and experi- 
ment is fairly good. Some discrepancies noticeable in Cases I 
and IT may be attributed to the afore-mentioned fact. 

4 In Fig. 8(a), Hoff’s results are shown together, which are 
seen to be in better agreement with the theory. 


Load-Stress Relations. Here we will obtain the load-stress rela- 
tions from the preceding load-strain relations and compare with 
the theoretical ones. Denoting by ¢,, 7, the membrane stresses, 
and by o,’, a,’ the extreme bending stresses, we introduce the 
following nondimensional stress factors as in the previous paper: 


+ The load-strain relations showed some hysteresis characteristics 
as before. 

‘In the previous paper, numerical solutions are presented for the 
load-stress relations, from which the load-strain relations can be ob- 
tained without difficulty. 
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Fig. 8(c) Load-strain relations at position A 
in Case I 
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Fig. 8(d) 
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Load-strain relations at position C 








Fig. 10(b) Load-strain relati 
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Fig. 9(d) Load-strain relati 
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Fig. 8(b) Load-strain r 
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Load-strain relations at position C 
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Load-strain relations at position E 
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Fig. 9(b) Load-strain relations at position B 
in Case ll 
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Fig. 10(c) 
in Case ill 
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Fig. 10(c) Load-strain relati at p Fig. 10(d) Load-strain relati 
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2 Fig. 11(b) Load-strain relations at position B 
in Case IV 
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Fig. 11(a) Load-strain relations at position A 
in Case IV 
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Fig. 12(b) Load-stress relations at position E 
Fig. 12(c) Load-stress relati iti in Case ll 
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Fig. 12(c) Load-stress relations at position A Fig. 12(d) Load-stress relati at p 
in Case Ill in Case IV 





&, = 0,a°/m*Eh’, é, = 0,0°/m°Eh’, 


&,’ = o,'a*/m'*Eh’, &,' = o,'a*/x*Eh* 
These are related to the strain factors as follows: 


1 
—— (, + vé,), = r. - (%, + vé,); 


(5) 


1 
=<? 


ae +, 2% 


The stresses at the point of maximum deflection in each case are 
calculated from the preceding results by using the values of vm, 
given in Table 2. The results are shown in Figs. 12(a) to 12(d), 
together with the theoretical ones.§ In Fig. 12(a), Hoff’s results 
are also shown. It will be seen that the experimental results, 
especially those by Hoff, compare favorably with the theoretical 
ones. 

From the discussions in the foregoing, it will be concluded that 
the validity of the theoretical results is ascertained by experi- 
ments. 


* The comparison at the other points in the plate is omitted to save 
space. The degree of coincidence is found to be similar as in the 
corresponding cases for strains. 
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Stress Distribution on the Boundary 
of a Circular Hole in a Large Plate 
During Passage of a Stress Pulse 
of Long Duration 


A partial solution to the problem of the stress distribution on the boundary of a circular 
hole in a large plate during passage of a stress pulse of relatively long duration is presented. 
The solution was obtained experimentally by using a low-modulus model material in a 
combined photoelasticity and grid analysis. The long-duration stress pulse was applied 
by loading a small region on an edge of the plate with a falling weight. The hole was 
placed at a location in the plate where both dilatational and distortional waves would be 
felt. Itwas also located in such a way that a symmetric point was available for making 
free-field stress determinations. The results of the investigation indicate that a variable 
biaxial state of stress was produced in the free field. The study also indicates that the 
maximum compressive stress on the hole boundary can be computed with a fair degree of 
accuracy by applying the Kirsch solution for a hole in an infinite plate and considering 
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the free-field biaxial stress conditions. 


The maximum tensile stresses on the hole bound- 


ary were always found to be smaller than the values predicted by the Kirsch formula. 


Introduction 


te determination of the stress distribution in a large 
plate subjected to a time-dependent loading acting at one point 
along the boundary is difficult. A number of investigators have 
studied various phases of the problem. A mathematical treat- 
ment of some phases has been presented by Kolsky [1].! Others 
such as Christie [2] have employed photoelasticity methods. 
The problem of determining the stress distribution on the 
boundary of a circular hole in a large plate during passage of a 
compressive stress wave was approached in this investigation 
through the use of experimental methods described in this and 
previous papers [3, 4, 5}. These methods utilize low-modulus 
materials in a combined photoelasticity and grid analysis. 


Theoretical Considerations 


When a time-dependent load is applied at a point on one edge 
of a semi-infinite plate, two basic waves are produced; namely, 
dilatational waves and distortional waves. These waves propa- 
gate radially from the point of load application with velocities 
C; and C;, respectively. These velocities can be computed from 
the following equations: 


C,;? = E/p(1 — v*) (dilatational) 
C;? = E/2p(1 + v) (distortional) 


where p = mass density (0.000103 lb sec*/in.*) 
E = modulus of elasticity (560 psi) 
vy = Poisson’s ratio (0.46) 
1 Numbers in brackets designate References at end of paper. 
Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, [l., June 14-16, 1961, of Tae American Socretry 
or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, June 17, 1960. Paper No. 61— 
APM-4. 
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Thus C, = 2630 in/sec, C; = 1365 in/sec 

The dilatational wave is produced by radial displacements 
which occur at the point of load application. The maximum 
shearing stresses associated with this wave, at every point in the 
field, make an angle of 45 deg to the wave front. This maximum 
shear is independent of @ (angular position of the point, measured 
with respect to a line perpendicular to the edge of the plate at the 
point of load application) and, as a consequence, the photo- 
elastic fringes associated with the dilatational wave form circular 
lines with the point of load application at the center. 
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Fig. 1 Sketch of model illustrating loading, location of hole, and sym- 
metric free-field point 
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Fig. 2 Series of 20 consecutive photographs showing a compressive stress wave propagating past on open hole in a large plate of Hysol 8705; 
photographs were taken with a Fastax camera a! 6960 frames per sec ? 


Fig. 3 Enlargement of frame 12 of Fastax record showing com- 
plete fringe pattern in plate, 1605 microsec after impact 


Fig.4 Microfiash photographs showing fringe- 
order distribution around boundary of hole 1100 
microsec and 1710 microsec after impact 
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The distortional wave is produced by transverse or circum- 
ferential displacements; therefore the maximum shearing stresses 
at every point in the field are in the plane of the wave front. The 
photoelastic pattern associated with a distortional wave is quite 
complex since the magnitude of the maximum shear at a point 
is a function of the angular position @ of the point. 


Experimental Procedure 


A large plate with dimensions 0.4 in. X 8 in. X 11 in. was ma- 
chined from a sheet of Hysol 8705. The sheet had an embedded 
rubber-thread grid with a '/3:-in. grid spacing. A 5/,in. diam 
hole was located 4 in. from the point of load application along a 
radial line 30 deg from the center line of the plate. A sketch of 
the model is shown in Fig. 1. The location of the hole was chosen 
to give the maximum time for study before reflections return 
from the boundary. Also, the 30-deg orientation provides a 
symmetric point in the same model where free-field stresses can 
be simultaneously determined. The symmetric point is far 
enough removed from the hole so that any disturbances produced 
by the presence of the hole do not interfere with the free-field 
stress distribution. The 30-deg orientation also places the hole 
in a location where the influences of both the dilatational and 
distortional waves are felt. If the hole were located on the center 
line of the plate the distortional wave influence would be a 
minimum. 

The loading of the model was accomplished by dropping a 
weight (108 grams) froma height of 16 in. ona hard plastic striker 
which was permanently positioned on the model, Fig. 1. A com- 
plete photographic record of the impact was obtained by using a 
16-mm Fastax camera operating at 6960 frames per sec. The 
first 20 photographs of this record are shown in Fig. 2. These 
were the frames used in the analysis and they cover a time period 
of approximately 3000 microsec. The total time duration of the 
pulse, applied by the falling weight, was approximately 12,000 
microsec. 

rehe Fastax records were suitable for making fringe-order de- 
Ttminations at the symmetric free-field point and for studying 
the over-all wave-propagation phenomena. The records were 
not suitable, however, for precise fringe-order determinations at 
the hole boundary or for grid measurements. It can be seen read- 
ily in Fig. 3, which is an enlargement of frame 12 from the Fastax 
record, that while the over-all detail is good the grid and fringe 
detail near the hole are washed out. 

In order to obtain photographs suitable for grid measurements 
at the symmetric point and photographs suitable for precise 
fringe-order determination at the hole boundary, a series of 20- 


microflash photographs were obtained at approximaiely 200- 


microsec intervals after impact. The microflash photographs 
were sequenced by using a specially built timer unit which was 
triggered with a barium-titanate pressure gage embedded in the 
Two representative photographs of the fringe distribu- 
It can be seen readily 


striker. 
tion around the hole are shown in Fig. 4. 
from these photographs that the fringe order at the boundary of 
the hole can be determined accurately. The grid was also suffi- 
ciently clear to permit strain measurements to be made with a 
fair degree of accuracy at the symmetric free-field point 


Analysis of Data 

Ten microflash photographs were selected for analysis 
records covered the interval of time from 1320 microsec after im- 
pact until 3075 microsec after impact. The beginning of the 
time interval was chosen when the 0.5-order fringe reached the 
This was the first instant at which 


These 


symmetric point in the field. 
the response around the hole boundary was sufficient to make 
The end of the interval was chosen 
not influencing the distribution 


fringe-order determinations 
to insure that reflections were 
around the hole. 

The Fastax and microflash records were used to obtain the 
fringe-order distribution around the hole, the fringe order at the 
symmetric point in the free field, and the two strains €, and €, 
at the symmetric point in the free field. The experimentally 
determined values for the fringe order as a function of time at the 
symmetric free-field point are shown in Fig. 5. (Similar curves 
for the two strains €, and €, are shown in Fig. 6.) 
to make very accurate fringe-order determinations 


It was possible 
The two 
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Fig. 5 Fringe order at symmetric free-field point as a function of time 
after impact 
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Fig. 6 Horizontal strain «- and vertical strain 
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strain curves, however, represent smooth curves through ex- 
perimental data exhibiting considerable scatter. A large num- 
ber of measurements were made on each film and the average was 
used to improve the accuracy. It is estimated that the strain 
curves may be in error by as much as 15 per cent. The data 
shown in Figs. 5 and 6 were then used to obtain the two principal 
stresses and their directions. This was accomplished through the 
use of the following equations. 

The relationship between stress and strain for the case of plane 
stress is as follows: 


g, = 


E 
yer (€, + ve,) 


- ——— (4, +4) 


1-v 


normal component of stress on a plane whose normal! lies 
in z-direction 
normal component of stress on a plane whose normal lies 
in y-direction 
= modulus of elasticity (Young’s modulus) 
= Poisson’s ratio 
= normal component of strain in z-direction 
= normal component of strain in y-direction 


Both ¢, and o, can be determined from the grid data if the 
material properties are known. In general, the two stresses ¢, 
and ¢, are not principal stresses, therefore other relations must 
be developed for obtaining the principal stresses from the experi- 
mental data. Use can be made of the first invariant of stresses 
as follows: 


o, + o, = o; + O; (first invariant) 


, 7 ¢ 
oq, = ~7_ __¥ 
2 


Oi — GO; 


where 
¢, = maximum principal stress 
0; = minimum principal stress 


The photoelastic-stress optic law states that 


0; — GO nfhe 
1 ee SS, 
2 t 
= fringe order 


material fringe value in shear 
thickness of model 


By substituting equations (1) and (3) into (2), equations relat- 
ing the experimentally determined quantities €,, €,, and n to the 
principal stresses 7; and @; are obtained: 


nfe 
t 
nfe 


E 
*- Het Ons 


(e, + €,) + 


“= 


21 — v) 


The directions of the principal stresses can also be determined 
from the experimental data using the well-known relationship 
Cos 26, = s-% (5) 
= 


: te — G3) 


2(1 + v) | nfe 
7). a [™*] (6) 


The angle 6, indicates the direction of the principal stress with 
respect to the z-axis, Fig. 1. Individual values for & and & can 
be computed by using the results of equation (6) together with 
the grid data (€, and ¢,) and the first invariant of strain. 

Complete stress and strain information was computed from the 
experimental data and the properties of the model material. 
Curves which show the modulus of elasticity and the stress 
fringe value of the material (Hysol 8705) as a function of strain 
rate are shown in previous publications by the authors [3, 4]. 
The remaining material properties which are independent of the 
rate of loading are as follows: 


v = 0.46 (Poisson’s ratio) 
p = 0.000103 lb sec?/in‘ (mass density) 


In using equations (4) the only unknown quantity is the modu- 
lus of elasticity Z. Since the modulus is strain-rate dependent, a 
value for the strain rate had to be established for each instant of 
time studied. For this purpose the rate of change of €, (the 
measured strain having the largest magnitude) with time was 
used to estimate the rate of change of € (principal strain having 
the greatest magnitude) with time. Since it was found that the 
rate of change of €, with time varied from 2 in/in/sec to about 
4 in/in/sec, a value of 6 in/in/sec was estimated as the strain 
rate of €. From the material-property curves this established the 
following values for E and fg. 


E = 560 psi 

fe = 0.52 psi in/fringe 

With these values established it was possible to compute all the 
desired quantities. These are shown tabulated in Table 1. A 





Experimental Data 


Quantities Computed from Experimental Data 





frame Tirne 
No. After 
Impact 


Fringe 
Order 
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1320 
1560 
1710 
1910 
2110 
2300 
2475 
2675 
2875 
3075 


» 00132 
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- 00416 
|. 00518 
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- 00%) 
- 00448 
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- 01243 


‘NY eer ese 











Table 1 Stresses and strains at a point in free 
field symmetric with respect to the center of the 
hole 
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Fig. 7 Static and dynamic-stress distributions on hole boundary 1320 
microsec after impact. Static distribution was computed from biaxial 
state of stress at symmetric point at same instant of time; this holds 
through series, Figs. 7-13, inclusive. 
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Fig. 8 Static and dynamic-stress distributions on hole boundary 1560 
microsec after impact 


check on the rate of change of € with time shows that the esti- 
mated value of 6 in/in/sec was a good one. If the estimated 
value did not agree with the actual value the table of values 
would have to be recomputed until the two were brought into 
agreement. 

At this point it should be mentioned that the material-property 
curves were determined for a uniaxial state of stress where the 
ratio between € and ¢, was —0.46. In the current study these 
results were used in a biaxial stress field where the ratio of € to 
€, varied. Under these conditions it must be assumed that the 
strain rate of ¢ (the principal strain greatest in magnitude) has 
the predominant influence and the different strain rates for & 
in the uniaxial and biaxial states produce only secondary influ- 
ences. Otherwise, the strain-rate dependence of the material 
properties must be determined for every condition of biaxiality 
encountered. 


Dynamic Stress Distribution 

The dynamic stresses around the hole were computed directly 
from the photoelastic data using equation (3) since the radial 
component of the boundary stress vanishes. An equivalent static 
stress distribution around the hole was then computed using the 
well-known Kirsch solution for a hole in an infinite plate under 
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Fig. 9 Static and dynamic-stress distributions on hole boundary 1710 
microsec after impact 














Fig. 10 Static and dynamic-ctress distributions on hole boundary 1910 
microsec after impact 
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Fig. 11 Static and dynamic-stress distributions on hole boundary 2300 
microsec after impact 
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Fig. 12 Static and dynamic-stress distributions on hole boundary 2675 
microsec after impact 
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Fig. 13 Static and dynamic-stress distributions on hole boundary 3075 
microsec after impact 


uniaxial tension or compression. Static loads capable of produc- 
ing a stress field equivalent to the biaxial stress field at the sym- 
metric point were used in these calculations. The results of the 
static and dynamic-stress determinations for a number of times 
after impact are shown in Figs. 7-13. 

At the center of each of these figures the magnitudes and direc- 
tions of the corresponding free-field stresses are plotted. It is 
interesting to note that the compressive stresses at positions 90 
and 270 deg from the radial line through the point of load ap- 
plication build up much more rapidly than the tensile stresses 
which appear at positions 0 and 180 deg. In Fig. 7 the dynamic 
compressive stresses are larger than the corresponding static com- 
In Fig. 8 
the tensile stresses at 0 deg begin to develop ahead of those at 
From this time on the nonsymmetric distribution slowly 


pressive stresses while the tensile stresses are still zero. 


180 deg 
begins to approach the static distribution. 

While the individual values of stress at all points on the 
boundary are of considerable significance, the maximum com- 
pressive and tensile stresses which develop are of greatest im- 
portance to the designer. In Fig. 14 the maximum tensile and 
compressive stresses on the boundary of the hole are compared 
to the maximum compressive stress (o;) which occurs at the 
symmetric point in the free field at the same instant of time. The 
static values of stress in this figure have been computed for the 
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Fig. 14 Ratios of maximum tensile and compressive stresses on hole 
boundary to free-field compressible stress at various times after impact 
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Fig. 15 Compressive stress as a function of time at symmetric free-field 
point 


biaxial condition of stress which exists at the free-field symmetric 
point at the same instant of time. It can be seen readily from 
this figure that the compressive stresses on the hole boundary are 
larger than they would be in an equivalent static field. The dif- 
ferences are probably not significant, however, since they de- 
crease as the peak of the wave front passes. The tensile stresses 
developed on the hole boundary are always smaller under dy- 
namic loading than predicted. In Fig. 14 it is possible that the 
differences between the static and dynamic values late in the 
impact are due to the fact that the model was not of infinite size 
For a finite-size model the maximum stresses must be larger. 
Since the biaxiality of the stress field at the free-field point was 
known for a portion of the impact and could be estimated with 
some degree of accuracy for the other portion, it was possible to 
compute the value of o, for the entire period of the impact from 
The magnitude of a, as a function of time 
is shown plotted in Fig. 15. The dashed portion of the curve was 
determined by using a stress ratio of —0.60. This figure indicates 
that the falling weight produces a loading equivalent to a stress 
pulse of about 12,000 microsec duration. Using the velocity of 
propagation of the zero-order fringe this pulse would have a length 
equal to approximately 75 hole diameters. The front of the 
pulse (rise from zero to peak) was approximately 20 hole diame- 
ters in length. The portion of the pulse studied in this pro- 
gram was 15 per cent of the total pulse or 75 per cent of the 
front of the pulse. A study of a greater portion of the pulse would 
be possible only if larger plates or pulses of shorter duration were 
used. This was accomplished in a later program where explosives 


the photoelastic data. 
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were used to give pulse durations at the symmetric point in the 
free field of 2500 microsec duration. This work will be reported 


separately. 


Conclusions 

The results of this investigation indicate that the maximum 
compressive stresses on the hole boundary can be computed with 
a fair degree of accuracy by employing the Kirsch solution for a 
hole in an infinite plate and considering the free-field, biaxial-stress 
maximum tensile 


conditions. It was also established that the 


stresses are always smaller than predicted. In drawing conclu- 
sions based on this work it should be remembered that the stress 
pulse employed had a length of approximately 75 hole diam- 
eters. The front of the pulse was not very steep, therefore the 
gradient of stress along a portion of the pulse equal to one hole 


diameter was small. 
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plain the observed aeroelastic instability of bluff cylinders in a uniform stream ts ex- 
amined for several cylinder sections. 
analyticai model is an oscillator with nonlinear damping dependent on the aerodynamic 
coefficients. Static and dynamic wind-tunnel tests were made of cylinder models of 
square, rectangular, and D-section. 


Only plunging oscillation is considered, and the 


The D-seciion and the short rectangular sections 


behaved dynamically like the circular cylinder, showing plunge instability only near 
resonance with the von Karman vortex street. In complete contrast, the square and long 
rectangular sections showed plunge instability with amplitude increasing with wind 


speed for all speeds above a critical value. 


These dynamic results were in quite good 


agreement with the theoretical predictions, using the static test data. 


tan paper examines the applicability of quasi- 
steady theory, using experimental aerodynamic coefficients, 
to the observed aeroelastic instability of certain bluff cylinders 
in uniform transverse air streams. The phenomenon was known 
as early as 1907, when Lanchester [1]! described his “aerial 
tourbillion,”’ a semicircular or D-section cylinder, with flat 
face perpendicular to a uniform stream, which developed a 
steady rotation about an axis parallel to the stream when given 
an initial spin. In engineering practice, the phenomenon has 
been observed in the galloping of ice-laden transmission lines, 
the vibration of tall smokestacks, and catastrophically in the 
oscillation of the first Tacoma Narrows suspension bridge. No 
complete theory of the instability is available, mainly because 
there is no complete aerodynamic theory for any separated flow, 
particularly a nonstationary one. 


! Numbers in brackets designate References at end of paper. 
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Several semiempirical theories have been proposed, however, 
and some have gained fairly general acceptance. For circular 
cylinders, the source of the observed instability must be the 
fluctuating nature of the wake, whether organized as a Karman 
vortex street [2] or random [3]. For sections capable of com- 
bined plunging and twisting oscillation, linear flutter theories 
have been proposed by various authors [4, 5, 6]. 

For noncircular sections constrained to plunging oscillation, 
the instability criterion proposed by Den Hartog [7] has been 
used. He states: ‘a section is dynamically unstable if the 
negative slope of the lift curve is greater than the ordinate of the 
drag curve,’’ the aerodynamic data being obtained from static 
wind-tunnel tests. Steinman [8] has taken a similar approach 
in his theory of suspension-bridge oscillations. A theory using 
stationary aerodynamic coefficients to determine the aero- 
dynamic forces acting on a vibrating body is usually called 
quasi-steady, and in the present paper this approach leads to a 
motion governed by a nonlinear differential equation with a 
small damping term, which can be solved readily. 


Theory 


Fig. 1 shows the geometry of a vibrating cylinder section in 


a uniform flow, assumed two dimensional. The elastic mount- 
ing is assumed to be linear, and the nonaerodynamic damping 





Nomenclature 


lateral displacement of vibrating cylinder 

lateral dimension of cylinder section 

length of cylinder 

mass of vibrating system 

coefficient of viscous damping of vibrating system 

spring constant of vibrating system 

time 

time derivative 

(k/m)'/? = circular frequency of free undamped 
oscillation of system 

air velocity 

angle of attack of relative wind to cylinder section = 
tan-y/V) 

air velocity relative to vibrating cylinder 

air density 

aerodynamic pressure on cylinder relative to free- 
stream value as datum 
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aerodynamic lift on cylinder 
aerodynamic drag on cylinder 
lateral component of aerodynamic force on cylinder 


———- = pressure coefficient 
(p/2) Vrei* 


L 
(p/2)Vreiths 
D 
(p/2) Veeiths 
Fy, 
(p/2) Vhs 
coefficients of polynomial approximation 

versus @-curve 


= lift coefficient 
= drag coefficient 


= lateral force coefficient 


to C, 


(Continued on nert page) 
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Cylinder section and flow geometry 





Fig. 1 


viscous. Accordingly, the equation of motion of the cylinder is 


my +ry —F,+ky =0 (1) 


where m, r, and k are constant, and 


P, = Cr, + hs V? 


¥ 


is the lateral component of the instantaneous aerodynamic force 
on the cylinder. This force is assumed to be given by lift and 
drag components Z and D corresponding to a relative wind of 
velocity Vye: at angle of attack a = tan~(y/V), as shown in 
Fig. 1, and with values as determined by static wind-tunnel 
tests at the same @. It follows that 


Cr, = —(C, + Cp tan a) seca 


L = Cz, > hsVei, D = Coe hs Veai? 

The experimental curves of C,; and Cp versus @ can be approxi- 
mated by polynomials. All of the sections considered here are 
symmetrical about an axis in the stream direction, and accord- 
ingly C, is an odd function of a, and Cp an even function. The 
later calculations are simplified if the C, polynomial is of the 
fifth power or less, and the Cp polynomial of the fourth power 


or less. In fact, the polynomials used are 


Cr = —qa + a,a’ (3) 

Cp = by — bra? + bart (4) 

Equations (3) and (4) are substituted in equation (2), @ is re- 

placed by tan~!(y/V), and the resulting expression is expanded 

in powers of (y/V). Terms beyond (y/V)* are neglected, and 
the result is 


Cr, =A (+) 7 B(+)'-c( 


Az ae&=€ bo 


where 


a 
Bea-h- Ft 


C = by -_ on - : (8) 


Equation (5) is substituted into equation (1), dimensionless 
variables and parameters are introduced as defined under Nomen- 
clature, and the equation of motion becomes 


7 


Y — d€1 — PY? -—QYSY+Y =0 (9) 


With Q = 0, equation (9) reduces to Rayleigh’s equation [9]. 
If ¢, P, and Q are all positive, equation (9) gives a build-up of 
oscillation from rest to a steady-state amplitude, and if they 
are all negative, any oscillatory disturbance is damped out. 
Examination of the definitions of ¢, P, and Q reveals the sig- 
nificance of this. U and n are positive, and B and C are either 
positive or zero for the sections considered later. Therefore, 
if U > Uo, corresponding to the aerodynamic forces being large 
enough to overcome the structural damping, the stability is 
determined by the sign of A, which is seen to be simply Den 
Hartog’s criterion. 

In the present problem ¢€ is a very small number, and as a 
result, equation (9) is readily solved by the method of Krylov 


and Bogoliubov [10]. If a solution is assumed in the form 


Y = Pain(T + 8) (10) 
the fact that ¢ is small leads to the result that YF is a slowly vary- 
ing function of 7’, and & is constant to the first order ine. The 
solution for Y(7) is obtained without difficulty (Appendix), 
and appears in the form: 


Yi —Y,3 


Bh (# sa =) we OS. =) ya 
Y,? Y,? a Y,2 Y,2 ed. Y; 


(11) 


3B | 3B\? 8A Us « 
= 2 -_ = ou 4 —_ — — _ ») 
ad { 5C =: (22) 5C (1 i) f (12) 


the polynomial approximations to C,(@) and Cp(a) 


«eT = In 





Nomenclature 


bo, bs, bs = coefficients of polynomial approximation to Cp 
versus a@-curve 

coefficients of polynomial approximation to Cr, 

gt = dimensionless time variable 

derivative with respect to 7’ 

y/h = dimensionless vibration displacement 

dimensionless vibration amplitude 

initial value 

steady-state value 

imaginary root of amplitude equation 


r 


A, B,C 
T 


= dimensionless air velocity 


r , . . . : 
— dimensionless viscous damping coefficient 
mq 
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ph 


=? dimensionless mass parameter 
m 


9 


— = critical air velocity 
ne 


nA(U — Up) 
B 
AU(U — Us) 
Cc 
AUXU — Us) 
= longitudinal dimension of rectangular cylinder section 


= vortex shedding frequency, cps 
= fh/V = Strouhal number 


= parameters of nonlinear damp- 
ing term in vibration equation 
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have been determined, A, B, and C are given by equations (6-8). 
Uy = (28/nA) can then be determined from the known constants 
of the system, and from measurement of the nonaerodynamic 
damping coefficient 8, which is proportional to the logarithmic 
decrement of the system in the absence of aerodynamic forces. 
The dimensionless stationary vibration amplitude Y, can then 
be found as a function of dimensionless air velocity U from 
equation (12). The amplitude-time relation, equation (11), 
requires an additional parameter, the initial amplitude Yo. 
This is estimated from the decay record used to determine £, 
by considering the damping to be partially coulomb, to account 
for the finite decay period. The amount is too small to influence 
the viscous coefficient appreciably, but it indicates initial ampli- 
tudes needed for build-up to occur. (7) can then be found from 
equation (11), as can T,, defined as 7’ for Y = 0.99Y,. 

For one of the test conditions examined later, bs can be taken 
as zero in equation (4), because of the limited range of a. Ac- 
cordingly, C can be taken as zero in equation (5), and Q in 
equation (9). This simplifies the solution for Y(T), which 
becomes (Appendix): 


eT = 2Iln E tan sin~ (+ )| 
Y, = [4 (1 yy" 


Experimental Method 


The experimental data of this paper were obtained in the low- 
speed wind tunnel of the Mechanical Engineering Department 
of the University of British Columbia. The test section of this 
tunnel is 104 in. long, 36 in. wide, and 27 in. high, and the cylin- 
ders were mounted vertically at the center of the principal 
cross section. 

The aerodynamic coefficients were determined from pressure 
distributions measured on fixed cylinders. (Shear stresses are 
too small to require consideration in these bluff-cylinder flows.) 
Cylinder sections tested were a 2-in. D-section, a 2-in. by 2-in. 
square, and a 2-in. by 1-in. rectangle. Th D-section cylinder 
was of hardwood with a brass center section containing the 
pressure taps. The other cylinders were of aluminum and 
brass. They passed through sealed holes in the floor and ceiling 
of the tunnel, and were long enough that the spanwise variation 
of pressure could be measured by shifting the relative position 
of the.brass section. No appreciable variation was noted in the 
tests, and the results are therefore considered to represent two- 
measured indi- 


(13) 


where 


dimensional flow conditions. Pressures were 
vidually on an alcohol micromanometer, using a switching 
board, and C, values were determined in the usual way. 
C,-distributions over each section were obtained in this manner 
for a range of a, with increments of 1, 2, or 5 deg. C, and Cp 
were determined for each a@ by graphical integration. Each 
cylinder was tested at a constant Reynolds number, either 
33,000 or 66,000, considerably higher than the Reynolds-number 
range for the dynamic tests. This is felt to be unimportant, 
however, in view of the negligible Reynolds-number effects 
generally observed for bluff cylinders with well-defined separation 
points at sharp edges. The data were not corrected for tunnel- 
wall effects, except for comparison with other published data. 
Dynamic tests were made on vertical balsa cylinders suspended 
by four light horizontal coil springs in the plane of the tunnel 
cross section. Sections tested included rectangles with h = 1 
in. and various values of d from '/; in. to 2 in., a 2-in. D-section, 
and a 1.9-in. circular cylinder. Clearances between the cylinder 
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ends and the tunnel floor and ceiling varied from '/s in. to '/, in. 
The same springs were used for all tests, and cylinder natural 
frequencies for lateral plunging lay in the range 8-10 cps. The 
cylinders were allowed six degrees of freedom to reduce the 
system damping, but the only modes which were detectably 
excited were the desired lateral plunging and an undesired 
twisting about the stream axis, which appeared in some tests. 
These two modes were separated as far as possible by weighting 
the cylinders at their mid-section, and, except as noted later, 
the data in the figures represent pure lateral plunging of the 
cylinders. There was no evidence of twisting of the cylinder 
section (the motion in all tests was observed with a stroboscopic 
tachometer), so that flutter was not a mechanism in these tests. 

The dynamic test conditions were not exactly two-dimensional, 
because of the end clearances and the presence of the mounting 
springs in the air stream. However, preliminary trials had 
indicated this arrangement was better than mounting the elastic 
system externally, because of the considerable effects of the 
holes through which the vibrating cylinders had to extend. 

All dynamic models were tested through a wide range of air 
velocities, and the mode, amplitude, and frequency of oscillation 
from rest at each velocity were recorded. In a few tests, the 
models were given an initial amplitude. Transient amplitude- 
time records of the vibration build-up were obtained by mounting 
on the cylinder a light metal strip which extended through a 
narrow slot in the tunnel ceiling. This strip blocked the light 
of a lamp from a long photocell which had been masked so that 
lateral displacement of the strip produced a linear response in a 
pen recorder in the photocell circuit. 

For all of the cylinders tested, both at rest and in oscillation, 
hot-wire measurements were made in the wake to determine 
vortex-shedding frequencies as functions of air velocity. 
Measurements were made by comparing the hot-wire output 
with that of an audio oscillator in the form of Lissajous figures 
on an oscilloscope. 

One series of tests was made on the 1-in. square cylinder with 
increased damping in the form of a transverse oil trough mounted 
flush in the tunnel floor with a thin metal plate fixed to the 
cylinder immersed in the oil. 


Results 


The first series of tests was made on the D-section, because 
of its wide use as an example of Den Hartog’s criterion of bluff- 
cylinder instability. Preliminary wind-tunnel tests on dynamic 
models, however, revealed instability only for certain limited 
ranges of air velocity, and the two-dimensional pressure tests 
were accordingly carried out to see if the criterion actually was 
satisfied for the Fig. 2 
selection of the pressure-distribution curves. It is 
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Fig. 2 Pressure distributions for D-section cylinder. 
66,000. 
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Fig. 3. Pressure distributions for square cylinder. 
































Fig. 4 Lateral aerodynamic force coefficients. Reynolds numbers 66,- 


000 (O, V, 4) and 33,000 ({_}). 


the wake underpressure on the cylindrical afterbody is almost 
exactly symmetrical up to a = 20 deg. A pronounced suction 
peak, corresponding to the streamline pattern suggested by 
40 deg. Now, 


so long as the pressure on the afterbody is symmetrical with 


Den Hartog,? does not occur until about a = 


respect to the symmetry axis of the cylinder section, there is 
no lateral force on the cylinder, and it is neutrally stable with 
respect to the quasi-steady aerodynamic forces. In the present 


notation, 


(dCr, da) = 0 
for small a, and A = 0. These results for the D-section are in 
good agreement with those of Cheers,’ from direct force measure- 
ments, which indicate a very small negative (i.e., stable) value 
of A. Cheers’ data were taken only at intervals of 10 deg in a. 

Shortly after these results were obtained, Mr. C. Scruton of 


2 Reference {7 ], p. 301. 
3 Reference [4], fig. 13. 
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Fig.5 Experimental curves of dimensionless steady-state plunge ampli- 
tude versus dimensionless air velocity for several cylinders 


The National Physical Laboratory in England informed the 
senior author of tests he had performed on cylinders of square 
section, which were found to satisfy Den Hartog’s criterion for 
instability. Of the results of these tests, the static measure- 
ments of C,(a@) and Cp(a@) are reported in [11], and a stability 
diagram from dynamic tests is reported in [12]. It was therefore 
decided to test a series of rectangular sections with sharp edges, 
including the square, for which a selection of the measured 
pressure distributions is presented in Fig. 3. It is seen that an 
increasing asymmetry in the underpressure on the afterbody 
develops with increasing @, and in the direction for instability. 
These results are best summarized by a plot of Cr, versus a, 
which is given in Fig. 4 for the D-section, the square, and the 
2 by 1 rectangle (tested both with the long dimension across 
the stream and along it). Both the D-section and the rectangle 
with d/h = 1/2 show completely neutral stability up to a = 
20 deg, because of the previously mentioned symmetry of the 
wake underpressure. On the other hand, the 
strong instability up to a = 14 deg, and the rectangle with 
d/h = 2 shows even stronger instability up to a = 7 deg. 
The next objective was to correlate these results with dynamic 
tests, and results for some of the models mentioned previously 
are shown in Fig. 5, which gives curves of dimensionless plunging 
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amplitude versus dimensionless air velocity for each cylinder. 
The behavior of the rectangles with d/h = 0.75 or greater is 
seen to be strikingly ditferent from that of the short rectangle 
or the D-section, which behave much like the circular cylinder. 
(Three other short rectangles, with d/h = 0.375, 0.656, and 0.583, 
were tested, and gave results similar to that for d/h = 0.50. 
These results are omitted for clarity.) 

Several features of the results in Fig. 5 should be noted. For 
all of the cylinders but the D-section, the value of U at which 
plunging oscillation commenced corresponded closely with 
resonance between the plunging natural frequency of the elastic 
system and the stationary vortex-shedding frequency of the 
cylinder; ..e., 

. =e 

adic cia 2S 
where § = fh/V is the stationary-cylinder Strouhal number, 
f being the shedding frequency in cps. For the D-section, 
plunging commenced at about half the above value of U, and 
reached its maximum at 


r ° 1 
U * 38 

In all cases the models oscillated at their plunging natural 
frequency, and vortex shedding occurred at this frequency during 
oscillation. 

The short rectangles, the D-section, and the circular cylinder 
all reached peak plunge amplitudes at values of U slightly greater 
than Up, and the plunging oscillation subsided for higher values 
of U. The previously mentioned torsional oscillation about 
the stream axis then developed at values of U corresponding 
to resonance between the torsional natural frequency of the 
elastic system and the stationary vortex-shedding frequency. 
This is proportional to U for a given cylinder with sharp edges, 
since the Strouhal number is constant. Values of S$ for the short 
rectangle and D-section agree with values measured by Roshko 
for the flat plate [13]. The torsional mode died out at higher 
values of U, and no further oscillations developed within the 
test range of air velocities. The torsional data are omitted in 
Fig. 5. Clearly, these oscillations of the short rectangles and 
the D-section can be considered vortex-excited, just as for the 
circular cylinder. 

The plunge amplitude of the rectangles with d/h = 0.75 or 
greater in each case increased with U up to the test limits (caused 
by limitations on the elastic system). For three of the cylinders 
there were short ranges of U in which the undesired torsional 
mode would develop from rest, although plunging (shown by 
dotted lines in Fig. 5) could be obtained by adjusting U into 
this range while the model was already plunging at another 
value of U. 

The fact that the start of oscillation corresponded to resonance 
with vortex shedding of course suggests that this is also the 
mechanism of excitation for these longer rectangles. However, 
Scruton’s previously mentioned stability diagram for the square 
cylinder showed that this behavior occurred only if the non- 
aerodynamic damping was very low, as was the case here. For 
somewhat higher damping, a small vortex-excited plunge would 
oceur for a short range of U, followed by a range with no oscilla- 
tion. Then, the type of plunge shown for the square cylinder 
in Fig. 5 would begin at some larger value of U, unrelated to 
vortex shedding. This was investigated by introducing the 
viscous oil damper mentioned earlier into a further series of 
tests on the square cylinder, and general agreement with Scruton’s 
result was obtained. 

The results for the square cylinder were used to investigate 
the validity of the quasi-steady theory. The experimental 
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values of C;(a@) and Cp(a@) are plotted in Fig. 6 as are the curves 
of two sets of polynomial approximations. The solid curves ap- 
proximate the conditions for the oscillation in the absence of 
the viscous damper, when the amplitudes were relatively large, 
and the dashed curves approximate the highly damped condi- 
tions, with their lower amplitudes. The experimental data 
agree closely with the values reported in [11]. The method of 
calculation of stationary amplitudes was outlined earlier, and 
the results are compared with the experimental data in Fig. 7. 
(Values of system constants and coefficients are given in the 
Appendix.) 

Good agreement is seen for the example with low damping. 
The agreement on initial values of U is fortuitous, since the 
experimental start of oscillation is determined by vortex shedding 
(note the arrow in Fig. 7) and not by damping, as in the theory. 
However, the good agreement over the whole range of U is 
interesting, since no use is made of the dynamic test data in the 
theory. The experimental points for the highly damped test 
show the small vortex excitation mentioned earlier near U = 1, 
and then no oscillation is evident until VU = 4.3, when an in- 
creasing plunge oscillation begins. Two theoretical curves 
are shown in Fig. 7 for this example. The upper one corresponds 
to the measured value of the viscous damping coefficient 8, and 
the lower to a higher value of 8 determined from Scruton’s 
stability diagram for the observed initial value of U. The 
experimental points lie between these two curves. It is probable 
that actual structural damping during oscillation was higher 
because of extraneous vibrations than the value measured under 
quiet conditions. 

Calculation of the amplitude-time curve requires an initial 
amplitude, and this was taken to be 7) = 0.003, based on the 
estimated coulomb component of structural damping in the 
measured decay curves. Theoretical curves using this value 
are compared with results from experimental chart records in 
Fig.8. Fair agreement is seen for the example with low damping. 
Again two theoretical curves are shown for the highly damped 
example. The one using the measured value of 8 does not agree 
well with the chart data, except in the total build-up time. 
The other, using the same higher value of § used in Fig. 7, gives 
good agreement if VY» is increased to 0.064. Again, the un- 
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Fig.6 Polynomial approximating curves to Cz (a) and Cp{a) for square 
section. Test data at Reynolds number = 66,000. 
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certainty of the actual amount of structural damping during 
oscillation is pointed out. 

Finally, in Fig. 9 theoretical and experimental build-up times 
are compared, using only the measured values of 8 and FY) = 
0.003. Good agreement is seen in both examples, except for 
the points at the lowest values of U in the low-damping example. 
These presumably represent the times for the initial vortex- 
excited build-up. 


Discussion 


It is recognized that a quasi-steady theory for the oscillation 
of a bluff cylinder cannot represent conditions accurately, because 
the instantaneous geometry and immediate pasi history of the 
wake are different for the oscillating cylinder and its static 
counterpart, and the important forces are largely determined 
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Fig. 9 Dimensionless build-up time versus dimensionless air velocity 
for square cylinder 


by the wake characteristics. However, the foregoing results 
suggest that the theory can be of some use, since Den Hartog’s 
criterion appears to discriminate between different forms of 
excitation. Cylinders with neutral or positive stability (A < 0) 
oscillate under vortex excitation, while unstable cylinders 
(A > ©) exhibit plunging oscillation similar to that predicted 
by the theory. 

The D-section and the short rectangles are neutrally stable 
because of the symmetry of the pressure distribution on their 
afterbodies. It is probable that this effect is closely related 
to the length of the afterbodies. Roshko‘ infers from measure- 
ments in the wake of a two-dimensional flat plate that the actual 
formation of vortexes from the separation shear layers takes 
place about two plate widths downstream. Short cylinder 
afterbodies would not interfere appreciably with this process, 
but long ones would inhibit the vortex formation and would 
produce asymmetries in the time-average wake pressures when 
the cylinder sections were at small angles of attack. 

Finally, it should be pointed out that the foregoing theory 
applies only to plunging oscillation from rest. It does not rule 
out the possibility of flutter instability of the D-section, if 
suitably mounted elastically, or of autorotation, as in Lanchester’s 
aerial tourbillion, in which the initial spin puts the section into 
the a-range for instability. Also, on cylinders of short axial 
length, three-dimensional flow effects seem to be important, 
and no attempt has been made to account for these. 
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APPENDIX 


Solution for Y(T) 
It is shown in [10], that substitution of equation (10) into 
equation (9) leads to the equation for Y: 


5 Reference [10], pp. 186-188. 


f=- Z. (1 — P¥? cos? } — QY*‘ cost 3) ¥ cos? ddd 
27 Jo 


Yy 
= — {1 -2PY* - gQr4} 


(15) 


Equating the right side of equation (15) to zero yields the sta- 
tionary amplitudes, as given by equation (12). Integrating 
equation (15) in the form 


, oe nT 
 ~ Jes P20 — E PY? — FOP 


(16) 


one obtains equation (11) directly. f = 0, equation (16) 


integrates to 
r - y ( 1 - Y,? Y.2 ) 
= 2in| = — 
: P, \1— PP, 
Y/Y, 
= 2In 9 EE (17) 
(1 — ¥?/Y,%)” 


because Yo? is negligibly smallin usual examples. Equation (17) 
is conveniently expressed in the form of equation (13). 


System Constants and Coefficients 


Air density p = 0.00230 slug/cu ft. For the square cylinder: 


h = 


1.00 in., s = 26.5 in.,q = 55.6 rad/sec 


ph?s 
0.0192 slug, n = = 0.000922 
zm 
Measured and calculated constants and coefficients for Figs. 
6, 7, 8, and 9 are given in Table 1. 


Table 1 


Low damping 
0.00152 
0.003 
5.40, 37.8 

2.29, 21.2, 223 


3.11, 16.8, 208 


nA 
U for Fig. 8 


1961 
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~ High damping 
Measured Inferred 
0.0062 0.0077 
0.003 0.064 
5.40, 101 
2.29, 10.2, 0 
3.11, 91.0, 0 


5.36 


6.74 
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A Modification of the Coulomb- 
Mohr Theory of Fracture 


The inability of the Coulomb- Mohr theory of fracture to explain the ain features of 
compression, tension, and torsion tests on brittle materials is pointed out. It is shown 
that the introduction of suitably chosen tension cut-offs and “‘friction angles” 
this deficiency and leads to a satisfactory explanation of the fracture stresses and angles 
of fracture for these three simple tests. |The modified Coulomb-Mohr theory is a three 
parameter theory, but all three parameters in principle can be obtained from only two 
simple tests. It is shown that in the case of cast iron there is an extremely close relation 
ship between cohesive resistance in shear and nominal ultimate strength in single or 
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removes 


double shear. 


fracture of cast iron very well 
used to explain some apparently anomalous points in the experimental data 


The modified theory fits the data of Coffin, Cornet, and Grassi on biaxial 


The three-dimensional fracture surface is described and 
Finally, a 


hypothesis is advanced which explains the appearance of concavities in the yield locus 
for certain classes of materials 


1 Introduction 


L, Is generally accepted today that virgin ductile 


metals will begin vielding when either the maximum shear stress 
or maximum octahedral shear stress reaches a critical value. 
These two theories of yielding alone (out of many theories pro- 
posed throughout the vears) have been well verified experi- 
mentally within the rather broad limits of error considered ac- 
ceptable for such theories. 

Unfortunately, the controversy over the correct phenomeno- 
logical criterion of fracture for intrinsically brittle materials still 
continues 

The phrase “‘intrinsically brittle’ will be used in this paper to 
describe materials which fail by cleavage in both tension tests and 
torsion tests, with very little plastic flow prior to failure. We ex- 
clude from discussion such phenomena as the notch embrittlement 
of otherwise ductile metals, fatigue fractures, and fracture after 
considerable plastic flow. We shall further restrict our considera- 
tions to that wide class of materials such as cast iron, concrete, 
limestone, and so on, which in addition to being intrinsically 
brittle are known to fracture along oblique planes in simple com- 
pression tests. 

It is recognized of course that the criterion of fracture is super- 
seded by a criterion of yielding for states of stress where the mean 
This fact has been amply 
of Bridgman 


normal stress is highly compressive. 
demonstrated by the high-pressure experiments 
(1],?, Karman, Boker, and others [2,3]. This paper shall be con- 
cerned only with criteria of fracture, not of yielding under high 


pressures. Among the numerous theories which have been ad- 


vanced to explain the nature of fracture for those states of stress 
1 This paper was prepared at Brown University under the sponsor- 
ship of the U. 8S. Army Ordnance Corps, Office of Ordnance Research. 
? Numbers in brackets designate References at end of paper. 
3 References [2] and [3] summarize a great deal of the available 
data on brittle fracture and contain numerous other References. 
Contributed by the Applied Mechanics Division and presented at 
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well removed from pure hydrostatic compression are those based 
upon limiting values of strain, energy consumption, and minute 
imperfections. Also proposed have been theories based upon one 
or more of the following stress variables: Maximum normal stress, 
maximum shear stress, octahedral shear stress, combinations of 
shear and normal stress, and others. 

Unfortunately, most of the foregoing theories can only predict 
the occurrence of fracture over a very limited range of possible 
stress states. Furthermore, they all suffer from the deficiency 
that they cannot adequately explain the angles of obliquity ob- 
served in many fractured specimens. Finally, the theories ad- 
vanced to date cannot satisfactorily correlate the observed stresses 
and angles of fracture for the three most common tests in the 
strength-of-materials laboratory; viz., the simple tension, tor- 
sion, and compression tests. 

In order to explain the presence of oblique fractures observed in 
compression tests on masonry cylinders, Coulomb [4, 5] proposed 
that failure occurs when the shearing stress reaches the cohesive 
resistance in shear S, of the material. In order to describe the 
observed angle which the fractured plane made with the axis of the 
specimen Coulomb introduced another parameter, the so-called 
coefficient of friction yu. 

Although Coulomb made the dubious assumption that the co- 
hesive resistance in shear S, is equal to the ultimate strength in 
tension S,, the predicted angle of the fractured plane depends 
only on the parameter yu and is unaffected by this assumption. 
In any case, Coulomb’s theory for compression involves two 
material constants, S, and wu, both of which can be obtained in a 
uniaxial compression test. 

If Coulomb’s theory is generalized to arbitrary states of stress, 
where o and 7 represent normal stress and shear stress, respec- 
tively, on a generic plane, it takes the form 


( r| + MO )max = (T") mex = S, 1) 


In equation (1) the quantity |r| + yuo, which we shall hence- 
forth speak of as a virtual shear stress, is given the symbol 7. 
T is uniquely defined for each plane passing through a given point 
where the state of stress is specified. 

Equation (1) is a specialization of the more general relationship: 


Function of (\rl, o) = const (2) 
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Equation (2) has been interpreted physically to represent the 
envelope of all sets of three-dimensional Mohr’s circles which can 
be drawn for a given material at the state of incipient failure. 
Equation (2) therefore defines a general criterion of failure known 
as Mohr’s theory of failure [20, 2, p. 215]. Equation (1) and its 
underlying concepts will therefore be referred to in this paper as 
the Coulomb-Mohr theory cf fracture. 

Among all the phenomenological theories of fracture which 
have been proposed, it appears to the author that the Coulomb- 
Mohr theory has been gaining the widest circle of adherents 
among engineers and perhaps geologists, in recent years. At 
least it would appear so if one examines the latest edition of 
Timoshenko [6], Nadai [2], and the works of Soderberg [7] and 
Jaeger [8]. Therefore it would be well to determine just how 
closely this theory fits the available experimental evidence. 

In the following section a geometric derivation is given for the 
quantitative expression of the Coulomb-Mohr theory of fracture. 
In Section 3 the basic shortcomings of the theory are pointed out 
with specific reference to the simple tension, torsion, and com- 
pression tests. It is also shown how a direct shear test may, in 
certain cases, be used to obtain one of the required material 
constants. In Section 4 a simple modification of the theory is 
proposed which removes the shortcomings previously noted. In 
Section 5 it is shown how well the modified theory fits the ex- 
tensive experimental data on cast iron of Grassi and Cornet [9, 
10] and Coffin [11], for biaxial states of stress. In Section 6 the 
nature of the proposed theory is explored for general three- 
dimensional states of stress, and it is shown how some of the ap- 
parently inconsistent experimental data can be explained by the 
three-dimensional theory. Conclusions are stated in Section 7, 
and a tentative hypothesis which would explain the appearance 
of concavities in the fracture locus, under certain circumstances, 
is discussed in the Appendix. The appearance of such concavities 
affords a striking contrast with the necessarily convex yield loci of 
ductile metals [22]. 


2 A Geometric Interpretation of Coulomb-Mohr Theory 


The normal stress ¢, and shear stress r acting on a given plane 
through a generic point in a stressed body can be expressed in 
terms of the three principal stresses ¢1, ¢11, 0111, and the direction 
cosines of the normal to the given plane. Mohr’s well-known 
graphical construction [2, p. 96] enables one to represent |7| and 
o as ordinate and abscissa, respectively, in a plane diagram, as 
indicated in Fig. 1. If the convention is adopted that om: < ou 
< o1, the point (¢, |r|) must fall within the cross-hatched region 
shown in Fig. 1. The directed distances OA, OB, OC represent 
to a suitable scale the principal stresses o1, o11, O11. 

The virtual shear stress 7’ = |r| + yo can be represented for 
any point in the (¢, |7| )-plane by a line segment, running parallel 
to the |r|-axis, from the point (a, |r|) to the line O’O. The line 
O’O is to be drawn such that it makes an angle 


® = arc tan wu (3) 


with the abscissa. 

Obviously, for a given value of ¢, such as at point P, the 
greatest value of 7’ occurs for the point Q which lies on the largest 
principal circle; that is, the distance RQ represents the greatest 
virtual shear stress for all planes where the normal stress has 
magnitude ¢ = OP. Since the line segment RQ represents the 
largest value of 7 for a given value of o, the maximum possible 
value of RQ must represent the largest virtual shear acting on any 
physical plane. The largest possible value of RQ is denoted by 
R’Q’ in Fig. 1. The point Q’ is located where a line parallel to 
O’O is tangent to the circle AQ’C, centered at D. Therefore the 
line Q’D must be perpendicular to O’O and intersect it at a point 
E. The Coulomb-Mobr theory of fracture requires that 
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T max = Qh’ -_ Ss 


ED+ DQ _ODsn@+dQ_ 
cos ® oe 


cos ® 


Since 


OD = (a; + omr)/2 and DQ’ = (a1 — o1m)/2 


it follows that 
gui(1 — sin ®) 


- =1 4 
2S, cos ® (4) 


oi(1 + sin ®) 
2 S, cos ® 


Equation (4) is the basic analytical expression which describes 
the Coulomb-Mobhr criterion of failure in terms of the two ex- 
treme principal stresses and the two material constants S, and ®. 

If it is assumed that fracture occurs on that plane where T' is 
maximum, Fig. 1 can be used to find the plane of fracture. The 
point Q’ represents the image of that plane whose normal lies in 
the plane of the major and minor principal axes and makes an 
angle 6, = 1/2 2 ADQ’ with the major principal axis. The trace 
of the plane of fracture is indicated by a jagged line in Fig. 2(a). 
From the geometry of Fig. 1 it is evident that 


0, = 45° — 6/2 (5) 


It should be noted that the main features of the foregoing deriva- 
tion are concerned only with the state of plane stress defined by 
a; and o111, and the corresponding largest circle in Fig. 1. In deal- 
ing with this circle it is meaningful to consider the lower half plane 
(not shown in Fig. 1) to be the domain of negative shear stress 7 
Since the Coulomb-Mobhr theory is only concerned with the 
absolute value of r, the reflection of point Q’ in the abscissa of 
Fig. 1 locates another point which satisfies the criterion of 
failure. This point corresponds to a plane whose norma! makes 
an angle 


6, = 1/(360° — 26,) 
with the major principal axis; that is, 
0, = 180° — 0, = 135° + 6/2 (6) 


The trace of this second fracture plane is indicated by the jagged 
line in Fig. 2(6) where it may be observed that the fracture plane 
is the reflection in the minor principal axis of the fracture 
plane shown in Fig. 2(a). 

In summary, equations (5) and (6) state that the plane of frac- 
ture is always parallel to the intermediate principal axis, and 


sir] 








Fig. 1 Construction for Coulomb-Mohr theory 
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makes an angle of either +(45° — /2) with the minor principal 
axis. 


3 inadequacy of Coulomb-Mohr Theory for Simple Tension 
and Simple Shear 


Simple Compression. Since the Coulomb theory was originally 
proposed to describe the simple compression test it is possible, in 
principle, to obtain the two material constants S, and ® in such a 
test. If the ultimate compressive stress is denoted by S, it follows 
that fracture occurs when 


1. =6o1 =0, om = —S, 


Substituting these values into equation (4) leads to 


gs - S(insin®) _ 8, (; — sin &\'”* 
. 2 cos ® 2 \1l+sin® 

If one denotes the angle of fracture in the compression test as 
B., to be measured positively as shown in Fig. 3, it is apparent 
that 


|8.| = 45° — 6/2 or & = 90° — 2/8,| (8) 


for either of the two equally probable modes of fracture shown in 
Fig. 3. Thus the material constants ® and S, are fully defined by 
the simple compression test. Although there is little published 
experimental data on observed values of 8, for different ma- 
terials, Bouton, in an unpublished Master’s thesis [12, 13] has 
described an extremely large number of compression tests on cast 
iron. Despite a significant difference in the quality of two dif- 
ferent grades of cast iron tested, the mean angles of fracture 
(these angles are 90° — 8.) for the two materials were 54.8 and 
55.0 deg, respectively. Hodgkinson [14] on the basis of numerous 
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Fig. 2 Equally probable planes of fracture according to Coulomb-Mohr 
theory 
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tests on cast-iron cylinders of all grades stated: “In cast iron the 
angle is such that the height of the wedge is somewhat less than 
3/2 of the diameter.’’ This would correspond to an angle of frac- 
ture of just under 56 deg. Assuming a value of 90° — 8, = 55° 
for cast iron leads to the conclusion that ® = 20° or wu = 0.36 for 
cast iron. Of course there is no a priori reason why all grades 
of cast iron should have the same value of ©, but the evidence of 
Bouton and Hodgkinson indicates this may be approximately so. 
Simple Tension. If fracture occurs at an ultimate stress S, in a 
simple tension test, the state of stress at fracture is given by 


o1=8, ou = om =0 


If the Coulomb-Mobr theory of fracture governs, equation (4) 
predicts 
2S, cos ® (1 — sin ®) 
S, = - = @ & “ge (9) 
1+ sin ® (1 + sin ®) 
where the last step follows from equation (7). 
Furthermore, the angle of fraction 8, measured as shown in Fig. 
4 is given by 


|8,| = 45° — @/2 (10) 

Equations (9) and (10) are both inconsistent with observed 
facts. It is well known [13, p. 110] that brittle materials fracture 
on planes normal to the direction of a pure tensile stress. As- 
suming that a value of ® = 20° is reasonably accurate for cast 
iron, the Coulomb-Mobhr theory predicts that 8, will be approxi- 
mately 35 deg, which is most definitely contrary to experience. 
It also should be observed that if ® is constant for all grades of 
cast iron the ratio of compressive strength to tensile strength, as 
predicted by equation (9), must also be constant. For the case of 
cast iron with @ = 20°, the Coulomb-Mohr theory requires that 
S./S, = 2.04. Experimental results suggest, however, that cast 
iron does not have a constant ratio of compressive to tensile 
strength. For example, Fig. 5 shows a plot of tensile strength 
versus compressive strength. The experimental points are taken 
from the data of [15]. Despite the wide scatter it seems evident 
that the tensile strength does tend to decrease as the compressive 
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Fig. 3 Modes of fracture in simple compression according to Coulomb- 
Mohr theory 
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Fig. 4 Modes of fracture in simple tension according to Coulomb-Mohr 
theory 
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Fig. 5 Tensile strength versus compressive strength for gray cas? iron 


strength decreases. It appears highly dubious, however, that 
these parameters decrease in simple proportion as required by 
equation (9). Most certainly the curve S,/S, = 2.04 required 
by Coulomb-Mohr theory (for ® = 20°), is not in accord with 
the experimental data, as shown in Fig. 5. It should be noted 
that values of S./S, higher than 6 have been reported by Hodg- 
kinson [14], corresponding to ® = 20°. 

Thus the Coulomb-Mobhr theory is defective in two respects, for 
the simple tension test; viz., it predicts incorrect angles of frac- 
ture, and incorrect ratios of tensile to compressive strength (at 
least for cast iron). 

Simple Shear, Torsion Tests. The most common method of simu- 
lating a state of simple shear is by means of the torsion test on 
circular cylinders. If 7, represents the shear stress at the outer- 
most radius of a twisted rod, when fracture occurs, it may easily 
be shown that the state of stress at fracture is given by 


o1=T 1 =0, Gn = —T, 


Hence equation (4) requires that 


T, = S, cos ®, (11) 


if the Coulomb-Mohr theory is valid. Moreover, as shown by the 
discussion of Section 2, the trace of the fracture surfaces may take 
either of the two forms shown in Fig. 6; that is, the Coulomb- 
Mohr theory predicts two equally probable values of helix angle 
for the trace of the fractured surface in a torsion test. Although 
the experimentally observed fracture traces are seldom very uni- 
form helices, it is quite certain that all specimens of a given ma- 
terial fail with essentially the same helix angle, rather than with 
either of two distinct angles, as required by the theory. For ex- 
ample, the Coulomb-Mohr theory requires that a cast-iron speci- 
men with ® = 20° would exhibit a crack inclined at 10 or 80 deg 
to the axis of the torsion specimen. It is well known that cast 
iron, and most other brittle materials, fail by cleavage along a 
plane whose trace is actually inclined to the axis by an angle of 
approximately 45 deg. This fact is easily demonstrated by twist- 
ing a piece of ordinary blackboard chalk to failure. 

Equations (11) and (9) lead to the conclusion that the ultimate 
strength in torsion 7, is related to the ultimate strength in tension 
S, by the equation 


T, = (1/2)(1 + sin ®)S, (12) 
For an angle of friction ® = 20°, equation (12) would require that 
rT, = 0.6715, 


However, it has been noted frequently in experiments on 
materials such as cast iron and concrete [16, p. 133], [17] that 
the ultimate shear strength in torsion 7, is practically the same 
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Fig. 6 Modes of fracture in simple torsion according to Covlomb-Mohr 
theory 


as the ultimate tensile strength S,. The fact that 7, is practically 
identical with S, for cast iron is clearly indicated by the data of 
Cornet and Grassi [9, 10] and Coffin [11], which will be discussed 
in greater detail in the next section. Thus the Coulomb-Mohr 
theory does not explain the results of the simple torsion test 
satisfactorily. 

Composite Data. It is now evident that the Coulomb-Mohr 
theory cannot reconcile the results of the three most common 
laboratory tests on brittle materials. However, it has been ad- 
vocated in recent years [6, 7] that the two independent parameters 
of the theory be taken as S, and S,, the ultimate strengths in 
tension and compression, respectively. If this procedure is 
followed, equation (4) can be written as 

ou wt (13) 

Writing the fracture criterion in this form does not invalidate 

equations (9) which lead to the result 


S./S, = (1 + sin )/(1 — sin D) (14) 


Furthermore, if fracture due to simple shear ceccurs when a1 = 
our = T,, equation (13) leads to the conclusion 
(S,/r,) = 1 + (S8,/8,) 15) 

It may be noted that equation (14) predicts a fixed ratio of 
compressive strength to tensile strength for a material with con- 
stant friction angle. If, as in the case of cast iron, ® = 20° it 
must follow that S./S, = 2.04 which is, as we have seen in Fig. 5, 
hardly the case. Alternately, equation (14) defines the angle ® in 
terms of S./S,. However, it is easily verified that the experi- 
mentally observed angles of fracture in compression, and even 
more so in tension or torsion are not consistent with the angle ® 
defined by equation (14). 

It should also be noted that equation (15) is not in accord with 
the observed fact that the tensile strength is essentially equal to 
the torsional strength for most brittle materials. 

Possibility of Measuring S, by Direct Shear Test. As pointed out by 
Bouton [12] there are several practical difficulties in the direct 
measurement of the angle ®. However, according to the Cou- 
lomb-Mohr theory ® is related to both S, and S, by means of 
equation (7). Therefore if one could measure both S, and S, it 
would be a simple matter to compute ®. 

Equation (7) implies that the ratio S,/S, is a material constant 
which (for constant ®) is independent of variation in S, or S,, for 
a given material. For example, if ® = 20° it follows that S,/S, 
= 0.351. 

Although a rather complicated state of stress must exist in the 
vicinity of a die producing single or double shear in a test fixture, 
it seems reasonable that there might be a fairly close relationship 
between the nominal direct shear stress S, at fracture and the 
cohesive shear resistance S,. Fig. 7 shows the relationship be- 
tween S, and S, determined by the “Impact Committee’’ [15] for 
cast iron. The line S,/S, = 0.351 has been superposed on the 
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data. Had we made the assertion that S, is identical with S,, 
Fig. 7 would represent a fair verification of equation (7) for 
@ = 20°. 

It seems reasonable in view of the scatter associated with all 
types of tests on brittle materials to assume, at least for approxi- 
mate calculations, that S,, the nominal fracture stress in direct 
shear, is essentially proportional to, and very nearly equal to S,, 
the theoretical cohesive shear strength. 

Additional experimentation on a wider class of materials may 
determine whether or not the similarity of S, and S, is strictly 
fortuitous in the case of cast iron. A detailed study of this ques- 
tion is beyond the scope of this paper. 


4 Modification of Coulomb-Mohr Theory of Fracture 


The discussion up to this point seems to indicate that although 
the Coulomb-Mohr theory of fracture (with properly chosen 
parameters) can describe the compression test adequately, it 
cannot under any circumstance provide a realistic description of 
tension tests or torsion tests. On the other hand, the data availa- 
ble imply that the maximum normal stress theory of fracture can 
explain fully the results of both tension and torsion tests, but 
Therefore it 
would seem reasonable to assume that a brittle material will 


cannot explain the results of compression tests. 


fracture on either that plane where the virtual shear stress T 
reaches a critical value S,, or on that plane where the maximum 
tensile stress o; reaches a critical value S,, whichever occurs first.‘ 

If a material fails by cleavage in simple torsion, as does cast 
iron, concrete, and other structural materials, it is impossible to 
find the two parameters S, and ® from the tension or torsion 
test; consequently, these data must be obtained from a compres- 
sion test (or some other test where fracture is not along a principal 
plane). 

The proposed modification of Coulomb-Mohr theory will ex- 
plain fully the results of all three simple tests (tension, torsion, 
compression). Although it is true that the modified theory is a 
three-parameter theory rather than a two-parameter theory, such 
as the unmodified Coulomb-Mobhr theory, it is possible, at least 
in principle, to obtain all requisite data in only two tests; viz., s 
compression and a tension (or torsion) test. However, these two 


* On the basis of the discussion presented up to this point there is no 
evidence to either support or contradict the additional hypothesis that 
fracture will occur if the minimum normal stress 111 reaches some 
critical value before T reaches S, or o; reaches S;. Reasons for reject- 
ing this additional hypothesis, for the case of cast iron, will be dis- 
cussed in section 6. 
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tests are required even for the unmodified theory characterized 
by equation (13). Thus, in principle, no additional physical 
test is required to use the modified theory. However, it may 
prove desirable in practice to actually make a direct shear test, 
as discussed in the last section. 

Before considering the quantitative details of the theory and 
its agreement with experimental data, it might be well to point 
out that somewhat similar ideas have been proposed before in the 
very extensive literature on this subject. For example, Dorn [3] 
has suggested that a maximum-shear-stress law be used with ten- 
sion cutoffs. Cowan [18] has actually suggested the use of the 
Coulomb-Mohr theory with tension cutoffs for concrete. How- 
ever, as shown in Section 6 of this paper, Cowan’s choice of tension 
cutoffs reduces his theory to precisely the unmodified form of the 
theory for all biaxial states of stress and most triaxial states of 
stress. Thus all of the defects of the unmodified theory discussed 
in Section 3 are still present in Cowan’s theory. 

What are believed to be the principal contributions of the 
present paper are (a) the clarification of the method used to 
choose the parameters of the theory, and (b) to show, on the 
basis of available data, that the proposed theory adequately de- 
scribes a typical brittle material; viz., cast iron. 


5 General Biaxial States of Stress: Application to Cast Iron 


Let us now consider a state of stress where one of the three 
principal stresses vanishes. Arabic numerals rather than Roman 
numerals will now be used for the subscripts of the principal 
stresses. It will be assumed that o; = 0 and o; and o, may take 
on any values, positive or negative. Any such state of stress may 
be represented by a point in a plane having Cartesian axes with 
0;, for abscissa and @; for ordinate. The locus of all points in this 
plane for which fracture impends will be referred to as the fracture 
curve or fracture locus for the material. For an isotropic material, 
symmetry requires that the fracture curve be symmetrical about 
the line o, = 0%. 

In the first quadrant where a; > 0, 02 > 0, it follows that the 
algebraically least principal stress g11 = 3 vanishes; therefore 
the Coulomb-Mohr theory, equation (4), predicts that o: = 
const; that is, fracture occurs whenever ¢, or @; reaches a certain 
constant critical value which may be chosen to be the ultimate 
tensile strength S,. Similarly, in the third quadrant where a, < 0, 
o; < 0, the maximum principal stress is ¢n1 = o; = 0, so that 
failure occurs whenever —o, = S, or —o, = S,. Thus there is 
no essential difference between the Coulomb-Mobhr theory and the 
maximum-normal-stress theory in the first and third quadrants, 
in so far as stresses are concerned. There is, however, a great 
difference in regard to the nature of the fractured surfaces. How- 
ever, we shall concentrate in this section only on the stresses. 

In the fourth quadrant o, = o1 is positive and 0: = o1m is 
negative, and the Coulomb-Mohr theory takes the form of equa- 
tion (13). We have already seen that the use of equation (13) 
predicts incorrect results for both the angle of fracture and the 
ultimate shear stress in a simple torsion test. Fig. 8 shows a 
sketch of the unmodified Coulomb-Mohr theory for the two-di- 
mensional states of stress. 

The modified Columb-Mohr theory proposed in Section 4 re- 
quires that fracture occurs when o, = S, or when T = S,, 
whichever occurs first. The former condition is represented by 
the tension cutoffs shown in Fig. 8, and the latter condition is 
expressed by equation (4). In using equation (4) one should note 
that o1 = 0; and o111 = @: in the fourth quadrant; and o; = 0, 
O11 = 0; in the third quadrant. Equation (4) is represented by 
the solid inclined lines indicated in Fig. 8. It should be noted 
that in the fourth quadrant the slope m of the inclined branch of 
the modified fracture curve is found, from equation (4), to be 


m = do,/do, = (1 + sin ®)/(1 — sin ®) (16) 
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In the case of cast iron it has been seen that the results of simple 
compression tests on cast iron imply that ® = 20°. Therefore, 
according to the modified theory, m = 2.04 for cast iron. Fig. 9 
shows experimental data obtained by Grassi and Cornet [9] in 
tests on gray cast iron. It should be observed that the experi- 
mental points seem to lie on a fracture curve characteristic of the 
proposed modified Coulomb-Mohr theory. Furthermore, the use 
of ® = 20° correlates the data quite well. On the other hand, one 
could perhaps fit a better inclined straight line to the data and 
thereby determine an average value of ® from these data 
and equation (16), rather than merely use the value ® = 20°, 
estimated from other tests. 

Fig. 10 shows similar data obtained by Coffin [11] for gray cast 
iron. The slope of the inclined branch of the modified fracture 
curve shown corresponds to ® = 20°. The experimental points 
in the third quadrant do not lie on the horizontal line predicted 
by the Coulomb-Mohr (modified or unmodified) theory. At first 
this might indicate that a different mechanism of fracture governs 
in the third quadrant of the principal stress plane as suggested by 
Coffin [11], and Fisher [19]. However, as will be seen in the next 
section, these apparently anomalous points may be quite simply 
explained and do, in fact, support the theory proposed. 

Fig. 11 shows later data obtained by Cornet and Grassi [10] for 
inoculated iron. Although the slope of the inclined branch of the 
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Fig. 8 Fracture curves for biaxial states of stress according to modified 
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fracture curve may be chosen to correspond to ® = 20°, as shown 
by the solid inclined line, there is no a priori reason for assuming 
that the angle of friction for inoculated iron is the same as that 
for gray cast iron. Therefore in the absence of further informa- 
tion (such as angle of fracture in pure compression ) one may prefer 
to fit a different straight line, such as the dash-dot line in Fig. 11, 
to the experimental data. In any case the data seem to support 
a fracture theory of the type proposed. 

It should be mentioned that Coffin [11] and Fisher [19] have 
attempted to correlate the data shown by means of a theory which 
combines the ideas of stress concentrations at carbon-iron inter- 
faces and a distortion-energy criterion of failure except for the 
third quadrant where it became necessary for Coffin to consider 
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Fig. 11 





the effect of mean normal stress as well as octahedral shear stress. 
The resulting nonlinear fracture curves do not seem to fit the ex- 
perimental data any better than the much simpler theory pre- 
sented here, and may indeed be based on a false interpretation of 
Coffin’s data for the four points, shown in Fig. 10, in the third 
quadrant of the o;, o:-plane. This point may perhaps be clarified 
somewhat by a discussion of the fracture surface for general tri- 
axial states of stress. 


6 Three-Dimensional States of Stress 


The locus of all possible combinations of the three principal 
stresses which result in fracture is a surface in a Cartesian three- 
space with co-ordinates 0, 02, 0s. This surface will be referred to 
as the “fracture surface’’ (to be distinguished from “fractured sur- 
face’’ which will designate a physical surface produved by rupture 
of the material). 

The fracture surface corresponding to the Coulomb-Mohr 
theory may be derived from equation (4) which can be written in 
the form 


our — m’'o; = —S, (17) 

Upon consideration of the various principal stresses, which may 
be either maximal or minimal, one is led to the conclusion that the 
three-dimensional fracture surface is the convex shell formed by 


the six planes: 


o, = —S, + m'o; a, = —S, + m'o; 


o, = —S, + m’'a; o, = —S. + m’'a; (18) 


oi = —S, + m’o; “= —S, + m'ds 

The six planes represented by equations (18) enclose an ir- 
regular hexagonal pyramid [21] whose axis makes equal angles 
with all three co-ordinate axes. If one adopts the unmodified form 
of the Coulomb-Mohr theory which predicts the correct ultimate 
strength in tension, consistency with equation (13) requires that 
m’ = 8,/S,. Fig. 12 shows a sketch of the corresponding fracture 
surface for the case S,/S, = 3. 

On the other hand, if one adopts the modified form of the 
theory, which will predict the correct type of fractured surfaces, 
m’ is defined [cf. equation (16)] by 





Fig. 12 Fracture surface for unmodified Coulomb-Mohr theory 
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m’ =m = (1 + sin ®)/(1 — sin ®) 


Furthermore, the modified theory requires that the equations of 
the fracture surface (18) be supplemented by the tension cutoffs 


o, = 8, a: = 8, a= 8, (19) 


Fig. 13 shows a sketch of the modified fracture surface with 
8./S, = 3andm = 2.04(® = 20°). 

Fig. 14 shows the fracture surface proposed by Cowan [18]. 
Since the proposed tension cutoffs are so close to the vertex of the 
pyramid it is clear that any state of biaxial stress is completely 
uninfluenced by the tension cutoffs so that the biaxial fracture 
locus is similar to that of the unmodified Coulomb-Mohr theory 
depicted in Fig. 8. Thus Cowan’s theory is subject to all of the 
faults previously described (cf. Section 3) of the unmodified 
theory. 

It is well known that many materials which are otherwise brittle 
become ductile in the presence of large hydrostatic pressures [1, 
2). Therefore one might expect the fracture surface to be inter- 
sected and superseded by a yield surface somewhere in the octant 
of large negative mean normal stress. The determination of the 
shape of the yield surface and the region where it intersects the 
fracture surface will require a great deal of experimental re- 
search and will not be considered further in this paper. It will be 





Fig. 13 Fracture surface for modified Covlomb-Mohr theory 


Fig. 14 Fracture surface proposed by Cowan, reference [18] 
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seen, however, that although Coffin [11] made a few tests in that 
octant of stress space where the yield surface can possibly govern, 
the mean normal pressure for these experiments was low enough 
so that the fracture surface might still govern rather than the 
yield surface. 

To see this we note that there are four points among Coffin’s 
data where o, < o; < 0. In this region the fracture surface has 
the equation 


o, = —S, + m'a (20) 
Furthermore, these tests were not strictly two-dimensional 
since there was an external pressure p creating a normal stress 


= —p (21) 
at the outer surface of the tubular specimens. In order to esti- 
mate the influence of this third principal stress let us assume as a 
first approximation that the circumferential stress ¢, (called ¢, by 
Coffin) is related to the pressure by the “hoop-stress’’ formula, 

p = —a,t/a (22) 
where ¢ is wall thickness and a is the mean radius of the tube. 
Upon combining equations (20), (21), and (22) it is seen that the 
Colulomb-Mohr theory requires that fracture occur when 

C2 -S, + (m't/a)o, (23) 
For Coffin’s specimens t = 0.100 in., a = 0.550 in., and (S,/S,) = 
3.3. Equation (23) therefore becomes, for the unmodified theory 
m’ = §./S,) and for the modified (with ® = 20°, or m = 2.04) 
Coulomb-Mohr theory, respectively, 
(unmodified ) (24) 


o, = —S. + 0.600, ( 


o, = —S,. + 0.370, (modified) (25) 

The straight line represented by equation (25) gives a some- 
what better fit to the data, as shown in Fig. 10, then does equa- 
tion (24). It appears then that the influence of the third principal 
stress predicted by the modified Coulomb-Mohr theory offers a 
satisfactory explanation of the points in Coffin’s data which he 
explained on the basis of a combination of a stress-concentration 
effect and an octahedral shear-stress theory influenced by normal 
stress. 

Although the agreement of three of the four points with the 
modified theory is quite satisfactory, one should not conclude 
without reservation that the yield surface has not yet intersected 
the fracture surface in these experiments. The significance of the 
experimental points is somewhat obscured by the tendency of the 
specimens to fail by buckling. It is not clear from Coffin’s paper 
whether or not actual fractures either preceded or followed the 
onset of buckling. 


7 Conclusions 


It has been pointed out that although the Coulomb-Mohr 
theory of fracture, in the form most commonly advocated, fails to 
explain several features of the simple torsion, tension, and com- 
pression tests, the introduction of suitably chosen tension cut- 
offs and friction angle will bring the theory into good agreement 
with these three types of tests. Although the proposed theory in- 
volves three material constants, they can all be obtained, in 
principle, from two tests. In the case of cast iron it has been 
shown that one of the three required material constants can be de- 
termined from a direct shear test. 

If the proposed theory is used with the angle of friction observed 
in a simple compression test (by measuring obliquity of fractured 
plane), it has been shown that the theory will quite accurately 
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predict fracture under biaxial states of stress such as those 
produced in the experiments of Cornet and Grassi, and Coffin, on 
cast iron. 

A comparison has been made of the three-dimensional fracture 
surfaces associated with both the unmodified and modified forms 
of the theory. It has also been shown that the three-dimensional 
form of the modified theory offers a simple explanation of some 
experimental data which have previously been explained on the 
basis of a more complex theory involving the ideas of notch effec- 
tive stress and a pressure-sensitive octahedral shear theory. It 
appears plausible, but by no means definite, that the points ob- 
tained by Coffin in the third quadrant of the (01, o,)-plane lie 
on the fracture surface rather than on the yield surface which 
supersedes the fracture surface for high levels of hydrostatic 
pressure. 

Finally, a few remarks are made in the Appendix concerning a 
tentative hypothesis which would explain the appearance of con- 
cavities in the fracture locus for certain types of materials. 
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APPENDIX 
Possibility of Concavities in Fracture Curve 


The term yo which appears in the Coulomb-Mohr theory [cf. 
equation (1)] may be thought of merely as the dominant term of 
& power series in 0 representing the more general theory of Mohr 
2)]. However, the parameter u = arc tan ® is 
usually interpreted as a coefficient of friction. In fact, Bouton 
[12] made actual measurements of the coefficient of friction for 
cast iron and found surprisingly close correlation with the Cou- 
lomb theory of fracture. If one thinks of u as a frictional coeffi- 
cient, it is easy to see why compressive normal stresses have a 
On the other hand. it is not 


[ef. equation 


tendency to strengthen a material 
intuitively evident how a frictional mechanism can act to weaken 
a material, as required by the Coulomb-Mohr theory, when the 
normal stress on the plane of fracture is tensile 

It therefore seems reasonable to examine the implications of 
the hypothesis that the modified Coulomb-Mohr theory is valid 
when the normal stress on the plane of fracture is compressive, 
but the ‘frictional’ force vanishes when the normal stress is ten- 
sile; that is, 
(26) 


uw = const > 0 (for ¢ < 0 


uw = O0(forag>0 (27) 

It should be noted that when equation (27) is valid the un- 
modified Coulomb-Mohr criterion reduces precisely to the maxi- 
mum-shear-stress criterion of failure. It is desirable to be able to 
formulate the present hypothesis in terms of the principal stresses, 
and in particular to determine in which parts of the principal 
stress space equations (26) or (27) are applicable. For simplicity, 
the following discussion will be restricted to cases of plane stress, 
although the triaxial states of 
stress parallels completely the work of Section 6. 

In the first quadrant of the (0), ¢2)-plane both the maximum- 
shear-stress theory and the modified Coulomb-Mohr theory lead 
to the same result; namely, fracture occurs when o; = S,. 
the fourth 


quadrant, which for convenience will be divided into two parts, 


extension of the results to 


A distinction between the two theories exists in 


designated as regimes I and II, where 


—-O,<¢ 0 o; in regime I 


—o, <0 < a; in regime IT. 


These regimes are illustrated in Fig. 16. 

Fig. 15 shows a typical set of Mohr’s circles for a state of stress 
should be observed that the 
Gill, 


corresponding to regime II. It 
geometry is essentially that of Fig. 1, with o, = o1, 0, = 
o; = o1 = 0, and with point M representing the intersection of 
the major principal circle with the ordinate. The angle DMO is 
designated as a. It should be observed that in the region where o 
is positive ® = 0, so that the straight line O’OO” in Fig. 1 is re- 
placed by the two segments O’O and OO” in Fig. 15, where the 
angles of inclination, to the abscissa, of the two segments are ® 
and 0, respectively. 
It may be observed that if ® < 

given by Q’R’ as in Figs. 1 and 15, 
plane where o < 0 and equation (4) is valid. 


a the maximum value of T is 
so that failure occurs on a 
On the other band, 
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Fig. 15 Typical Mohr’s circles for regime Il 
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Fig. 16 Fracture curve for S./2m < S; and S, > S; 


if the angle ® in Fig. 15 is gradually increased, it will become 
apparent that when ® = a@ the maximum value of 7’ is given by 
OM. As ® is increased still further, so that ® > a, it may be 
seen that the maximum value of 7 remains equal to OM = 
(—o,02)'/*. Therefore the criterion of fracture for regime II is 
given by equation (4) for ® < @ and by 


(-—o,0:)'/ =8,, for ®>a (28 


Equation (28) defines a hyperbola whose range of validity is 


given by 
sin ® < sin a 
From Fig. 15 it may be observed that 


sina = OD/DM = —(a, + @2)/(a, — @:2) (30) 


It is interesting to note that the right-hand side of equation 
(30) is equal to the so-called ‘Lode parameter” frequently used in 
the theory of plasticity [2, p. 106]. Upon substitution of equa- 
tion (30) into inequality (29) and the use of equation (16) one 
obtains for the range of validity, in regime II, of equation (28 


O2 1 + sin ® 
0: 7 1 — sin ® oe @ 
That is, the hyperbola described by equation (28) supersedes the 
straight line of slope m in that part of regime II above the 
broken line shown in Fig. 16. 

It is evident that the hyperbolic fracture curve intersects the 
straight line where a. = —S,/2. It is a straightforward matter 
to show that the slope of the hyperbola is continuous with that of 
the straight line at the point 


(o1, 02) = (S,/2m, — S,/2) 
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Fig. 17 Fracture curve for S./2m > S; and 
Ss, > S: 











Fig. 18 Typical Mohr’s 
circles for regime | 








0,8 


Tt also may be seen that the inclined straight line will be inter- 
cepted by the tension cutoff a, = S, before it is intercepted by 
the hyperbola (as shown in Fig. 17), unless 


8,/8, < 2m 


In short, a hyperbolic branch will appear in that part of regime 
I defined by inequality (31), provided inequality (32) is satisfied. 

It is significant that although there are good reasons [22] for 
believing that the yield curve for a ductile material could not 
have concavities such as that produced by the hyperbola in Fig. 
16, no such restriction has been established for fracture curves. 

It will now be shown that the hyperbolic branch of the frac- 
ture curve can never extend into regime I. Fig. 18 shows a 


(32) 
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Fig. 19 Fracture curve for S./2m < S; and S, < S; 


typical set of Mohr’s circles for regime I. It is obvious that re- 
gardless of the value of , Tmsx = Tmax 80 that the criterion of 
failure in regime I is the maximum-shear-stress criterion, aug 
mented by the tension cutoff 7, = S,. 

If the tension cutoff governs throughout regime I, as, for ex- 
ample, shown in Fig. 16, it follows that S, < S,. On the other 
hand, when S, < S, the maximum-shear-stress criterion governs in 
part of regime I as shown in Fig. 19. Finally, in order to show 
that Figs. 16, 17, 19 cover all possibilities it should be noted that 
when S,/S, > 2m, as indicated in Fig. 17, the only possibility is 
to have S, > S,. This follows from the fact [cf. equation (7)] 
that 

S, Y. = 2m , 
8," IVuk,*3Va”™ V"=! 

Whether or not the hypothesis advanced in this Appendix is 
meaningful for any real materials can only be determined ex- 
perimentally. 

For the experiments of Cornet and Grassi and Coffin described 
in Section 5, the difference between the modified Coulomb-Mohr 
theory and the theory of this Appendix is so slight that experi- 
mental scatter prevents a comparative evaluation of the two 
theories. 
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The Effect of Shear and Normal Forces 
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on the Fully Plastic Moment of a Beam 
of Rectangular Cross Section’ 


The value of the fully plastic moment of a beam is known to be reduced by both normal 
and shear forces, and their separate effects have been studied in some detail, but little 


attention has been paid to the reduction caused by normal and shear forces acting simul- 


taneously. 


This problem is discussed with reference to a cantilever beam of rectangular 


cross section subjected to both shear and normal forces at the free end. Upper and 
lower bounds to the collapse load are determined, and the results are presented in the 
form of interaction relations between the shear and normal forces and the bending 
moment at the clamped end of the cantilever at collapse. 


Introduction 


- PLASTIC methods of structural analysis for 
framed structures depend essentially on the plastic hinge concept. 
A plastic hinge cannot undergo any rotation until the bending 
moment reaches a value termed the fully plastic moment, but 
can undergo an indefinite amount of rotation while the bending 
moment remains constant at the fully plastic value. In many ap- 
plications of the plastic methods, the fully plastic moment is 
treated as a constant for a member of a given cross section and 
material, but it is known that its value is affected by both axial 
force and shear force at the hinge section. In structural frames 
subjected to statical loading, the effect of shear force is usually 
small, and axial force only becomes important in heavily loaded 
columns. However, under conditions of dynamical loading, the 
applied loads may be considerably greater than those which 
would cause failure by plastic collapse under statical loading, 
so that shear and axial forces may become large enough to have a 
substantial effect on the value of the fully plastic moment. At 
present, very little knowledge is available concerning the effect 
on the value of the fully plastic moment of both shear and axial 
forces acting simultaneously, although Horne [1]* has suggested 
an approach for I beams based on the empirical relationship put 
forward by Heyman and Dutton [2] for the effect of shear. The 
object of the present paper is to study this problem for mem- 
bers of rectangular cross section. 

The effect of axial force on the fully plastic moment in the 
absence of shear is well understood [3]. Several investigations 
into the effect of shear force on the fully plastic moment of beams 
of both rectangular cross section and of I-section have also been 
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carried out [4-9], but here the position is less satisfactory. As 
pointed out by Drucker [8], this is primarily because the problem 
is not a local one; it is not permissible simply to discuss the 
values of shear force and bending moment producing a condition 
of full plasticity at one particular cross section without also dis- 
cussing conditions in the adjoining structure. Consider for ex- 
ample the three problems illustrated in Fig. 1, it being required to 
find the value W, of W at which collapse would occur in each case. 
The beams are supposed to be of rectangular cross section, breadth 
b and depth A, so that the fully plastic moment M, in pure bend- 
ing is given by 


1 
M, = — bh*o, 1 
4 Vo. (1) 


being the yield stress in pure tension or compression. Further- 
more, the greatest shear force V, which could be sustained in the 
absence of any normal force or bending moment is given by 


V, = bhrs, (2) 


where 7 is the yield stress in pure shear, and has the value 0.509 
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or 0.5770 depending on whether the Tresca or von Mises yield 
criterion is assumed. 

At collapse, plastic hinges would form at the built-in ends of 
the two cantilevers and at the center of the simply supported 
beam beneath the load. In each case the shear force Vo» at the 
plastic hinge position has the value W, while the bending moment 
M, is W.J, so that 


W, = Vo = M,/l (3) 
Thus if the formation of the plastic hinges depended solely on the 
values of Vo and Mo, the value of W, would be precisely the same 
for each of the three problems. However, in Fig. 1(a), the in- 
fluence of the free end of the cantilever on conditions at the 
clamped end is clearly more pronounced than for the cantilever 
of Fig. 1(6), particularly if / is comparable with h. Moreover, the 
uniformly distributed pressure on the upper surface in Fig. 1(b) 
will have a different effect than the heavily localized loading at 
the free end in Fig. l(a). In Fig. 1(c) the precise manner of ap- 
plication of the central concentrated load will influence the forma- 
tion of the plastic hinge in a different way than the built-in con 
ditions of Figs. 1(@) and 1(6), which in turn could be specified in 
several ways. Thus for each of the three problems in Fig. 1 the 
value of W, would be different, and in each case would also depend 
on the precise details of the supporting and loading arrangements 

It is therefore apparent that the three problems indicated in 
Fig. 1 are basically different and, in addition, a more precise 
specification of the manner of loading and of the support ar- 
rangements is required before each problem is properly defined. 
The solution for any one problem could be represented by plotting 
W. as a function of 1/h, and a different curve would be obtained 
in each case. 

The bending moment M, and shear force Vo at the plastic hinge 
are conveniently specified by the nondimensional quantities m 
and v, where 

Mo/M, 


Ps 
V/V, 


(4) 


Since W, = M,/l, an alternative representation is obtained by 
plotting m as a function of l/h. Also, it can be shown from 


(1), (2), (3), and (4) that 


equations 


4lTo e 
m=v - (5) 
do 


so that another representation would be a plot of m as a function 
of » for each problem. This latter type of plot would give inter 
action curves for shear and bending moment, which of course 
would be expected to be different for each problem. 

The foregoing discussion suggests that the differences which 
may exist between the (m, v) relations for different problems will 
become less pronounced the higher the length/depth ratio l/h 
becomes. Thus an (m, v) relation derived for any one situation 
might be applied to another situation with the expectation that 
the results obtained would be reasonably accurate so long as l/h 
was not too small, that is to say, so long as v was not too large. 
Bearing this in mind, the present paper is concerned only with 
the derivation of interaction relations for the cantilever problem 
of Fig. 1(a), but it is suggested that the relations obtained can 
also be used for the solution of other problems with a suitable 
restriction on the maximum value of v. Axial force N is con- 
sidered as well as shear, and its intensity is specified by the non- 
dimensional parameter n, where 


n=N/N, (6) 


N, is the axial force which would cause the entire cross section to 
become fully plastic, and is given by 


JUNE 1961 


V, = bhoy (7) 

Thus the objective of the paper is to determine interaction re- 
lations between m, v, and n for the cantilever situation depicted 
in Fig. 2. No attempt is made to obtain precise solutions; in- 
stead, the theorems of limit analysis are used to bound the rela- 
tions from above and below. As will be seen, it is difficult to ob 
tain good upper bounds, but lower bounds are found which are be- 
lieved to be close to the true interaction relations, and which in 
any case will furnish conservative results when used for the solu 
tion of problems. 


Lower Bound 


Fig. 2 shows a cantilever of rectangular cross section, breadth 
6, and depth h, which is of length / and is subjected to a transverse 
shear force V and a normal force N at the freeend. First, a lower 
bound solution will be derived; this involves the determination of 
a system of stresses which satisfies the conditions of equilibrium 
throughout the cantilever, and which is such that the yield con- 
dition is not violated at any point. Assuming conditions either 
of plane stress or of plane strain, the equations of equilibrium are, 
in the notation of Fig. 2, 


og OT 


Or oy 


z ry 


oo, OT,, 
oy or 


Following Drucker’s approach [8] for the case of zero axial force, 
a stress distribution is sought in which o, is everywhere zero. 
In such a distribution, it is seen from equation (9) that 7,, is in- 


dependent of z Thus in equation (8 


oo, dr,, 


or dy 


At the free end of the cantilever, it is supposed that the normal 
force N is uniformly distributed over the cross-sectional area, so 
that 


¢,= =no),for r= 0 


bh 


using equations (6) and (7). Then by integrating equation (10 


it follows that 


(11) 
dy 


It is now supposed that at the clamped end the yield criterion 
of either Tresca or von Mises is just satisfied over the entire cross 


section. This criterion is taken to be 


g,? + 4v*7,,* = do’ (12 


Fig. 2 Cantilever 
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If vy = 1, this equation represents the Tresca yield criterion for 

conditions of either plane stress or plane strain, whereas with 

v = 0.866 the von Mises yield criterion for plane stress is ob- 

tained. The results which follow could also be adapted, if re- 

quired, to plane strain conditions with the von Mises yield cri- 

terion by taking vy = 1 and replacing o by 1.1550. 

From equations (11) and (12), it follows that when z = J, 

dr 


— | —* = +(a? - 
dy - 


i/ . 
o, = nV er” (13) 


From Fig. 2 it is seen that if n is zero, a, will be negative when 
y = —h/2, whereas when y = h/2, a, will be positive. This 
suggests that the negative value of the radical in equation (13) 
will determine the distribution of r,, in the region —h/2 < y < 
yo, While the positive value will correspond to the region yo < y < 
h/2, where the value of yo is yet to be determined. This will be 
verified later. 

Equation (13) may be put in a convenient form by the substitu- 


tions 


Oo . 
sin @, n= cos a 
2v 


giving 


dod 
cos @ = cos @ = cos @ 
2v dy 


The value of a@ may be restricted to the range 0 — 2/2 while 


covering all possible values of n from 0 to 1. 
Integration of equation (15) leads to 


a Q 
= @ — 2cota tanh™ (tan = tan = ), 


@ + 


, a 
2 cot a tanh™! [{ cot tan 
» 


the constants of integration being evaluated by noting that r,, 

must be zero at the upper and lower boundaries of the beam. 

If the value of @ when y = y% is denoted by y, it follows from 

equations (16) that 
vh 


= ¥Y + cot a tanh 
l 


cot @ tan y) 


cosec a sin p) 


cot a tan y) 


2y tanh 


h ns y tan a + tanh 


It will be seen from equation (17) that (cot a tan W) cannot 
exceed unity. Since @ lies in the range 0 — 2/2, this implies 
that a 2 y. The significance of this restriction is readily under- 
stood by considering the extreme cases @ = WY and a = 4/2 
In the first case tanh~! (cot a tan Y) = @, so that l/vh = 0. 
When a@ = 7/2, n = 0, and since cot a = 0 it follows that l/vh = 
1/, which is the result obtained by Drucker [8] for zero normal 
force. Thus all possible values of //vh are covered by a variation 
of a between the limits y and 7/2 

In this solution the distributions of stress can be obtained from 
equations (18), (17), (16), and (11). These distributions must 
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satisfy the equilibrium equations (8) and (9) and are therefore 
statically admissible. The yield criterion (12) is just satisfied 
over the entire cross section when z = l, and it is easily verified 
that (¢,? + 4v*7,,*) is less than o>? for smaller values of z. The 
stress distributions therefore satisfy all the requirements for a 
lower bound solution. 

Before V and M are evaluated, it is of interest to examine the 
distributions of shear and normal stress across the section at the 
clamped end. These are readily determined from equations (18), 
(17), (16), and (12). For instance, takingn = 0.6, so that a = 
cos~! 0.6, and choosing Y = 7/4, the value of yo is found from 
equation (18) to be —0.345h, and from equation (17), vh/l = 
1.515. Equations (16) then determine @ and thus r,,, as a func- 
tion of y, and corresponding values of 7, are found from equation 
(12). Fig. 3 shows the distributions of stress obtained in this 
way. 

In Drucker’s solution for the case of zero axial force [8] it was 
found that for short beams such that //vh < 2/7, the shear stress 
was constant at the value 7) in a central core of the beam, within 
which the normal stress was zero. Similar distributions of stress 
should be obtained from the present solution for n = 0, or a = 
m/2. To obtain these distributions it is necessary to approach 
this limiting case by taking a = 7/2 — B, where @ is small, and 
yY = a — y¥, where ¥ is also small. It is then found from equa- 


tion (17) that 
T 1 28 
> = B log (1 + ) 
2 - Y 


From this equation it is seen that vh/l will not differ appreciably 
from 7/2 unless ¥ is of smaller order than §, in fact of the order of 
8 exp (—1/8). Bearing this in mind, calculations were made for 
the case 8 = 0.5° = 0.00873*, with vh/l = 3, so that y = 2Be~*”’. 
With these values y is found from equation (18) to be —0.246h, 
and the distributions of 7,, and o, obtained from equations (17), 
(16), and (12) are illustrated in Fig. 4. It will be seen that 7,, is 
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Fig.3 Stress distribution at clamped end for moderate shear, n = 0.6 
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Fig.4 Stress distribution at clamped end for high shear,» = 0 


an 























JUNE 1961 





practically constant at the value 7» in a central core of depth 
approximately 0.49h, and Drucker’s solution [8] for n = 0 gives 
the depth of this zone as 0.48h. 

The shear force V at the free end may be evaluated as 


V=b " d 
- 5 bees y 


Using equations (14) and (15), this integral can be put in the 
form 


(H)-3S 


ei it. 


cos a + cos d 
0 ‘ ¥ 
1 sin @ cos 
2 Jy cosa — cos @ 0 
whence 


(7?) = 1 -cooy 


+ 2 cos a[tanh~'(cos a sec Y) — tanh~'(cos a)] 


_sin $ ost ¢ 
cos* a — cos? d 


dg 


(19) 


The bending moment M at the built-in end can be evaluated 
directly by integrating the distribution of normal stress ¢, for 
z =I. However, it is simpler to make use of the relation Mf = VI, 


or from equation (5), 
l 
— 
m v (5) 


It is now possible to determine the relationship between m, », 
and n in this lower bound solution. In fact, ifn = cos @ is speci- 
fied, equation (17) determines //vh as a function of ¥. Hence from 
equations (19) and (20), both » and m are known as functions of 
y, thus defining a parametric relationship between these two 
quantities. In Fig. 5, m is shown plotted against » for values of n 
at intervals of 0.2. This figure would be incomplete unless it in- 
cluded reference to the connection between m and », equation 
(20). This is done by plotting lines of constant length/depth 


(20) 
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ratio. For this purpose vy was assumed to have the value 1 cor- 
responding to the Tresca yield criterion. 

One further remark raust be made concerning this lower bound 
solution. It was assumed at the beginning of the analysis that 
the normal force N was distributed uniformly over the free end 
of the cantilever. However, the distribution of the shear force V 
was left unspecified, and in fact it was tacitly assumed that the 
distributions which eventually emerged from the analysis, of the 
form indicated in Fig. 3 and 4, were acceptable simply because 
they were statically equipollent with the end load V. In any 
physical situation represented by Fig. 2, it would be difficult to 
specify the actual distribution of shear stress at the free end of the 
cantilever. Although the approach adopted might be thought to 
be justified by Saint Venant’s principle, it will be seen from Fig. 5 
that the effect of shear only becomes marked when / is less than h, 
which is precisely the region in which Saint Venant’s principle 
would not be expected to apply. This is a further fundamental 
obstacle in the way of determining a unique interaction relation. 

The lower bound solution could presumably be improved, in 
the sense of obtaining higher values of m for given values of » and 
n, if the distribution of normal force N over the free end wa: also 
left unspecified. However, in view of the foregoing remarks it 
would be difficult to attach ary more significance to a solution ob- 
tained in this way than to the aforementioned solution, and the 
analysis has therefore not been attempted. 


Upper Bound 

The development of an upper bound solution for the cantilever 
problem of Fig. 2 presents considerable difficulty. The first ap- 
proach will be made through the concept of a “local” criterion, in 
which strain changes at failure are assumed to occur only at the 
clamped end of the beam, although it will be seen that it is not 
at all clear what significance can be attached to results obtained 
in this way. 

Local Criterion. A local criterion was developed by Drucker [8] 
for the cantilever problem of Fig. 2 with N = 0, and his analy- 
sis is readily extended to include the effect of normal force. 

At the limit load, the deformation is wholly plastic while the 
stresses remain constant. The plastic deformation considered at 
any point at the clamped end consists of a longitudinal strain e€, 
and a shear strain y,,. As in the lower bound analysis, it is as- 
sumed that ¢, = 0, so that the only stresses to be considered are 
o, and 7,,. Assuming the Tresca criterion of yielding, it follows 
that all deformation takes place in the zy-plane, so that ¢, = 0 
To insure incompressibility, it is thus necessary that 

é, = —€, (21) 
The deformations are therefore specified in terms of the two 
strain components ¢€, and ,,. In order that the principal direc- 
tions of stress and of strain increment should coincide, it can be 
shown that 


Yew 


2€, 


Combining this relation with the yield condition, equation (12) 
(v = 1), it is found that 


It is now assumed that 
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Van * FT (24) 
where ¢, €’, and ¥ are constants, so that the longitudinal strain 
consists of a constant strain e’ together with a linear variation 
of strain from —e to € from top to bottom of the section, and the 
shear strain is constant across the section. ¢, e’, and y specify 
the magnitudes of the local deformations at the clamped end 
corresponding to hinge rotation, axial extension and shear, re- 
spectively. 

Combining equations (23) and (24), values for the bending 
moment, normal force, and shear force at the clamped end are 
found by integrating across the section to be 


1 l ; ee 
M on? oy f_, nine + ey? + Aine + 4 ‘dy 


1 
thoe f , (ne + eI? + A(ne + €)91—"7 dn 


1 
V = ; bhao f , vyily? + 4(me + e’)]}~'7 dn 
where 
n = 2y/h 


Integrating these expressions, it is found that 


m = (coth a — a cosech? a) sech? 8 
n = tanh 8 
ve = (a cosech a) sech 6 
where 
sinh 0 = 2(e + €’)/y 
sinh @ = 2(e — e’)/¥ 
a='(0+¢), B= (0-9) 


B is readily eliminated from equations (25), giving 


m = (1 — n*)(coth a — a cosech* a) 


v? = (1 — n*)a* cosech? a (26) 


It will be seen from these equations that the relationship be- 
tween m/1 — n*and v/(1 — n*)'/* according to the local criterion 
is precisely the same as the relationship between m and »v for the 
case of zero axial thrust. This latter relationship was, of course, 
obtained by Drucker [8]. It was also obtained by Hodge [9], 
who suggested that it represented a true upper bound on the 
interaction relation. However, as pointed out by Drucker, this 
solution does not meet all the requirements of upper bound 
analysis. In the localized region of deformation, transverse 
strains ¢, = —e, have been shown to oceur, and there would 
therefore be a “mismatch” at the junction between this region 
and the remaining, rigid part of the cantilever; further, there 
would be some mismatch at the built-in end. The energy absorp- 
tion in the regions of mismatch would not be negligible, and if it 
was included in the analysis a true upper bound would be ob- 
tained in which the estimates of the limit loads would be higher 
than those corresponding to equations (26). 

Hodge [9] also showed that the (m, v) relationship for n = 0 
which is contained in equations (26) could be derived by what 
appeared to be a lower bound approach. This involved maximiz- 


ing the moment 
h/2 
M = Se o.9 dy 
at the clamped end, while keeping constant the shear force 


h/2 
v= i, reyly, 
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o, and 7,, being made to satisfy the Tresca criterion of yielding 
across the section. However, conditions of equilibrium along the 
length of the cantilever were not considered, and in addition rzy 
was not made zero at y = +h/2. Since the conditions used by 
Hodge were less stringent than those required for a true lower 
bound solution, it would appear that the estimates of limit load 
derived would be higher than for the lower bound. 

It therefore appears that equations (26) give an interaction 
relation which is lower than a particular upper bound and higher 
than a particular lower bound. Thus it is not possible to decide 
whether these equations provide an upper or a lower bound, and 
they can therefore only be regarded as furnishing an estimate of 
the actual solution. 

In Figs. 5, (m, v) relations according to equations (26) are plotted 
for values of n at intervals of 0.2. It will be seen that the agree- 
ment between these relations and the lower bound solution al- 
ready obtained is quite striking for / > h, and is reasonable for 
> 0.5h. 

Green's Upper Bound Solutions. Upper bound solutions for the 
cantilever problem of Fig. 2 were examined in some detail by 
Green [6], who pointed out the effect of varying the support 
conditions at the built-in end. Most of Green's solutions were ob- 
tained for conditions of “strong” support, in which the cantilever 
is supposed to be built in to fully rigid material, so that no plastic 
deformation can occur beyond z = | in Fig. 2. Green also ex- 
amined the effect of assuming a weaker support condition in which 
some plastic deformation could occur beyond z = | in the lower 
half of the beam only, and showed that for this condition the 
limit load was lower than for the strongly supported case. How- 
ever, the precise physical significance of the weaker support con- 
dition assumed by Green is difficult to determine, and accordingly 
attention will be confined to the solution for the strongly sup- 
ported cantilever. 

For conditions of plane stress, and using the von Mises yield 
criterion, an upper bound solution for the strongly supported 
cantilever was obtained by Green for the case of zero axial thrust. 
The corresponding (m, v) relation is shown in Fig. 5. This rela- 
tion is directly comparable with the lower bound relation for 
n = 0, which is valid for either the von Mises or the Tresca yield 
criterion, whereas the local criterion solution was obtained using 
the Tresca criterion. It will be seen that this upper bound solu- 
tion gives values of m greater than unity for values of v less than 
about 0.5. This is a consequence of the strong support condition 
assumed, which causes the beam to rotate about a point some 
distance from the built-in end at the limit load. 

Over the range of values of m and v for which it is valid, this 
solution furnishes values of m exceeding the lower bound values 
by not more than 11 per cent, and in view of the restrictive nature 
of the strong support conditions this may be regarded as provid- 
ing satisfactory evidence in favor of the lower bound results for 
n=0. 

Although Green’s upper bound solution for plane stress only 
applied to the case of zero axial thrust, an upper bound solution 
for plane-strain conditions was found for the case in which both 
shear and normal forces were present, strong support conditions 
being assumed. This solution can be used to derive interaction 
relations using either the von Mises or the Tresca yield criterion, 
but since the lower bound interaction relations plotted in Fig. 5 
are applicable te conditions of plane strain only if the Tresca 
criterion is assumed, this criterion has been used in interpreting 
Green’s plane-strain solution. To avoid confusing the diagram, 
only the solution for n = 0 is plotted in Fig. 5, from which it will 
be seen that this solution has the same basic characteristics as 
the plane-stress solution, although the values of m are somewhat 
higher. For values of n, greater than zero, the solution exhibits 
the same characteristic as for n = 0; namely, that dm/dv > 0 
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for small values of », and this effect is more pronounced the higher 
the value of n. 

Apart from the special case n = 0, the plane-strain solutions re- 
ferred specifically to four values of |/h; namely, 8, 4,2, and1. For 
each value of l/h, v was evaluated as a function of n; correspond- 
ing values of m can of course be found at once from equation (5). 
Examination of these results shows that the discrepancy between 
this solution and the lower bound solution for a given value of l/h 
depends on n, and is greatest for values of n of about 0.5. The 
maximum discrepancy also increases with decrease of //h as 
follows: 

U/h 8 4 
Discrepancy, per cent 6 


1 


9 
ll 21 28 


This effect is a natural consequence of the assumption of the 
strongly supported condition, which becomes more dominant for 
smaller values of l/h. 


Suggested Interaction Relation 


Bearing in mind that the use of a lower bound interaction re- 
lation will lead to conservative results, it is suggested that the 
lower bound which has been derived for the cantilever problem 
of Fig. 2 could be used as an interaction relation for other physi- 
cal situations to provide useful solutions. As pointed out by 
Drucker [8], quite a good approximation to the curves for n = 0 is 
the relation 


m=1—v* 


It will be recalled that for the local criterion solution, the relation- 
ship between m/1 — n? and v/(1 — n*)'/* is precisely the same 
as the relationship between m and v for the case of zero axial 


thrust. This suggests that the interaction relation 


m v4 


~~ n*)? 
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v 
mtnit: — =] (27 


—n? 


would represent a good approximation to the lower bound interac- 
tion relation for all values of m,v,andn. This is in fact so; equa- 
tion (27) furnishes values of the limit load which are generally 
slightly higher than the lower bound values. The relation is 
exact for v = 0, and the discrepancy never exceeds 5 per cent over 
the full range of values of m, n, and v. It is therefore suggested 
that equation (27) could be used as an empirical interaction rela- 
tion between m, n, and » for rectangular cross sections. 
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On Normal Vibrations of a 
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General Class of Nonlinear 
Dual-Mode Systems 


Free vibrations in normal modes are examined for a system consisting of two unequal 
(or equal) masses, interconnected by a nonlinear coupling spring, and each mass con- 


nected by nonlinear unequal (or equal) anchor springs to fixed points 


All spring forces 


are odd functions, and proportional to the k'th power, of the spring deflections, where k 


is a real, positive number. 


The frequency-amplitude relations for the in and out-of- 


phase modes are derived without approximation, the stability of these modes ts analysed, 


and several numerical examples are worked out. 


A surprising feature of these systems 


is that they may havea greater number of normal modes than they have degrees of freedom 


I. TWO earlier papers [1, 2]! the free normal vibra- 
tions of a system like that illustrated in Fig. 1 were discussed 
It consists of two masses m; and m. which may be equal or un- 
equal, connected to fixed points by the anchor springs S; and S 
which, again, may be equal or unequal, and interconnected by a 
coupling spring S:. All springs may be nonlinear, but the spring 
forces in all springs are odd functions of the spring deflections; 
in other words, each spring resists being compressed in the same 
amount as it resists being extended. The concept of normal 
modes has been defined precisely for this system [2], and it was 
shown that two classes of systems (of the type under discussion 
here) exist for which the ratios of the displacements of the two 
masses are identically equal to constants for all time when the 
system vibrates in normal modes. One class is the so-called 
“symmetric system” in which the two masses are equal to each 
other, as are the anchor springs. The other class is a system which 
may be entirely unsymmetric with respect to the masses as well as 
the anchor springs. It is characterized by the property that all 
springs resist being deflected with a force which is directly propor- 
tional to the same positive power k of the spring deflections, where 
k is an odd integer. In systems of this class, the forces derivable 
from the potential energy are functions which are homogeneous 
of degree & in the displacements of the masses. Therefore these 
systems have been called the “homogeneous systems of degree 
k” {2}. In this paper we discuss the normal modes and their 
stability for a class of systems which is a generalization of the 
homogeneous systems of odd-integer degree. The generalization 
consists in removing the restriction that k be an odd integer, and 
replacing it by the wider restriction that k be a positive finite 
number. However, we retain the property that the spring forces 
are odd functions of the spring deflections. 

Homogeneous systems are of great interest for a variety of 
reasons. In the first place, their frequency-amplitude response, 
called by Klotter [3] the backbones, can be obtained in terms of 
tabulated functions. Therefore, the approximations usually en- 
countered in the analysis of nonlinear systems are not necessary 
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even when the systems are strongly nonlinear; i.e., when they 
are not in the neighborhood of linear systems. In the second 
place, the linear system belongs to this class, because it is the 
Thus the theory presented 


homogeneous system of degree 1. 
Since the 


here is a generalization of that of the linear system 
linear system has furnished generating solutions for systems of the 
Duffing type lying in the neighborhood of the linear case, it is 
clear that an exact discussion of the homogeneous systems pro- 
vides points of departure for the treatment of cases neighboring 
on any of them. In the third place, since we shall remove the 
restriction that k be a positive, odd integer and replace it by the 
much more general one 0 < k < @, we are now in a position to 
discuss with precision a continuous spectrum of systems ranging 
from the highly nonlinear one with soft springs through the 
linear to the highly nonlinear with hard springs.? Finally, the 
homogeneous systems represent cases of practical interest when- 
ever the springs are actually of the character prescribed by the 
theory. 

Among the unsymmetric cases which fall within the scope of 
this investigation is that of the nonlinear dynamic vibration ab- 
sorber since it has the configuration of Fig. 1 with one anchor 


spring absent. 


The Equations of Motion 
When the spring forces of the general system are odd poly- 
nomials of the spring deflections, the equations of motion are [2] 


mi= — > a,27" 
n 

Moy - ) by" + 
n 


?In hard springs the stiffness increases with increasing deflection; 
in soft springs it decreases with increasing deflection. 
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In these equations, the right-hand sides are derivable from a 
potential energy which is evidently a function of the displace- 
ments z, y and of the constants a,, b,, A,. By means of the 
transformations 


£ = mz, 9 = my (2) 


the equations of motion go over into 


ep 2 aon 2 ey 
- m,'/* \m,'/* = m,'/? \m,'2 —m,'7 


, (3) 
Y/e Yi As 2) 
“2 m,'/* (3 :) , p> m,'/* (S, Si) 


where the right-hand sides are again derivable from a potential 
function; however, this potential depends now not only on the 
quantities listed in the foregoing, but on the masses as well. 
Equations (3) are mathematically completely equivalent to (1); 
however, their physical meaning is quite different. While (1) 
are the equations of motion of the system pictured in Fig. 1, 
(3) are the equations of motion of a unit which moves in the £n- 
plane under forces derivable from a potential function which in- 
volves all parameters of the problem. 

The homogeneous system of odd-integer degree k emerges from 


(3) as 
a, ( ' A/t .ay 
m,'/* m,'/* m,'/ m,'/* m,'/* 


_o (2 wi At (! aid . © P 
m,'/? m,'/* m,'/* m,'/* m,'/* 


This system may be generalized in such a way that any real k in 
the interval 0 < k < © is admitted by replacing (4) with the 


equations 
e\| gp 
-) lm, 721 
A, ( 
m,'“ 
r )| n | 
/ m,'/*| 


Ay (_& 
+ WA —— a 
mz /* \m, Me 


It is this system of equations on which all future development is 
based. The right-hand sides are seen to be still homogeneous 
functions of degree k. They may be derived from a potential func- 
tion given by 


(4) 


a+ 


Ty =a = 


t 
eee 
k +1 'm,'/ 


if use is made of the fact that z|z|*-! = |z|* sgn z, and that 
d\z|/dz = sgn z. Consequently, the equations of motion may be 
written as 


f= U,%=U, (7) 


where U is defined by (6), and subscripts in (7) denote partial 
differentiation. 

In the earlier paper [2] where k was restricted to be a positive 
odd integer it was shown that there exist two normal modes: the 
i-mode where the two masses move in phase, and the o-mode 
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where the two masses move out of phase. These modes are de- 
fined by two straight lines in the £n-plane, both passing through 
the origin. Therefore these modes can be identified with two 
constants c;,. which satisfy 
n()/E® =cie = tan 4H, (8) 
and the inclinations of these lines to the £-axis are the angles 6;,.. 
These angles are the roots of the transcendental equation 
&—1 

2(1 — sin 26) ? 
a = a =i ©) 

} 2 — a,[}(1 + cos 26)] ? 





tan 26 = - 


8,[}(1 — cos 26) 


if the two masses are equal [2]. In (9), a = @/A,, By = by/Ay 
and we require A, ~ 0. This latter restriction is consistent with 
the problem in hand because A, = 0 would imply the absence of 
a coupling spring between the two masses. If the two masses 
are not equal, a relation similar to (9) can also be derived by the 
methods described in the earlier paper [2]. This new relation 
must contain the mass ratio 4 = m;/m, as an additional parame- 
ter, and it reduces to (9) when uw = 1. The new formula is 


tan 20 = joutha + uw) + 3 (1 — pw) cos 20 
k-1 k-1 k-1 
— p’/*sin 26] ? ih, 2 8,[4(1 — cos 26)} 7 
k-1 
— a,[}(1 + cos 26)} ? + (wu — 1)[}01 + w) 
k-1) 
— 4(1 — p) cos 20 — w'* sin 20) 2 { (10) 
One need investigate the roots of (10) only for mass ratios in the 
interval 0 < uw < 1 because, when the masses are unequal, one 
may always designate the smaller of the two by m, and the larger 
by m,. The anchor spring attached to the smaller mass is then 
characterized by the constant a, and its deflection by z = £/m,'/*, 
while the anchor spring attached to the larger mass is identified 
with b,, and its deflection by y = 9/m,'”. 

In homogeneous systems of odd-integer degree, the two straight 
lines of slopes c; and c, have been shown [2] to intersect all lines 
of constant potential orthogonally. In the linear case k = 1, the 
equipotential lines are concentric ellipses and the modal relations 
intersect each other orthogonally. Moreover, in the linear system 
the modal relations are axes of symmetry for the equipotential 
lines. These properties are easily deduced from equations (9) 
and (10) when one puts k = 1 in them, and they are illustrated in 
Fig. 2(a). 

It is a remarkable property of the homogeneous nonlinear sys- 
tem, easily deduced from (9) or (10), that the straight modal 
relations do not intersect each other orthogonally. This follows 
from the fact that (9) or (10) does not remain unchanged when @ 
is replaced by @ + (4/2). One can further demonstrate the un- 
expected fact that, in consequence of their nonorthogonal mutual 
intersection, the modal relations can not, in general, be axes of 
symmetry for the equipotential lines. The proof follows im- 
mediately from the following theorem: A curve C which is sym- 
metric with respect to a straight line (A) and has point symmetry 
with respect to a point P on (A) is also symmetric with respect 
to (B), where (B) is a straight line intersecting (A) orthogonally 
at P. The proof of this theorem becomes evident when a point 
P’ on C is reflected first in P and then in (A). 

Clearly, if a modal line is an axis of symmetry for the equipo- 
tential lines, it follows from the foregoing theorem that another 
modal line must exist which intersects the first orthogonally at the 
origin. But if this were true, (9) and (10) would have to remain 
unchanged when @ is replaced by @ + (2/2); as pointed out be- 


fore, this is not the case. Therefore these straight lines are not in 
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Fig. 2(b) 


general axes of symmetry for the equipotential lines even though 
they intersect each of these lines orthogonally. The manner 
in which the equipotential lines and the modal relations behave 
with respect to each other is shown in Fig. 2(b). 

While (9) and (10) were derived only for homogeneous systems 
of odd-integer degree they are also applicable to noninteger values 
of k. The reason for the general validity of these formulas is that 
modal relations 7(&) are always odd provided the equipotential 
lines are symmetric with respect to the origin [2]. But (6) may be 
regarded as an equation of the form f(U, &, 7) = const, and it is 
seen to be symmetric with respect to the U-axis in the UEn-space. 
Consequently, (9) and (10) carry over unchanged into the general 
homogeneous system. 

By means of (9) (when m, = m:) or (10) (when m, + mg), one 
can always find constants c;,. which define the modes. In all that 
follows it is assumed that this has been done. As was shown for 
(9) [2] and can easily also be demonstrated for (10), the angles 
0;,o satisfy the inequalities 7/4 < 0; < m/2and 34/4 < 0, < =, 
so that c; is a positive constant defining an in-phase mode, and c, 
is negative defining an out-of-phase mode. The former will be re- 
ferred to as the “‘i-mode”’ and will be identified by the subscript i, 
and a similar convention will identify the out-of-phase mode by 
the term o-mode and the subscript o. 

Because of the symmetry properties of the equipotential lines, 
the motion may be analyzed by considering the equations of 
motion (4) either in the half-plane — > 0 or 7 > 0. 


The Backbone Curves 


Once the constants c;,. have been found from (9) or (10) the 
equations of motion can be decoupled because the normal modes 
are the generalized co-ordinates in which the equations separate. 
If one replaces 7 by c;,£ in the first of (4) and attaches the subscript 
i to the dependent variable, one has 


k+1 


2 fa, + Al — w'c,)*)E 2 
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(11) 


E, aS ig 


In a similar way, the equation of motion of mass m, in the o-mode 
is obtained as 


: ~ a+! 
& = —m . [a, + A,(l — uM)" E* 


These equations are called the “modal equations” [1]. Clearly, 
similar equations for the motion of the mass m, can be obtained 
by substituting — = ¢,.~' in the second of (4). 

From the modal equations one can obtain the frequency- 
amplitude relations in both modes, and for both masses. These 
relations have been called by Klotter [3] the “backbones’’ be- 
cause of the role they play in the problem of forced vibrations. 
We shall adopt this convenient and descriptive term and show 
how the backbones are found for the motions of m, in the i-mode. 

In accordance with the definition of normal modes [2], (11) 
and (12) must be integrated so as to satisfy the initial conditions 


&.0) = x:.., &..(0) = 0 


A first integral of these equations is elementary, and the second 
in terms of gamma functions is tabulated as a definite integral 
[4], if one integrates over a quarter period when &;,. goes from xi, 
to zero. The fact that equations like (11) and (12) can be in- 
tegrated in terms of beta functions and subsequently reduced to 
gamma functions was observed and utilized earlier by McDuff 
and Curreri [5]. 
The backbone fur the i-mode of mass m, is found as 


r(++3)/ 
k+1. 2 +a -22 
T 


2 
my 


(12) 


(13) 


Tt & 2 
r(-5) 


[a, + A,(1 — we,)*)xP-* 


wiar(k, Xs) = 


If one defines 4,7 = w,,?/A,, the backbone equation becomes 


via?(k, Xi) = 


lay + (L — p'/e,)*)x8-* (14) 


A similar relation for the o-mode of mass m, is found if one re- 
places the subscript i by o in (14). While equivalent relations for 
the i and o-modes of mass m: could be found by dealing with the 
second of the equations of motion (4), it will be shown in the fol- 
lowing that this step is unnecessary because the backbones of the 
two masses in either mode satisfy a simple algebraic relation. 
In fact, one need compute only one of the backbones for one of the 
masses because the backbones for the same mass in the two modes 
satisfy an equation which is much simpler than (14). 

Some general observations of interest may be drawn from (14); 
for one, that equation must remain valid in the linear case. When 
k = 1, (14) becomes 


a + (1 — wc) _ 


m, 


V2i*(1) (15) 





ywu%(1, Xi) = 


As expected, this relation does not contain the amplitude x;; 
thus we obtain the well-known result that, in the linear case, the 
frequency of free vibrations is the same for all amplitudes. The 
constant ¢; is (in the linear case) found from the smaller principal 
root of 

9,,'/2 

=e (16) 
u(l + B) — (1 + a) 





tan 20 = 
This equation is obtained if one puts k = 1 in (10). When the 
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subscript 7 is replaced by o in (15) and c, is determined from the 
larger principal root of (16), the backbone for the o-mode of the 
linear system is found. Therefore both backbones are distinct 
parallel lines in the frequency-amplitude plane, both parallel to 
the amplitude axis. These are the only backbones having this 
property. When 0 < k < 1, the backbones are curves such that 


” 


’ aXi.0 
lim p;,,” : lim - 
Xi,o-O Xie 0 Vie 


= 0 (17) 


and when 1 << k < o, 


lim »; (18) 


Xi.o-O 
A second special case is k = 3. For this value, the backbones 
are straight lines intersecting the origin of the frequency-ampli- 
tude plane. For 1 < k < 3, 


d 
lim Xire 


Xi.o 0 dy; e 


while for 3 < 


; dx 
lim : = (20) 
Xio-0 ay; 


The general character of the backbones for these cases is shown in 
Fig. 3. Since 0 < k < 1 defines a soft spring, andl <k< oa 
hard one, it is seen that the familiar character of the backbones 
is preserved. When the springs are soft the frequency decreases 
with increasing amplitude; when they are linear the frequency is 
independent of the amplitude; and when they are hard the fre- 
quency increases with increasing amplitude. 

An unexpected feature of the system is that the frequencies of 
the i-mode are not always real while those of the o-mode always 
are. It will be recalled that the modal constants ¢;,, depend on 
the parameters a,, 8, wu, k, and that c,; is always positive while 
c, is negative. Since c; > 0, inspection of (14) shows that the 
is imaginary whenever 


> | a,'* + 1 | 
M 

c(@y, By, #) 
Thus any system whose parameters satisfy the inequality (21) 
cannot vibrate in the in-phase normal mode. One can easily 
show that this case may actually arise. For instance, consider a 
system which is symmetric with respect to the masses but not to 


the anchor springs, so that u = 1 and a, # B.. Thus the in- 
equality to be satisfied is 


frequency Vi; 


(21) 


Tio 
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, a, + 1 
> 
c(a,, By, 1 
Z ») 


But from the bounds established earlier for 0; as 7/4 < 0; < 4/2 
it is seen that the corresponding bounds on ¢; are 1 < ¢;< ~. If 
the system is also symmetric with respect to the anchor springs, 
it has been shown [1, 2] that c;(a,, a, 1) = 1. Therefore for 
B, = a, c; must exceed unity by an amount that depends on £, 
only. Since the denominator of (22) can be increased at will 
through suitable choices of 8, while the numerator remains un- 
changed, it is possible to find values of the parameters such that 
(22) is satisfied. 

A comparable phenomenon in the o-mode does not exist because 
it is always true that 


1 — pc, > 0 (23) 


It was stated earlier that only the backbone for one of the 
masses in one of the modes need be computed, and that that for 
the other mode of the same mass, and that for the two modes of 
the other mass can then be found by simple formulas. Suppose 
the backbone of the i-mode for mass m, has been computed from 
(14). That for the o-mode of the same mass is then given for any 
value v* of the frequencies by 


+; a, + (1 — pw /e,)* Je ra ” 
y*,k) = - = (y*, k (2 
x a, + (1 — pw ’*c,)* x 


provided that the frequency »; is real; i.e., that 
fied. The backbones for the other mass are 
value of the frequency from 


21) is not satis- 


obtained for any 


T;..(¥*, &) = 6;..Xi.0(¥*, 


where T;,, are the amplitudes of mass m, in the 7 and o-modes, re- 
spectively. Equation (24) is found by deriving an expression 
similar to (14) for the o-mode of mass m, and then computing the 
ratio ¥o;7/v;,2 for equal values of the frequency. Equation (24) is 
a direct consequence of the existence of the straight modal rela- 


tions. 


Superabundant Modes 

One of the unexpected features of nonlinear systems having two 
degrees of freedom is that they may have more than two normal 
modes. This is a feature not shared by linear systems and, 
therefore, of special interest. 

Consider, for example, a homogeneous system which is also 
For simplicity, we shall assume that the degree of 
the demonstration 


symmetric. 
homogeneity is an odd integer; 
which we are about to give can be immediately generalized to 
other homogeneous systems. 

The potential function of a symmetric system is 


however, 


a, A, 
(xttt 4+ y*tl) — 


! k + 


k+i 


OF os 


= (x — y) 
k+1 l 

or, in polar co-ordinates, 

pet 


k+1 


[—a, (cos**! @ + sin**! #) — A,(cos 6 — sin 6)**"] 

(26 

A necessary condition for the existence of straight modal rela- 
tions in the sense of (8) is that [2] 

ou 

- = 0,(8)0,(r, 6) 


* The author is indebted to Prof. C. P. Atkinson and Mr. W. M. 
Keese who constructed a special example having four modes. 
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and, when —U is positive, definite, this condition is also suf- 
ficient. The modal relations are, then, the roots of 0,(0) = 0; 
if that equation has more than two roots, there exist more than 


two normal modes. In the case of (26), 0, = 0 becomes 


4 a,(cos*—! 8 — sin*-! 8) sin 20 + (cos 8 — sin 6)*~' cos 20 


After some algebraic and trigonometric manipulations, the last 


equation can be written as 


i 
+ (1 — sin20) ? ( =Q (28) 


where the C, are binomial coefficients if k is an odd integer, and 
they are combinations of Gamma functions whose arguments de- 
pend on k, when & is not an odd integer. 

It is seen that 


0; (8) R,(0)R2(8) 


where FR; = cos 26, and R, is the quantity in the braces in (28). 
Putting 2, (@) = 0 furnishes the roots 0; = 2/4, 6. = 39/4 which 
all symmetric systems satisfy [1]. Thus these roots are the i and 
o-modes in which the absolute values of the displacements of the 
two masses are equal at all times. However, the real roots of 
R;, = 0 (if they exist) depend on a, and on k. 

In the following we show for the case k 3, that these roots 
can be easily obtained in physical systems. When k 3, (27 
becomes 
1) sin 20 + 1] cos 20 0 


} = = 


From cos 26 = 0 we find 6, 7/4, 6 37/4. Real roots of 


La; — 1) sin 20+ 1 0 


exist when @ When a; > 0, the quantity 
— U is positive, definite, and the necessary and sufficient condi- 


> 4, or when a; < —4 
tions for the existence of straight modal relations are satisfied. 
The additional roots are 


a, —2 
It is readily verified that 6,2 define modal relations which are 


axes of symmetry for the equipotential lines since 


R, (26) R, (26 + a) 


while 6,., define modal relations which are not lines of symmetry 
for the equipotential lines since 


R(20) + R:(20+ 4 


Finally, it is of interest to observe that the superabundant modes, 
defined by 65,4, are necessarily o-modes since 


T 


») 


Therefore this system has one i-mode and three o-modes. 


Stability of the Normal Modes 

It is clear that a conservative system cannot become unstable 
Thus the 
stability analysis consists in examining the stability of the 
The stability of the normal oscilla- 


in the sense that the amplitudes become unbounded. 


solutions, not of the system. 
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tions cannot be deduced from the uncoupled equations of motion 
(11) and (12) which were used to find the response in normal 
modes; it must be deduced from the coupled equations (4) and 
This fact was reported and utilized earlier [1]; 
it appears to have been exploited originally by Tobias [6]. 

Let & = &*(t) and 9 = n*(t) be motions whose stability is to be 
Then the substitution in the first of (4), for instance, 


(5). however, 


examined. 
of 


é = £*/(/) (29) 


OO + pO, 2 = °O 


with |p(¢)| sufficiently small for all t, and subsequent expansion in 
powers of small quantities with only linear terms retained, yields 
the equation of the first variation 

_ k+1 


pi + m k[a,E**-! + A,(E* + p'/*n*)*—] p, 0 (30) 


where the subscript 1 on p indicates that (30) is the variational 
equation of the equation of motion of mass m. One can specialize 
30) to be the stability equation of the i-mode by putting 


= £0), 0° - 


If the motion to be examined is the o-mode, all subscripts 7 in 


n*() = ¢&*O, pi = pal) (31) 


are replaced by o. 

We shall show the derivation of the stability conditions for the 
i-mode of mass m, only. Those for the o-mode of m; and for 
the i and o-modes of m,. are derived in the same way and yield 
similar, but not identical, results. 

The substitution of (31) in (30) leads to an equation with time- 
—;*(t). When the motion 


whose stability is to be examined is periodic, as is the case here, 


dependent coefficients because £* 


the time-dependent coefficient is also periodic, and the variational 
equation is of the Hill type. The usual procedure in stability 
analyses is then to expand the periodic coefficient in a Fourier 
series and to retain only the leading terms of that series [7]. 
This procedure is equivalent to regarding the motion as simple 
harmonic by writing 

E*( xX; cos wl (32) 
In systems where the spring forces contain terms that are linear 
in the spring deflections the substitution of (31) and (32) in (30) 
would lead to a Mathieu equation, and the stability properties 
of that equation are well known. However, in homogeneous 
systems, the indicated substitutions lead instead to a Hill equa- 
tion in which the periodic coefficient contains the terms cos*~‘w,f. 
Unfortunately, the details of the stability property of this Hill 
equation are not known. In order to circumvent this difficulty, 


we make use of the relation [8 


ia 


24 


0, I, 2, 


3)/2 


n : ; ; , 
where the ( ) are binomial coefficients. Equation (33) is a 
r 


Fourier sum whose coefficients decrease rapidly in absolute mag- 
nitude when the sum is written in ascending order of the fre- 


> 


Retaining only the fundamental terms, (33) becomes 


quencies. 


k -— 1 


co wot => 2-@-2 |< k " a cos wtf (34) 
{ ? : \ 
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Equation (34) holds within the limits of the stated approxima- 
tions when & is an odd, positive integer. It may be generalized 
to apply to all real, positive values of & by expressing the bi- 
nomial coefficients in terms of their equivalents in Gamma func- 
tions. This transforms (34) into 

£ T'(k) 


“lwt = 2-@-% 3 3 “Tri ’ 
ah ee 
Tk) ) 
4 —— ——~ cos 2wt{ (35) 
rey 


The substitution of (31), (32), and (35) in (30) leads now to the 
Mathieu equation 


cos* 





dpa 


7 + (61 + €: cos z)p, = 0 


where z = 2u,t, and 
s+! 


ba = 2-ya-9m, =? ela + (1 — 4c," Ix 


T'(k) 


2! 


2 klay + (1 — w'e,)*~ xt 
T'(k) 


CE 


The parameters 6; and €;, can be further simplified if the quantity 
vi, ~*x*— is replaced by its equivalent found from the frequency- 
amplitude relation (14). After some algebraic manipulations, the 
Mathieu parameters become 

bi; M (ki) fala, 6, M, Ci, k) 


>k-1 
 k+1 


k(k) ir aor 


2*r(k + ofr (He )r(4g aa 


a, + (1 — p'e,)*- 
ay, + (1 — p'/*e,)* 


2, 2m, 





bu 


2 = 


M(k) = 





)f 





fa = 


The Mathieu parameters for the o-mode of mass m, are found by 
replacing the subscript i in (36) by o. Those for the i-mode of 
mass mm, are similar, but not identical to (36). They are 


bin = M(k)fie(y By wy Ci, &) 


i A dl. 


= 2— & 
+1 


where M (k) has been defined in the foregoing, and 


i pe, k-1 
6. + ( ue, ) 


fa = i aan k 
a +(e oA *) 
ue, 
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As before, the parameters for the o-mode of mass m: are found by 
replacing the subscript 7 in (34) by o. 

The quantities M (k) and ¢/é depend on the constant & only and 
thus may be computed once for all k. This has been done for the 
interval 0 < k < 4 and the results are plotted in Fig. 4(a) and (6) 

The simple relation 

_ gkt—} = 
saa Ts te at 
which holds for either mode and either mass shows that for a given 
k the relation between the Mathieu parameters is linear. If one 
writes € = e€(k, 5) one has 


€(0, 5) = —26; e(1,6) = 0; €(3,5) = 6; €(, 5) = 26 
Thus, for any given value of kin0 < k < , (38) defines a family 
of straight lines of slope —2 < de/dd < 2 in the ¢6-plane, all pass- 
ing through the origin. These lines are the loci of points (€, 4) 
which define the stability of the motion. 

The £-plane is divided into stable and unstable domains as 
shown in Fig. 5, where the stable regions are indicated by shading. 


Clearly, the loci of the points (€, 5) discussed in the foregoing 
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pass through both, stable and unstable domains. If the points 
characteristic for the stability of the oscillation of a given system 
lie in a (open) stable domain, the oscillation is stable. If they lie 
on the boundary of, or are imbedded in an unstable domain, the 
oscillation is in general unstable. The only boundary points be- 
tween stable and unstable regions which belong to the stable 
domain are those lying on the 6-axis. Therefore the 6-axis is 
composed entirely of stable points. Inasmuch as €(1, 6) = 0, the 
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Fig. 6 
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6-axis is the locus of the “stability points” when k = 1. There- 
fore normal oscillations of the linear system are always stable. 

A casual glance at the results of the stability investigation may 
create the impression that the instabilities of the solutions are 
merely beats. This thought is quite natural when it is realized 
that the variational equations are obtained by perturbing the 
initial amplitude of only one of the masses. Nevertheless, this 
impression is not correct as will be seen from the following 
arguments. 

Linear systems are quite as capable of executing beats as non- 
Therefore it would have to be expected that the 
types of instabilities demonstrated here could also be shown to 
exist in the linear system. However, the linear system arises when 
k = 1 and it follows from (38) that e€ = O when k = 1. Thesame 
result applies for the inhomogeneous, symmetric system [1]. 
But when ¢ = 0, the stability points of the homogeneous system, 
and the stability characteristics of the inhomogeneous one, lie 
on the positive 6-axis which is composed entirely of stable points. 
In other words, linear systems are always stable. It is evident, 
therefore, that the instabilities exhibited here are not beats. 

The results of the stability investigation of homogeneous sys- 
tems differ in two important respects from those of the sym- 
metric, inhomogeneous system [1]. One is that the Mathieu 
parameters are independent of the amplitudes x,,, and T;,, of the 
motion of masses. Consequently, the oscillation is stable (un- 
stable) at all amplitudes if it is stable (unstable) at any non- 
vanishing amplitude. In the nonlinear inhomogeneous system 
on the other hand, the stability of the oscillation does depend on 
the amplitude, and the stability points are replaced by lines 
called the “stability characteristics’’ [1]. 

The other new feature of the results reported here is that, in 
either mode, the Mathieu parameters are different for the motion 
of the two masses. Thus it is quite possible that, in a given 
mode, the motion of one of the masses is stable while the other is 
not. This feature is a direct consequence of the dissymmetry of 
the system. Since it is physically clear that the mode cannot be 
stable if the motion of one of the masses is unstable, it is neces- 
sary to modify the stability criterion by the statement that a nor- 
mal solution is stable only if the motion of both masses is stable. 
Instability of the motion of either mass indicates instability of 
the mode. 


linear ones. 


Numerical Examples 


The foregoing theory has been applied to systems of the follow- 
ing characteristics: 
$ (all k) 


m =m, a, =2, Az,=1, & = 


k = 0.6, 0.8, 1.0 (linear), 1.5, 2.0, 2.5, 3.0, 3.5 


With this choice of values of k, the types of springs examined 
include soft, linear, and hard ones. The spring forces as functions 
of the spring deflections have essentially the appearance shown in 
Fig. 6, except that in this illustration the constants a,, A,, and 
do not have the actual values used in the computations. The 
constants c; and c, which define the amplitude ratios of the two 
masses have been computed from (9) and are shown as functions 
of k in Fig. 7. The backbones for the i-mode of mass m, are shown 
in Fig. 8 and those for the o-mode of the same mass in Fig. 9. 
Figs. 8 and 9 were computed from (14) and (24). 

The results of the stability investigation of the i-mode of masses 
m, and m, are shown in Fig. 10. Those for the o-mode of both 
masses are shown in Fig. 11. The solid dots give the stability 
results for mass 7m, the open ones for mass mz». 


Conclusion 


Homogeneous systems, as defined in (5) or (6) and (7), con- 
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stitute a class of dual-mode systems whose free vibrations in nor- 
mal modes can be discussed without the approximations usually 
necessary in the treatment of vibrations of nonlinear systems. 
Inasmuch as the linear system is a member of this class, the 
homogeneous system of degree k represents a broad generalization 
on the linear system. 

A study of the behavior of dual-mode homogeneous systems 
of noninteger degree provides a great deal of information regard- 
ing the normal response of conservative dual-mode systems in 
general because the theory covers a continuous spectrum of cases 
ranging from the strongly nonlinear with soft springs through the 
linear to the strongly nonlinear with hard springs. 

A surprising feature of the nonlinear systems and one which 
has no counterpart in the linear case is that systems which have 
only two degrees of freedom may have more than two normal 
modes. An investigation on a special symmetric, homogeneous 
system of degree 3 has shown that one i-mode and three o-modes 
exist, and all are stable. 

In the past, the investigation of systems neighboring on the 
linear one (by means of perturbation or iteration methods) has 
done much to improve our understanding of the behavior of non- 
linear systems. The theory presented here is a point of departure 
for the discussion of systems neighboring on any homogeneous 
system. These neighboring systems include not only those in 
which the spring forces are more complex than in homogeneous 
systems, but also those in which damping forces of small ampli- 
tude are present, or the problem of forced vibrations in which a 
periodic forcing function of small amplitude acts on one of the 
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masses. The discussion of systems neighboring on the homo- 


geneous ones will be reported in the near future 
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Uniqueness in the Optimum 
Design of Structures 


A procedure was developed previously [1]? for the determination of the optimum design 
of a sandwich shell or structure. 
this procedure is investigated and it is shown that all optimum designs admit a common 
This result is used to prove the uniqueness of minimum-weight de- 


The uniqueness of the optimum design obtained by 


signs obtained in previous work. 


Introduction 


® problem of optimum design is to find a struc- 
ture which will carry given loads and which will be optimum for a 
given criterion. The criterion may be minimum volume or 
minimum moment of inertia, for example. For homogeneous 
materials, minimum weight coincides with minimum volume. 

In the minimum-weight design of a frame with constant cross 
section between joints, only a finite number of variables is in- 
volved, and the determination of the design reduces to a prob- 
lem of linear programming if the unit weight of a member is as- 
sumed to be linearly proportional to the full plastic moment of 
that member. Foulkes [2] has developed necessary and suf- 
ficient conditions for such designs. The optimum design is 
usually defined by a vertex of the solution space and is therefore 
unique. The minimum-weight design is not unique when the 
surface of minimum weight defined by the weighting function of 
the structure coincides with one face of the solution space. 
The case in which the unit weight of a member is proportional 
to the nth power of the full plastic moment has been treated 
by Prager [3]. 

For the minimum-weight design of a structure when continu- 
ously varying strength is allowed, Drucker and Shield [1, 4, 5] 
have found sufficient conditions for the determination of the 
design. The sufficient conditions can be used to obtain an ab- 
solute minimum-weight design of a sandwich shell or structure, 
and a relative minimum-weight design of a solid shell. Shield 
[1] has extended the sufficient conditions to obtain optimum 
designs which have minimum values of the functional 


Shf(P)dA, 


where h is the thickness of the face sheets of a sandwich shell or the 
thickness of a solid shell, f(/’) is a prescribed function of position, 
and dA is an element of area of the middle surface. For f(P) = 
1, the optimum criterion corresponds to minimum weight of a 
homogeneous material. If f(P) is taken to be the density of the 
material to be used at the point P, the criterion gives the mini- 
mum-weight design in the nonhomogeneous case. In most 
cases, f( P) is positive and is so assumed in the following. 

! The results presented in this paper were obtained in the course 
of research sponsored by the Office of Ordnance Research, Depart- 
ment of the Army, under Contract No. DA-19-020-ORD-4795. 

? Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, Ill., June 14~—16, 1961, of Tue American Society 
oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, October 5, 1959. Paper No. 61— 
APM-1. 
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The following work is concerned with the uniqueness of the 
optimum design of a sandwich shell. The sufficient condition 
of reference [1] states that a design is optimum if it is about to 
collapse in a special deformation mode (defined later in the text). 
It is shown that if an optimum design satisfying this condition 
exists, then any other optimum design must also admit the spe- 
cial deformation mode as a collapse mode. This result specifies 
the position of the stress point on the yield surface at every sec- 
tion of a shell of optimum design. In particular cases, the equi- 
librium equations may then be sufficient to insure uniqueness of 
the optimum design, but no general result has been obtained. 
However, an examination of the optimum designs obtained in 
previous work [1, 4, 5, 6, 7, 8, 9] shows that they are unique. 
That nonunique optimum designs may exist when the yield 
surface contains a flat is shown by an example. 


Criterion for Optimum Design 


The fundamental theorems used in obtaining optimum designs 
are the theorems of limit analysis formulated by Drucker, Green- 
berg, and Prager [10]. Prager [11] extended the theorems of 
limit analysis to structures characterized by generalized stresses 
Q,, (n = 1, 2,..., N) and generalized strain rates g,(n = 1,2...., 
N). The results of limit analysis apply to elastic, perfectly plastic 
materials, changes in geometry being neglected. In the following, 
a rigid, perfectly plastic material is assumed although the results 
carry over to the elastic, perfectly plastic case. The behavior of 
the rigid, perfectly plastic material is characterized by a positive 
yield function F which is a function of the generalized stress Q,,. 
The material remains rigid under states of stress for which F(Q,) 

< K*, where K isa constant. Plastic flow can occur under states 

of stresses for which F(Q,) = K*. States of stress for which 
F(Q,,) > K* are not permissible. The yield condition F(Q,) = 
K* can be considered to define a hypersurface in the N-dimen- 
sional stress space. Plastic flow can occur under a state of stress 
represented by a point Q, on the yield surface. In the same 
space, the strain rate can be represented by a vector with com- 
ponents proportional to g,. The vector is normal to the yield 
surface at a regular point and at singular points lies in the fan 
bounded by the normals at adjacent points. The restriction on 
the strain-rate vector will be referred to as the normality con- 
dition. 

The rate D, at which energy is dissipated due to plastic action 
is given by 


Dag = Qn9n = Qigi + Qa: + 


per unit area of the middle surface. A repeated suffix n implies 
summation over the values n = 1, 2,..., N. Fora convex yield 
surface, the normality condition insures that the dissipation rate 
D, is uniquely determined by the strain rates g,. It should be 
noted that shear forces, which enter into the equations of equi- 
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librium, are not included in the generalized stresses Q, as they do 
no work during deformation of the structure. 

The sandwich shell has a core of prescribed thickness H 
(usually constant) between two identical face sheets of variable 
thickness h, where h< H. The core carries shear force only while 
the face sheets carry direct stresses and so provide moment and 
force resultants across a section of the shell. In this case the 
dissipation rate D, is linearly proportional to h, and the dimen- 
sions of the yield surface are also linearly proportional toh. Thus 
if the thickness h is different for two designs at a section of the 
shell, the two designs will have geometrically similar yield sur- 
faces for that section. 

If a shell of thickness h is at collapse, then the rate at which the 
applied forces do work during deformation is equal to the rate of 
dissipation of energy, 


S Dd@A = f TudA +2 S Fudd. (2) 


Here u,(i = 1, 2, 3) are the velocity components of the middle 
surface of the shell, and 7, F; are the components of the applied 
force and body force, respectively. The body force F; is assumed 
to act only if material is present, and any body force acting on the 
core is included in the forces T;. A repeated suffix i implies sum- 
mation over the values i = 1, 2,3. Equation (2) can be written 


S Aaa = i T ud, (3) 
where the modified dissipation rate A, is given by 
A, = O19, 


It has been shown [1] that if a design can be found which is just 
at the point of collapse under the loads and which has a collapse 
mode such that 


— 2F uh. (4) 


RP A, = 1 4 Q,49, 
S(P) h 


= ~dy = const 5) 
AP) Vk ; ( 


— 2Fu;> 


f 


over the shell, then the functional { Af(P)dA will have an abso- 
lute minimum value for shells designed to be at or below collapse 
under the given loads T;, F;. (The strain rate g,, is associated 
with the stresses Q, by the normality condition, and the stresses 
Q, are at yield and satisfy the equilibrium equations with the 
given loads 7;, F,;.) The condition (5) is independent of the 
design thickness h because of the linear dependence of the dissipa- 
tion rate Q,9, on h. However, the form of the condition does 
depend in general upon the position of the stress point Q, on the 
yield surface which in turn is influenced by the particular type of 
loading of the shell. In some cases, for example the minimum- 
weight design of circular plates under arbitrary transverse loading 
[8], the same collapse mode satisfying (5) can be used to deter- 
mine optimum designs for a variety of prescribed loads. An ex- 
ample of a strong dependence of the collapse mode satisfying (5) 
on the prescribed loading has been furnished by Heyman [12] in 
work on the minimum-weight design of framed structures. 


Uniqueness of the Optimum Design 


Greek subscripts will be used to refer to different designs for the 
same applied loads, and, as before, the subscript n will be used for 
the components of the generalized stress vector and strain-rate 
vector and i will be used for the components of velocity and ap- 
plied force. We assume that a design a has been found which is 
at collapse under a mode ug; satisfying condition (5) and which is 
therefore an optimum design. If another design 8 is also an 
optimum design, then by definition 


S haf(P)dA = S haf(P)dA. (6) 


It will now be shown that the design 8 admits the mode ua; as a 


collapse mode. By assumption, we have 
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1 JQanfan 

SP) he 
over the shell. The stresses Qq,, and Qg, are in equilibrium under 
the given loads, and equating the rate at which work is done by 


the applied loads to that done by the internal stresses in the 
deformation mode ua;, it follows that 


S Tada = S (QanGax — 2F hashaldA 
= S [Q8.9an come 
In deriving equations (8), vai is an actual collapse mode for the 


design @ but is considered as a virtual mode for the design 8. 
With (6) and (7), 


> at } QanJan 
Qa an ~~ 2F tiashaldA = = < 
fie q 4 c te | ha 


J Qa Ja 
\ he 


o 2P has = const (7) 


2F ttashgldA. (8) 


— 2F ia; t hef(P)dA = - 2F ast had A. 


If this result is substituted in (8), it follows that 


Qan ak Qs, danhgdA - 
ha hg 


In the V-dimensional stress space, the stress point Qa,/ha lies on 
the (convex) yield surface corresponding to unit thickness of the 
face sheets, and the strain rate gq, is associated with the point 
Qan/ha by the normality condition. Thus Qa,/he is defined also 
in the regions, if any, where hg is zero. The stress point Qg 
hg (hg = 0) lies inside or on the unit yield surface as the design 
B is at or below collapse. The convexity of the unit yield surface 
then gives 


(10) 


( Qa Qs. ) 
-s Jan "a 0. 
ha he 


As inequality (10) holds where hg = 0, it follows that in order to 
satisfy (9) we must have equality in (10), that is, 


QanVan mi Qs Jan 


ha hg 


(11) 


For a strictly convex yield surface, equation (11) implies that 
the stress points Qa,/ha and Qz,,/hg coincide at each section of the 
shell where hg + 0. If the yield surface contains a flat, then where 
Jan is associated with the flat, Qa,/ha and Qs,/hg must lie on the 
flat of the unit yield surface, Fig. 1. The strain-rate gq, is there- 
fore associated with the stress distribution Qz, so that the design 
8 admits the mode ug; as a collapse mode, and condition (5) 
is satisfied by the design 8 in the collapse mode ta;. 

Thus, if an optimum design exists which admits a collapse mode 


satisfying condition (5), then any other design which is also op- 


Fig. 1 Unit yield surface 
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timum admits the same collapse mode. Fora strictly convex yield 
surface, the stress vector Q,/h with end point on the unit 
yield surface is then known as a function of position over the 
shell for all optimum designs. For a yield surface which is not 
strictly convex, there may be regions of the shell where the stress 
vector Q,,/h of an optimum design is not completely specified but 
is restricted to represent points on a flat of the unit yield surface. 
The thickness A and the stresses Q, for an optimum design are 
determined by the equations of equilibrium of the shell together 
with these restrictions on the vector Q,/h. In addition, edge 
conditions or other support conditions on the stresses Q, must be 
satisfied. Whether this procedure leads to a unique design thick- 
ness h or not depends upon the form of the equilibrium equations 
and the boundary conditions imposed. Examples of unique de- 
signs for minimum volume are discussed in the next section. 


Examples 

Previous work on structures of sandwich construction has de- 
termined minimum-volume designs for circular plates under sym- 
metric transverse loading [5, 6, 7) and arbitrary transverse loading 
[8], elliptical plates under arbitrary loading [9], and circular 
cylindrical shells under symmetric loading [1]. By using the re- 
sults of the previous section it can be shown that the designs ob- 
tained are unique. As an illustration of the method, the mini- 
mum-volume design obtained in [8] for a built-in circular plate 
under given nonsymmetric transverse loading is shown in the 
following to be unique. 

Minimum-volume designs have also been determined for 
circular disks under conditions of plane stress and loaded sym- 
metrically in the plane of the disk [4, 5]. A similar argument to 
that used here for sandwich shells can be employed to show that 
the designs are unique. As for the sandwich shell, the rate of dis- 
sipation per unit area is linearly proportional to the thickness for 
a disk under conditions of plane stress. 

Consider a horizontal sandwich circular plate with a built-in 
edge and loaded by a distribution of pressure p on the upper face. 
Using Tresca’s yield condition, Fig. 2, and neglecting body forces, 
Onat, Schumann, and Shield [7] showed that a velocity field satis- 
fying condition (5) is, for f(P) = 1, 


O<rs 


sc(2R? — 3r*) 5 
#Rer< 


e(r — R)? 


(12) 


R,\ 
Rf 


eae 
LE 


where w is the downward deflection rate, R is the radius of the 
circular plate, r measures distance from the center, and c is a 
positive constant. The velocity field is obtained from condition 
(5) by assuming that the central region r < $R of the plate is at 
regime A of the Tresca hexagon, Fig. 2, and the annular region 








D E 
Fig. 2. The Tresea yield condition for plates 
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%3R<r < Ris at regime C of the Tresca hexagon. A minimum- 
volume design for an arbitrary distribution of pressure was ob- 
tained in [8] using the velocity field (12). As all minimum volume 
designs must admit the collapse mode (12), they must involve re- 
gime A for r <%R and regime C for§R<r< Rk. The curvature 
rate ke is zero because the velocity field (12) is rotationally sym- 
metric, so that the bending moment M,» is zero and the bending 
moments M,, M¢ can be identified with the principal moments M,, 
M:; of Fig. 2. Thus in the central region M, = Me = Mo, where 
M, is the maximum bending moment oofh, and for equilibrium 


1 aM, 1 o°M, 
T 
or r2 06? 


o'M, 
as (13) 


or? r 


= —p(r, 0) (r < $R). 


In the annular region, M, = — Mo, Me = 0, and the equilibrium 
equation reduces to 


(rMy) = rp(r, 0) (#R<r < R). 14 


or? 

At the junction r = $R of the two regions, M, and the shear 
force Q, are continuous for equilibrium. These conditions require 
M, to be zero at r = $R and '0M,/dr| must be continuous. For 
p(r, 8) piecewise continuous, the Poisson equation (13) has a 
unique continuously differentiable solution in the central region 
satisfying the condition My = 0 on the boundary r = $R. The 
magnitude of 0M,/dr at the junction can then be determined 
The general solution of (14) is given by 


rt , 
rM, = f f pp(p, @)dp dE + rB(6) + E(8), 
inde 


where B(@) and E(@) are functions of @ only. 
are uniquely determined by the known values of My and 0M,/dr 
atr = 2R, and M, (and hence A) is then uniquely defined by (15) 
in the annular region. The uniqueness of the minimum volume 
design has therefore been demonstrated. Note that, in order to 
obtain this result, it is not necessary to show that the velocity field 
(12) is the only collapse mode which satisfies condition (5) and 
which is associated with the minimum-volume design. However, 
it is a straightforward matter to show that (12) is in fact the only 
velocity field with these properties. 

The following example of a nonunique situation is somewhat 
artificial as it involves an infinite region. It also depends upon 
the yield surface containing a flat. Taking z,y-axes in the plane 
of the plate, it is required to design a sandwich plate of minimum 
volume in the infinite strip 'y, < b loaded by uniform pressure p 
Conditions of simple 


These functions 


over the rectangular area z, < a, y < b. 
support apply at the edges y = +b ofthe plate. (Built-in support 
at the edges also leads to nonunique designs.) Neglecting body 
force and with the yield condition of Fig. 2, condition (5) with 
f( P) = 1 is satisfied by the velocity field 


w= gel b? — y?), (16) 


The curva- 
ture rates k,, and «,, are zero and k,, is constant. The z and y 
directions are principal curvature-rate directions so that we may 
identify M, and M, with M, and M;, the bending moment M,, 
being zero. The curvature rate is associated with all moment 
points on the flat AB in Fig. 2. Assuming first that moment point 
A applies throughout the plate, M, = M, = Mp, and equilibrium 
requires 


and w is zero at the edges; c is a positive constant. 


0?7My 0°M 


+ - ), (17) 
dr? dy? PL, Y 


where p(z, y) has the constant value p in the loaded rectangle and 
Equation (17) has to be solved for Mo subject 
A unique solu- 


is zero elsewhere. 
to the boundary condition My) = 0 ony = +b. 
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tion with continuous first derivatives exists and M, is nonnegative 
in the strip. A second optimum design is obtained by assuming 
that regime B applies, M; = 0, My = Mo. For equilibrium, 


07M, 
= —p(z, y) (18 
oy? ’ 


and the solution satisfying My) = 0 on y = +b is 
< a,\ 


> a, 


B J dp(b? _ y?) z 
7 on |2! 


That is, the load is carried by a finite rectangular plate 


M 
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The Bending, Buckling, and Flexural 
Vibration of Simply Supported 


H. D. CONWAY 
Professor of Mechanics, 
Cornell University, 
Ithaca, N. Y. 


Polygonal Plates by Point-Matching 


The bending by uniform lateral loading, buckling by two-dimensional hydrostatic pres- 


sure, and the flexural vibrations of simply supported polygonal plates are investigated. 
The method of meeting the boundary conditions at discrete points, together with the 


Marcus membrane analog [1],' is found to be very advantageous. 


Numerical examples 


include the calculation of the deflections and moments, and buckling loads of triangular 


square, and hexagonal plates. 


A special technique is then given, whereby the boundary 


conditions are exactly satisfied along one edge, and an example of the buckling of an 
tsosceles, right-angled triangle plate is analyzed. Finally, the frequency equation for the 
flexural vibrations of simply supported polygonal plates is shown to be the same as that 
for buckling under hydrostatic pressure, and numerical results can be written by 


analogy. 
known. 


I. A former series of investigations, the method of 
solving certain boundary-value problems by meeting the bound- 
ary conditions at discrete points (hereinafter called ‘‘point- 
matching’’) has been applied to such problems as the torsion of 
prismatical bars and bending of clamped plates [2, 3, 4], eigen- 
value problems of buckling and flexural vibrations of clamped 
plates [5], and systems of equations encountered in plane-stress 
and strain and axisymmetrically loaded cylinders [6]. The 
method is not confined to these, but is applicable to a much wider 
. range of boundary-value problems. 

When coupled with the Marcus membrane analog [1], which 
has the effect of reducing the order of the differential equations 
involved to two, so that only one boundary condition is necessary, 
the method is particularly valuable for certain investigations on 
the bending, buckling, and flexural vibrations of simply supported 
polygonal plates. These are now presented. 


Analysis 
(a) Bending of Plates. 
Lagrange equation for the small-deflection bending of thin plates 


As is well known, the solution of the 


DYV‘w = DV*V*w = 4 (1) 


requires two conditions to be satisfied at all points on the boundary 
or boundaries. However, following the Marcus method [1] and 


adding the moment equations 
O*w O*w O*w O*w 
-p(=@ 4, : M, = -p( + v — 
oy? oz? 


M 
ox? oy? 


z 


we obtain 

1 Numbers in brackets designate References at end of paper. 
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the Winter Annual Meeting, New York, N. Y., November 27—-Decem- 
ber 2, 1960, of Tae American Socrety or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1961. Discussion received after the closing 
date will be returned. Manuscript received by ASME Applied 
Mechanics Division, March 16, 1960. Paper No. 60—WA-38. 
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All numerical results agree well with the exact solutions, where the latter are 


M,+M, 


= M= 
l+p 


— DV*w 


Hence equation (1) becomes 
V2M = -—q (4) 


the well-known, second-order equation for a laterally loaded 
membrane. 

For a simply supported polygonal plate, it is easily shown that 
M is zero on the boundary. Thus there is an analogy with the 
torsion of a prismatical rod of polygonal cross section, for which 


Vo = — 2Ga, ¢ = 0 on boundary 


with the usual notation. It follows that, if the solution to the 
corresponding torsion problem is known, M = (M, + M,)/ 
(1 + v) is also known everywhere in the simply supported plate. 
Knowing M, equation (3) then gives the deflections w whence M, 
and M, may be found from equation (2). However, in the case 
of a regular polygon, they may be found directly at the center. 
Here the values of M, and M, are equal since the deflection sur- 
face there is spherical, and hence 


M, = M, = M(1 + »)/2 (5) 


These moments are either the largest or close to the largest in the 
plate. 

To solve the problem of the torsion of a rod of regular prismati- 
cal section and hence, by analogy, to find the central moments in 
the corresponding simply supported plate, the method of point- 
matching [2, 3, 4] is convenient and accurate. Consider, for 
example, the case of a square of side 2a and writing the approxi- 
mate stress function in the form 


o = 


the values of A, B, and C are found by solving the three simul- 
taneous equations obtained by writing @ = 0 at the centers, ends, 
and quarter points of the sides. It is found that [3] 


— Gar?/2 + A + Br‘ cos 446 + Cr cos 86 (6) 


A = 0.589825Gaa?; B = — 0.092369Ga/a?; 


C = 0.0025437Ga/a* 
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By analogy with the uniformly loaded square plate we write 
2Ga = q and obtain 


Myo = 0.294913 ga? 
= 0.073728 ¢(2a)* 


Thus at the center 


= 


M, = M, = M(1 + v)/2 = 0.04792 g(2a)* (7) 


for y = 0.3. These are also the maximum moments. The 
agreement with the factor of 0.0479 found in the conventional 
manner [7] is more than satisfactory. 

To find the deflections, the value of M obtained by analogy 
from equation (6) is substituted in equation (3) which, when 
integrated, gives 


—Dw = Ar*/4 + Br*/20 cos 46 + Cr®/36 cos 80 — gr*/64 
+ A’ + B’r‘ cos 40 + C’r? cos 80 (8) 


The new constants A’, B’, and C’ are also found by writing w = 0 
at the centers, ends, and quarter points of the sides, and solving 
the three resulting simultaneous equations. Thus 
A’ = — 0.065076 ga‘; B’ = 0.009371 q; 
C’ = — 0.000125 ¢/a* 
The maximum deflection is then 
Umax = — A’/D = 0.004067 9(2a)*/D (9) 


the factor agreeing excellently with that of 0.00406 found con- 
ventionally [7]. 

The exact solution for the torsion of an equilateral-triangle rod 
is well known, and the moments at the center of a simply sup- 
ported and uniformly loaded equilateral-triangle plate are then 
exactly determined. These have been found by Woinowsky- 
Krieger [8], their value being 


M, = M, = (1 + v) qa*/54 = 0.0241 ga? (10) 


=z 


This differs but little from 
The maximum deflec- 


where a is the height of the triangle. 
the maximum moment of 0.0259 ga? (8). 
tion is ga*/972D. 

The torsion of the regular hexagonal bar has also been investi- 
gated by point-matching [3], and the moments at the center of 
the corresponding simply supported plate are immediately found 
by analogy. Omitting the details since they are the same as 
before, we find, for the center 


M, = M, = 0.17578 qa* (11) 
where 2a is here the perpendicular distance apart of any two 
parallel edges. This result is apparently new and while it may 
not be quite the maximum moment, it is evidently very close to it. 

The deflections may again be found from equation (3) as in the 
case of the square. This procedure gives 


A’ = — 0.054788 ga‘; B’ = 0.003803 q; 


C’ = — 0.000238 q¢/a* 


and hence 


A’/D = 0.054788 qa*/D (12) 


Umax 


Summarizing, the moments at the centers of the equilateral 
triangle, square, and hexagonal plates circumscribed by a circle of 
radius FR are given in Table 1(a), where they are compared with 
the result for a simply supported plate of that radius found in the 
conventional way. The maximum deflections for these plates 
are also tabulated in Table 1(). 
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Table 1(a) Valves of factor kin M, = M, = kqR* at center of uniformly 
loaded, and simply supported plates 
Equilateral 
triangle 
0.0542 


Circle 
0.20625 


Square Hexagon 
0.0958 0.1318 
Poisson’s ratio = 0.3 


Table 1(b) Values of factor k’ in Wmax = k’ gR*/D for uniformly loaded, 
and simply supported plates 
Equilateral 
triangle 


0.00521 


Circle 
0.06370 


Square Hexagon 
0.01627 0.03082 
Poisson’s ratio = 0.3 


(b) Buckling of Plates. We now consider the buckling of a 
simply supported polygonal plate under hydrostatic loading in 
its plane, for which the differential equation is 


DV‘w + PV*w = 0 (13) 


From equation (3), this becomes 


V°M + k*M = 0; k? = P/D (14) 


the value of M on the boundary again being zero.* 
To utilize the point-matching method, we first write 
« 
F,(r) cos nO, sin nO (15) 
n=0 
Substituting in equation (14) then gives Bessel’s differential 
equation, the solution being 


F,(r) = A,J,(kr) + B,Y,(kr) (16) 


Omitting the Bessel functions of the second kind for a solid plate 
since these are singular at r = 0, 


(17) 


M = >» A,J,(kr) cos n@, sin n6 


n=0 


The series for M is then truncated, the number of undetermined 
constants being equal to the number of boundary points at which 
M is equated to zero. The resulting determinant when equated 
to zero then gives the values of the buckling loads. Of course, 
when due advantage can be taken of symmetry, such as in the 
case of a regular polygonal plate, the number of terms retained 
may be quite small and the labor is considerably lightened. In 
other cases, the digital computer is invaluable. 

As a first example, we consider the case of a square plate since 
the exact solution is well known, and a test of the accuracy of the 
method is thus provided. The plate and the co-ordinate system 
adopted are shown in Fig. 1. Taking due advantage of sym- 
metry and retaining only three terms, we write 


M = AJo(kr) + BJkr) cos 40 + CJs(kr) cos 80 (18) 


2 The same equation holds for w. 





Fig.1 Co-ordinate system for square 
plate 














The boundary points selected for convenience are at @ = 0, 22.5, 
and 45 deg, the radii being denoted r,, r2, and ry, respectively. 
Substituting M = 0 in equation (18) for these points, the equa- 
tion for the buckling loads is then 

Jo(kri J s(kre) + Jo(kre)Js(kri) Jkri) 0 

Tokers \Iekkrs) + JolkraJukrs) * Tdkre) 


where r; = R, re = 0.7654 R, and r; = 0.7071 R. 

\ convenient compilation of Bessel functions of high order for 
the evaluation of the first root of equation (19) is that of Cambi 
[9]. Using these tables, it is found that the first root is given by 
(20) 


KR = 3.1416 


in excellent agreement with the exact value of KR = z. 


\s a second example, we consider the simply supported hex- 
agonal plate shown in Fig. 2 and write 


M = AJokr) + BJ kr) cos 66 + CJil(kr) cos 120 (21 


The boundary points selected for convenience are here at @ = 
6, 15, and 30 deg, the respective radii being denoted r;, rz, and rs. 
Che buckling equation then obtained is 


J kr, ed x26 krz) eo Jol kre J 12K kr; ) J¢ kr, 


Tokers Sis hrs) + Jolkrs)Jikrs) Sd kr 


where r; = R, re = 0.8966 R, r; = 0.8660 R. 
The first root of this equation is easily obtained, being 


kR = 2.672 (23 


Generalizing the foregoing, it follows that the buckling loads of 
regular polygons of n-sides can be approximately found from the 


roots of the equation 


J of kr pT onl kre) + Jo kre J on kr; J (kr ‘ 
Jol krs)Jon( kre) + Jol kre )Jen( krs) oy J (kr (24) 


= R, rz = R(cos r/n)/(cos r/2n), 7, = Reost/n,. R 
radius of circumscribing circle. 

In summary, the buckling loads kR for the equilateral triangle, 
square, and hexagonal plates circumscribed by a circle of radius R 
are given in Table 2, where they are compared with the result for a 


simply supported circular plate of that radius found in the conven- 


where r; 


tional way 


Table 2 Values of kR, k®> = P/D, for the buckling of simply supported 
plates 
Equilateral 
triangle 
$.19 


Circle 


2.05 


Hexagon 


2 67 


Square 
3.14 


Fig. 2 Co-ordinate system for 
hexagonal plate 
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For the case of a plate loaded laterally and in its plane, we may 


write 


M = 2 P A,J,(kr) cos n@, sin n@, P compressive 


M = A,1,(kr) cos n@, sin n@, P tensile (25) 


n=0 


—4q A? + 


and the moments at the center of a regular polygon may be ob- 
tained as before by point-matching 

A method for meeting the boundary conditions exactly on one 
edge will now be considered, the isosceles triangle shown in Fig. 3 
being given as an example. The buckling of this plate might 
have been treated in the foregoing manner, but the following 
technique has the advantage of reducing the number of equations 
and hence the labor in solving them. We write here 


M = AJ,(kr) cos 6 + BJ3(kr) cos 30 + CJskr) cos 50 (26) 
it being noted that all trigonometrical terms have a common fac- 
tor cos 6. Extracting this 


M cos 61 AST, kyr + BJ kr\ 4 cos? 6 — 3 


+ CJ (kr) (16 cos* 6-20 cos? 6 + 5 
Because of the factor cos 0, M 0 is satisfied automatically along 
the vertical side. The required three equations are then obtained 
by writing M 0 in the square-bracketed term for the corners 
and one intermediate point. 

As a numerical example, the isosceles right-angled triangle plate 
is treated, since the exact solution is well known and thus pro- 
vides a check. For convenience, the points taken are for @ 
0, 30 and 90 deg, the radii being a, } 0.73205 a and a, respec- 
tively. Substituting in the square-bracketed term of equation 
7), the resulting equation obtained is 
0.73205 a 


2 J (kb) Jka) + Ji(ka)J (kb 


The first root of this equation is 


ka 5.03 29) 


which differs from the exact value of ka 1.97 by a little more 
than 1 per cent. It would therefore appear that the correspond- 
ing buckling loads obtained for the general isosceles triangle 
would be satisfactory. More points would increase the accuracy, 


but also the labor Incidentally, an approach similar to the fore- 


Fig. 3 Co-ordinate system for isos- 
celes-triangle plate 
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going was found to be very satisfactory in calculating the maxi- 
mum shearing stresses in rods of isosceles triangle and other cross 
sections [4]. 

(c) Flexural Vibrations of Plates. 
simply supported polygonal plate will now be discussed. 


The flexural vibrations of a 
The 
differential equation is here 

O*w 

ot? 


DV4w + ph (30) 


where p is the density of the material, and h is the thickness. 


uye’”*, this becomes 


DV *wo — php*wo = (31) 


Writing w 


Now 


M/D —V2u — Vet 


whence 


VM — k‘M = (V2 + kV? — k*2)M = 0, k* = php*/D 


The general solution of equation (33) is then 


@ 


M bi (AT, 


n=0 


kr) + B,I,(kr)] cos n8, sin n9, 34) 


the Bessel functions of the second kind and of real and imaginary 
argument being omitted for a solid plate. 

Oand V7M = 0. 
ing the second boundary condition in equation (34 
that 


Substitut- 
and noting 


The boundary conditions are M 


V*J,[kr] cos n@, sin nA) —k2J.(kr) cos n@, sin n@ 


V1, [kr] cos n6, sin n@) = k*,(kr) cos n@, sin n@ 
we find that, on the boundary 

@ 
] cos n@, sin n?@ = 0 


[A,J,(kr) + BI, (kr 


n=O 


2D 


se [A,J,,(kr) — Bol itkr ] cos n@, sin n@ = 0 


n=0 


Thus for obtaining the frequency equation for any simply sup- 
ported polygonal plate, we need only satisfy 

A,.J (kr cos n@ 0 
n=O 


on the boundary . This is the same boundary-value problem as is 
encountered in the buckling of a polygonal plate under two-dimen- 
sional hydrostatic pressure, and hence the problems are analo- 
gous.* The method of point-matching is again advantageous and 
accurate. 

By the foregoing analogy and transposing from Table 2, the 
fundamental frequencies of flexural vibration of equilateral 
triangle, square, and hexagonal plates circumscribed by a circle 
of radius R are given in Table 3. They are there compared with 
the result for a simply supported circular plate of that radius found 
It should be noted that the kR-values 


for the circular plates in Tables 2 and 3 are not the same. This is as 


in the conventional way. 


might be expected, since M is not zero on the edge of a circular 
plate, and an analogy between buckling and vibration does not 
exist. 

They are also analogous to the problem of the vibrating mem- 


brane. These analogies are discussed by the author in [11j. 
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Table 3 Valves of kR, k‘ = php*/D, for fund 
simply supported plates 
Equilateral 
triangle Square 
4.19 3.14 


Hexagon Circle 
9» 9 


2.67 2 


Finally, it may be remembered that the technique for meeting 
the boundary conditions exactly on one edge also may be utilized 


here. 


Remarks 

It will be seen from the problems treated in this paper and from 
those dealt with in the References, that the method has certain 
definite advantages. It is simple and direct, and the computa- 
tion of the coefficients requires only the solution of linear equa- 
tions, for which the modern, high-speed computer is eminently 
suited. The specified points at which boundary conditions are 
satisfied may be clustered in regions of greatest interest, and indeed 
it is sometimes possible to meet the boundary conditions exactly 
there. It is particularly suited to problems with irregular 
boundaries, and has this advantage over, for example, the Ray- 
leigh-Ritz method. 

On the other hand, the method has certain disadvantages. It 
does not give bounds to the solutions, nor have questions of con- 
It is better suited to sections which are 
elongated lead 
Some boundary conditions are obviously easier to handle than 


vergence been settled. 


compact; sections may to inaccuracies [10 


others. 
The foregoing are a few of the advantages and disadvantages 
Others will doubtless appear with further investigation. It is 


true that the method is not a panacea. However, it would seem 


that point-matching, when used with care, can be a very valuable 
tool for the approximate solution of certain boundary-value 


problems. 
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It is important that the data contained in technical papers be made readily available to design engi- 
neers. in order to satisfy these needs of industry, this section of the Journal includes a concise 
resentation of data and information drawn chiefly from papers previously published by the Applied 


echanics Division of The American Society of Mechanical 


ngineers. 


Design of Thin-Walled Torispherical and 
Toriconical Pressure-Vessel Heads’ 





R. T. SHIELD? and D. C. DRUCKER® 


Summary 

The failure under hydrostatic test of a large storage vessel de- 
signed in accordance with current practice stimulated earlier 
analytical studies. This paper gives curves and a table useful for 
the design and analysis of the knuckle region of a thin torispheri- 
eal or toriconical head of an unfired cylindrical vessel. A simple 
but surprisingly adequate approximate formula is presented for 
the limit pressure, np”, at which appreciable plastic deformations 
occur: 


>) (z)’-eams 


where p? is the design pressure, @ is the yield stress of the ma- 
terial, and n is the factor of safety. The thickness ¢ of the knuckle 
region is assumed uniform. Upper and lower bound calculations 
were made for ratios of knuckle radius r to cylinder diameter D 
of 0.06, 0.08, 0.10, 0.12, 0.14, and 0.16, and ratios of spherical cap 
radius L to D of 1.0, 0.9, 0.8, 0.7, and 0.6. Toriconical heads may 
be designed or analyzed closely enough by interpreting ¢o in 
Table 1 as the complement of the half angle of the cone. 


Introduction 

The design of pressure vessels requires the long experience dis- 
tilled into the ASME Code to avoid overlooking many important 
factors. In principle, the most straightforward of the difficult 
problems is the design of an unreinforced knuckle region of uni- 
form thickness in an unfired pressure vessel subjected to interior 
pressure. This topic is discussed at length in the Code and it 
might well be expected that little remained to be resolved. Sur- 
prisingly, analytical studies** stimulated by reports of a failure 

! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr 562(10) with Brown University, Providence, R. I. 

? Professor of Applied Mathematics, Brown University, Providence, 
R. I. 

? Professor of Engineering, Brown University. Mem. ASME. 

*G. D. Galletly has studied elastic behavior in ‘“‘Torispherical 
Shells—-A Caution to Designers,” Journal of Engineering for Indus- 
try—Trans. ASME, vol. 81, Series B, 1959, pp. 51-62, and “On 
Particular Integrals for Toroidal Shells Subjected to Uniform In- 
ternal Pressure,” JouRNAL or AppLieD Mecuanics, vol. 25, TRaNns. 
ASME, vol. 80, 1958, pp. 412-413. 

*D. C. Drucker and R. T. Shield have studied plastic behavior in 
“Limit Strength of Thin-Walled Pressure Vessels With an ASME 
Standard Torispherical Head,"’ Proceedings, Third U. 8S. National 
Congress of Applied Mechanics, ASME, 1958, pp. 665-672, and “Limit 
Analysis of Symmetrically Loaded Thin Shells of Revolution,”’ Jour- 
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under hydrostatic test demonstrated conclusively that the thick- 
ness required by the Code is inadequate for a range of designs. 
This range is one of small pressures and consequently of vessels 
whose wall thickness is small compared with the knuckle radius 
as well as the radius of the vessel itself. It did not, in all likeli- 
hood, engage the serious attention of the framers of the Code who 
were concerned primarily with pressures exceeding several hun- 
dred pounds per square inch. At these higher pressures, a sharply 
curved knuckle would have a radius which is not very large com- 
pared with the wall thickness, and so the knuckle would not be 
flexible and weak. 

A design of adequate strength must provide a reasonable factor 
of safety against reaching the limit pressure, the pressure at which 
significantly large plastic deformation will take place. Many ad- 
ditional practical matters as well must be taken into account in 
the design. Among these are corrosion allowance, thinning al- 
lowance, and joint efficiency. They will not be considered here 
except by implication in the designation of the limit pressure as 
np”, where n is a factor of safety and p” is the design or working 
pressure. 

The limit pressure is especially significant in a cold environ- 
ment for those steels which are prone to brittle fracture. Ap- 
preciable plastic deformation below the transition temperature is 
almost certain to initiate a brittle fracture. Above this rather 
ill-defined transition temperature, the shape of a vessel of ductile 
material will be able to change sufficiently to carry the pressure 
without catastrophic failure. The pressure simply cold forms the 
head to a quite different but much better shape for containing 
pressure. 


A Qualitative Discussion of the Behavior of Pressure Vessels 


A thin-walled vessel under interior pressure is most efficient 
when it can carry the pressure as a membrane in biaxial tension. 
However, the shape required for this desirable membrane be- 
havior® has a height of head H = 0.26D which often appears too 
large from the fabrication or space utilization point of view. Tori- 
spherical heads are employed to reduce H appreciably, but they 
cannot act in biaxial tension; they must carry circumferential 
compression on the knuckle and also resist bending. Their load- 


NAL OF APPLIED Mecuani“s, vol. 26, Trans. ASME, vol. 81, Series E, 
1959, pp. 61-68. 

*R. A. Struble, “Biezeno Pressure Vessel Heads,”’ JouRNAL OF 
AppLiep Mecuanics, vol. 23, Trans. ASME, vol. 78, 1956, pp. 642- 
645. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York 18, N. Y., and will be 
accepted until July 10, 1961, for publication at a later date. Dis- 
cussion recived after the closing date will be returned. 
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tember 20, 1960. 
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vo Zz a 
(deg) D Zoot 
27.91 . 1694 0.064 
27.16 .1815 0.087 
26.39 1937 0.111 
25.58 2063 0.136 
24.75 2190 0.163 
23.88 2319 190 


101 
. 139 
179 
221 
265 
312 


2050 

2152 

85 2256 
2360 

06 2468 
09 .2577 


185 
256 
333 
417 
507 
606 


.06 54.57 . 2869 
08 53 . 87 2934 
10 53.13 . 3000 

12 52.34 3068 

.14 51.50 3136 

.16 50. 60 .3207 


carrying capacity as pure membranes (no moment resistance), 
shown in Table 1 as p“D/2oot and plotted on some of the graphs 
at {/D = 0, is extremely low. Actually, a very thin shell acting 
as a membrane would buckle in circumferential compression. 

As the pressure builds up, it tends to force the spherical cap 
outward along the axis and the meridional membrane tensions 
pull the toroidal knuckle inward toward the axis. If the torus 
wall is thick enough to avoid buckling but thin compared with 
the radius of the knuckle, and the material does not work-harden, 
a plastic hinge circle will form at B, Fig. 1, to permit the central 
region of the knuckle to compress in the circumferential direction 
and bend inward. A hinge circle will form at C in the spherical 
cap and the third hinge circle A usually forms in the cylinder. 
The entire knuckle region between A and C is plastic because 
inward motion of appreciable extent means plastic contraction 
of the circumference. A thin-walled sharply curved knuckle 
region is far weaker than the main part of the spherical cap or the 
cylindrical portion of the vessel. On the other hand, if the torus 
wall is not so thin compared with the knuckle radius, the knuckle 
region is stiff and strong and acts somewhat like a stiffening ring 
at the junction of a spherical cap and a cylinder. The ASME 
Code which requires very little variation of np?D/aoot with t/D 
apparently contains the implicit assumption that ordinarily 
the resistance to inward motion of the knuckle region is ade- 








Fig. 1 Torispherical head, showing di ions and locati of hinge 
circles A, B, C. (The equivalent toriconical head is shown by the dashed 
line which is tangent to the torus at its lower end.) 
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H p™D 
D 2eot 
59 0.1844 .079 
81 0.1957 108 
00 2072 139 
29.16 2188 171 
27 . 2306 205 
35 . 2427 240 
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quately high. Although true for vessels designed to carry large 
pressure, the assumption is not valid for many storage vessels 
and other low-pressure containers. For these thin-walled vessels 
there is a large variation of the value of np?D/2oot with t/D as 
shown in Figs. 2-5. On the other hand, the dotted lines for 
values of np?D/2oot greater than unity show that, for less sharply 
curved knuckles and for relatively thick knuckles, the knuckle 
region is stronger than the main cylindrical part of the vessel. 


t+ 


SSSSeRSS ES SRSES SE 


t/o 
Fig. 2 Upper (unsafe) bound on limit pressure. L/D = 0.6, 0.8, 1.0. 
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Fig. 3 Upper (unsafe) bound on limit pressure. L/D 
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Fig. 4 Lower (safe) bound on limit pressure. L/D = 0.6, 0.8, 1.0. 
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Fig. 5 Lower (safe) bound on limit pressure. L/D = 0.7, 0.9. 


Design Curves and Formula 


The upper and lower bound theorems of limit analysis and 
design’ were used to calculate the limit pressure. Therefore, even 
within the usual idealizations of the theory of plasticity, the 
exact answer is bounded rather than determined directly. Curves 
are plotted in Figs. 2 and 3 for p’D/2aot, the upper (unsafe) 
values computed for np?D/2oot, and in Figs. 4 and 5 for p’D/2av, 
the lower (oversafe) values. The designer then can make an in- 
dependent judgment of the appropriate values to use. 

However, if moderate accuracy is good enough or if a prelimi- 
nary design is sought, Fig. 6 should prove a very helpful alterna- 
tive. An approximate plot of t/D versus H/D for discrete values 
of np? /ao, it gives a clear picture of the penalty to be paid for the 
advantage of decreasing the axial length of the vessel. The agree- 
ment with the mean of the upper and lower bound calculations, 
also shown in Fig. 6, varies with r/D and L/D but to a much 
smaller extent than might be expected. 

Remarkably good agreement with the limit calculations can be 
achieved through use of the variable ¢/L which is of prime im- 
portance in the ASME Code. The excellent fit of the simple 
formula 


np? 


= (os: + 5.5- 
Go 


t \? 
( ) — 0.0006 
) L 


is illustrated in Fig. 7, a plot of /L versus np”/o> for two values 
of r/D. 
feature of the Code. 
tion of t/L with increasing pressure, and there is no way of adjust- 
ing a straight line to the proper curves without being unsafe or 
The lack of safety is all too evident in Fig. 8, a 


The relatively minor variation with L/D is also a 
However, the Code calls for a linear varia- 


far too safe. 

7D. C. Drucker, W. Prager, and H. J. Greenberg, ‘‘Extended Limit 
Design Theorems for Continuous Media,”’ Quarterly of Applied 
Mathematics, vol. 9, 1952, pp. 381-389. 
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x L/D=10 + L/D= 08 
o L/0=09 °e 1/D= O7 


Fig. 6 Approximate curves for t/D versus H/D for constant ap” /«y (for 
L/D = 0.6, H/D varies from 0.29 to 0.32) 


plot of the formula for discrete values of r/D, which permits the 
designer to select ¢/Z for a given pressure or to check the pressure- 
carrying capacity of an existing design. Again the designer is 
urged to return to Figs. 2-5 to obtain upper and lower bounds on 
his factor of safety if he is forced to design with a very small 
margin. 

rhe Appendix contains detailed information on the basis and 
the methods of calculation of Figs. 2-5. It supplements the dis- 
cussion contained in the earlier papers® and is not complete in 
itself. In 
criterion of vield is employed and the yield surface for the shell 


essence, the Tresca or maximum shearing stress 
is a cut-off parabolic approximation to the exact shape for a sym- 


metrically loaded cylindrical shell 


Toriconical Heads 

The values of ¢/Z and np”/a» plotted for a given torus apply 
Table 1 
can be used to obtain the appropriate interpolated value of L/D 


equally well to torispherical and to toriconical heads. 
for Figs. 2-5 if desired. The angle ¢ is the complement of the 
torus angle and therefore the complement of the half angle of the 


cone 


APPENDIX 


The equations of equilibrium for the various portions of the 
vessel, cylinder, torus and sphere are given in the references of 
footnote 5. The term involving the circumferential bending 
moment M]¢ is omitted from the equations of equilibrium for the 
torus and the sphere as Mg has little influence in carrying load 
for thin shells at sections not too near the axis of symmetry. The 
meridional bending moment M, is similarly omitted but its 
derivative is retained. 

As M¢ is considered as a passive moment in the curved portions 
of the shell as well as in the cylinder, full use of My, and the 
meridional and circumferential force resultants N, and N¢ in 
carrying the internal pressure p is obtained by using the yield 
condition on Ng, Ne, Mg, for the cylinder. In order to approxi- 
mate to this vield condition or surface, the circumscribing surface 
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Fig. 7 Comparison of formula with average of upper and lower bounds 
and with ASME Code for r/D = 0.06 and 0.16 
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consisting of a parabolic cylinder with four cut-off planes is 
used. 
C of Fig. 1, Ng is tensile and N¢ is compressive 
to be at yield, the parabolic prism yield surface requires 


In the region of interest between the hinge circles A, B, 
For this region 


Ny — Noe =o, |My| < — ont? Ny/aot)*}. 1) 
It is assumed that at the hinge circles A and C in the cylinder and 
the sphere, M, attains its largest negative value, and at hinge 
circle B in the torus, M, attains its largest positive value. The 
shear force Q is zero at the hinge circles. Under these conditions 
the equations of equilibrium can be integrated to provide the dis- 
tribution of Ne, Ny, My, and Q in the plastic region. 
It is found that in the cylinder, 


l D\? 
“* 4 ot} r (2) 
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where z measures distance from the junction with the torus and 
xo defines the location of the hinge circle A. In the torus, 


Me 1 ty), ( pD ) (R + rsin es 
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sin ¢,, R 


where 
2R 
(R2 — r2)'/ 


f Rdg 
ae R+rsing 


1 
r+Rtan>¢ 
7 » (6) 


tan” (ae +) | 
¢ is the angle between the meridional normal and the axis of the 
shell, and ¢,, is the location of the hinge circle B. In the sphere, 
with the assumption that ¢ — ¢> is small, 


M, « pL ‘| 1 
= _ a — = p.)2 
he {1 (2) + 9 (e-—¢)% (7) 


Loo 
Q 
—_— = - © ( 
Col g Pa (8) 


where ¢, defines the location of the hinge circle C. 

The four quantities p, ¢,,, ¢,, and 2» are determined from the 
conditions that M, and Q are continuous at the junctions of the 
cylinder and torus (zx = 0, ¢ = 2/2) and the torus and sphere 
(¢@ = ge). These conditions can be written 


(2+ Fa) (3) 40 (55) 
os =_— = p..} 
‘  Qoot D AVe 4 
pD_ 


+ a(¢,) > 


2a0t (9) 


+ 4(¢,), 


pD 
= { ao are df ), 10 
(Pm) Qu + dg, (10) 


(2 i a) Zo 
~ 2e¢ / D 


D \3 pD 
(go — ¢,)? = Ug.) (22) + e(G.) Qed +f(¢n), (1) 


D 
¢o — Or = Hem) _ + Wn); (12) 


where the functions not previously defined are given by 
rR (1 — sin ¢,,) 
D? SIN Om 


aft}, t 
R+rsin¢, D’ 


al¢g. ) =_ —? 
bg ) lo 
et) = 2 « 
= D 6 | 


) = —- cot On, 


Pom D 
rT 
Ugn) = —— [k(r/2) — k¢,)], 
¢ R [k( a /2) ¥mn)] 


[1 — cos (%, — ¢0)] 





sin ¢, : 
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r? 
KGm) = 2 Lr °° Pok( Pm) 
t yg J Rtrsing t t 
+2 L log {oa rene “i L’ 
( ) R sin (Ym — ¢o) 
APm D , 


sin On 


Ken) = — - sin go (Yn), 
a (R + rsin ear 
4 D*sin?¢,, }’ 


, L \? (R + rsin ¢,,)?| 
(gn) = —> L {(4 ) + ———_* yt 


D? sin? ¢,, f : 
Equations (9)-(12) were solved for pD/2aol, Gm, @,, anc 2o/D for 
given values of the parameters (/D, L/D, and r/D which define 
the geometry of the vessel. The following values of the parame- 
ters were used: 


1/D = 0.002, 0.004, 0.006, 0.008, 0.010, 0.012, 0.014 
L/D = 1.0, 0.9, 0.8, 0.7, 0.6 
r/D = 0.06, 0.08, 0.10, 0.12, 0.14, 0.16 


In the numerical method used, a trial value ¢,,* was chosen for 
¢» and the functions of ¢,, occurring on the right-hand sides 
of equations (9)-(12) were evaluated. By elimination of ¢ — ¢, 
between (11) and (12), a quadratic equation was obtained for 
pD/2e¢. The positive root of this equation was then substituted 
in (9) and (10) to give two values of (z»/D)*. The difference be- 
tween these two values was evaluated and the procedure was re- 
peated with another trial value ¢,,’ for ¢g,, and again the dif- 
ference between the two values of (zo/D)* was found. Linear 
interpolation between ¢,,° and ¢,,° was then used to give a better 
approximation to the true value of ¢,. The process was re- 
peated until the magnitude of the difference between the two 
values of (z»/D)? as provided by (9) and (10) was less than 10~’. 

For a few of the thinner vessels (12 out of the 210 considered), 
the upper hinge circle A does not lie in the cylinder but is located 
in the torus, and the analysis requires a straightforward modifi- 
cation. The details of this modification will not be given here. 

The value of the pressure p obtained from equations (9)-(12) 
(or from the modified analysis) is the limit pressure p” for the 
head with the parabolic yield surface. As this surface circum- 
scribes the exact yield surface for the cylinder, p” is an upper 
bound to the true limit pressure. The values of p” are shown in 
Figs. 2 and 3. A lower bound p” = Ap” is obtained by choosing 
the factor \ so that the stress points ANy, ANe, AM, lie within 
the yield surface for the cylinder for all sections of the plastic 
The factor is given by 


\ = (P? — 4P + 12)/2(P? — 4P + 8), (23) 


region. 


where P = p”D/2oot, the critical section being the hinge circle 
Ain the cylinder. The factor varies from 0.82 to 0.90 as P varies 
from 0.5 to 1.0, and the values of p“D/2oot are given in Figs. 4 
and 5. The average of the upper and lower bounds will be suf- 
ficiently close to the true limit pressure for practical purposes. 
Thus we put np? = (p” + p*)/2, where p” is the design pres- 
sure and n the factor of the safety against collapse. 

For a given thickness ratio ¢/D, the limit pressure np? in- 
creases as r/D increases, and decreases as L/D increases. The 
ratio H/D of the height of the head to the diameter depends 
similarly on the ratios r/D, L/D, as can be seen from Table 1. 
In Fig. 6, approximate curves for t/D versus H/D for constant 
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values of np?/a» are shown for the range 0.17 < H/D < 0.28 
covered by the ranges 0.06 to 0.16 for r/D and 0.7 to 1.0 for L/D. 
Actual points for np?/a = 0.004, 0.010, 0.016, and 0.022 are 
also shown for comparison with the approximate curves. 

It was found that, for a fixed value of r/D, the variation of 
np?/o» with t/L is almost independent of the ratio L/D. For 
L/D = 0.7 and 0.8, the formula 


a (033 +557) ee 
Go ‘ a L 


-) (4) 0.0006 (24 
D L — 0. 5 (24) 


provides values of np?/oo which are very close (e.g., within 3 per 
cent for t/L = 0.010) to the values calculated from np? = 
(p” + p")/2. Formula (24) is also adequate for L/D = 1.0, 0.9, 


+28(1 — 2.2 


DESIGN DATA AND METHODS 


and 0.6 as can be seen from Fig. 7, in which the formula (24) is 
compared with the values calculated from np? = (p” + p*)/2 
for the cases r/D = 0.06 and 0.16. Comparison with the ASME 
Code for Unfired Pressure Vessels is also made in Fig. 7. The 
ASME Code gives 


og ( ll 
J = 3 M+ 0.2 — 
SE | 7 ), 


where M = }[3 + (L/r)'“], S is the maximum allowable stress, 
and £ is the efficiency of the welded joints. For the present pur- 
poses, SE was taken to be ao/n. 


(25) 
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Hydrodynamic Lubrication of a Roller Bearing— 
Introduction of Parameters to Obtain Charts for Calculation 





F. W. v. HACKEWITZ' 


Nomenclature 
E = modulus of elasticity (21,000 kg/sq mm for steel), 
kg/sq mm 
radial load on cylindrical roller per unit effective 
roller length, kg/mm 
= relative load on cylindrical roller P/R,;, kg/sq mm 
radius of cylindrical roller, mm 
= radius of inner ring raceway, mm 
Pp 
relative radius of cylindrical roller afthett... 
. 1 + RR; 
smallest oil-film thickness to be found at contact be- 
tween rolling body and inner ring, mm 
relative oil-film thickness h/R, 
constant coefficients 
= resultant rotating speed of the bearing, i.e., rotating 
speed of inner ring relative to outer ring, rpm 
peak pressure in contact area between roller and 
inner ring, kg/sq mm 
parameter, angle deg 
reduction parameter R*p,,?/k,*ke 
= reduction parameter h*/ks 
pressure coefficient of viscosity of lubricating oil at 
operating temperature [2], sq mm/kg. The co- 
efficient ‘y supposes an oil where log [n(p)/mo] is 
proportional to the pressure p as to justify n(p) = 
moe??. Some lubricating oils obey this law, but 
there are other oils in use, which show deviation. 
Thus a verification of the proper pressure de- 
pendence of viscosity is advisable for each particu- 
lar case. 
= viscosity of lubricating oil at atmospheric pressure 
and operating temperature, kg sec/sq mm 
7. = resultant viscosity of lubricating oil at the rolling 
contact [3], kg sec/sq mm 
w = deformation parameter which is defined in Dérr’s 


1 SKF Central Laboratoriet, Géteborg, Sweden. 

? Numbers in brackets indicate References at end of paper. 
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work [1!. The parameter’s definition fixes two 

limiting end points: One for u4 = 0, where no 

elastic deformation occurs at the rolling contact, 

and the other for «4 = 2, with maximum elastic 

deformation, i.e., no oil film separating the contact- 

ing rolling bodies (Hertzian case). Dérr derives 

simplified formulas valid for 0 < yw < 1.7, thus 

covering the greatest part of the parameter range. 

Our calculation is based on these simplified 
formulas. 

v Poisson’s ratio (0.303 for steel) 

T 3.14159... 

e = 2.71828... 


Introduction 

In a recent note [3] hydrodynamic formulas have been pro- 
posed to calculate contact pressure and oil-film thickness in a 
lubricated cylindrical roller bearing. These formulas use Dérr’s 
derivations for elastic deformation at the rolling contact [1], and 
a pressure-dependent viscosity [2]. Their numerical evaluation 
is cumbersome, demanding extensive calculation. 

Relative ard dimensionless magnitudes are introduced in the 
following. ‘They help to establish charts which represent iso- 
thermal results for different bearing design and various running 
conditions, thus aiding in the engineer’s rapid investigation. 

The charts show a minimum oil-film thickness at certain com- 
binations of roller load and running speed. 


General Calculation 

Conditions are more severe at the inner contact than at the 
We calculate, therefore, relationships for the 
Introducing the following reduction pa- 


outer contact. 
inner contact only. 
rameters 
k* = — ha 
1 + R/R,; 
P* = P/R,, kg/sq mm 
h* =h/R,; 


TE 
= i — >)! kg/sq mm 


(1) 
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__ 0.457°30 


= 0.6807 (6) 


into the three corresponding formulas of Ref. [3], and substituting 
for the deformation parameter yu, we obtain two basic formulas: 
O = + 2khkeP*™ — 7.3R*p,2P*? — 5.3k:R**p,2nn, (7) 

O = +2.7kR*h*P*nn, + 0.7h*P* 
— kikgsR**(nn,? — ksR*P**nn, (8) 


and eliminating nn. these two equations are thrown into one 


relationship 


ape 
P k,P*? 
ky*ke 


E R*p,? h* 
Lae 2 


+ P*3 — 4.65 


R*p..*\* 
a= 3.65 k 2p 
05 (Fo) 


* 2\2 * 
+ 21.2 (“ p=") ; ki? =0 (9) 
"Ke 3 


kitk, = ks 


Reducing further with 


__ R*p,.? 


we write 
7.155a8 — 3.65a?)k,2P* 
+ 21.2a°Sk,? = 0 


+P** — 4.65ak,P*? — 


(9a) 


One principal root P* = f(a, 8) of the cubic equation (9a) gives 
the explicit solution for all practical cases, because normally 


a < + 0.6624 + 2.8248 
+ [+19.108? + 15.348 + 1.051]'/? (12) 


This particular root is obtained with 


 ——- — u ai 
P* = kha (9.4 a + 4.743)? cos 3 + 1.55 ¢ (13) 


where 
5.0558 — 0.895la | 
(2.3858 + 1.186a)’/* f 


= 180° — are cos ; Va 


(14 


R* indicates geometric proportions of the bearing. 
We consider now R* to be constant and establish a chart for the 
four principal variables P*, p,,, h*, and n = f(P*, p,,), since from 


7) and (8), with a(p,,) introduced, 


‘ (= 22P* — 7.3ka 
r= - 
‘ ky 5.3R*n.0 


Pm __ 
1 — e P= 


(15) 


Ne = Yo 


as shown in Ref. [3]. 
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Taking n as abscissa and P* as ordinate, the curves P* (p,, = 
const) = f(n) and P* (h* = const) = f(n) can be plotted when 
assuming various values for p,, and h*, and calculating P* from 
equations (13) and (14), and n from (15) and (16) subsequently. 

Slope equations may be helpful to trace the curves, thus 


oP*(p,, = const) _ 5.3kYR*y 
on ~ P*(6P* — 14.6hi0 


2 oP*(h* = const) : 
Lim (18) 


pt—0 on 
The curves of P* (h* = const) = f(n) show a minimum oil-film 
thickness for certain corresponding values P* and n. The point 
of minimum can be determined by forming 0n(h* = const)/O0P* 


= () which gives a condition for h* — h* pin. 


oP* 
OP m 
kita 14.6P* + 84.8k,8) — haP*(9.3P* + 14.3148) 


ka(9.3P* + 7.155k:8) — 3.65k,%a? — 3P** 


Pm 


2P*™ 3m — ne 7%") — 7.3kiaP*(m — ne %?") 
m(6P* — 14.6k,a) 


(19) 


Dérr [1] specifies a limit of application for his deformation 
parameter, which reads 
2 
k,R*nm, 


p* 


pt? < ; kR*nn, 20) 

A hydrodynamic solution can be obtained, though with ex- 
tended calculation, for heavier loads, where the deformation 
parameter approaches the maximum value uw = 2 [5]. The rela- 
tively high roller load, however, gives then increasing im- 
portance to several disturbing factors. These are hysteresis of 
elastic deformation, hysteresis of oil viscosity due to dynamic 
pressure, and local temperature rise in the rolling contact. It 
would seem that these complex phenomena are not sufficiently 
explored to be included in technical calculations. Condition 
20) may so be justified, which excludes extremely heavy loads 
to be treated with the foregoing relationships. 


Example 

Let us assume a steel bearing and a lubricating oil [4] of 4. = 11 
centipoise = 1.122 K 10~* kg/sq mm and y = 0.195 sq mm/kg, 
which operates at 130 F. 

We calculate P* = f(n) with various h* and p,, by using equa- 
tions (13), (14), (15), and (16) accordingly with R/R; = 0.1, 
0.2, and 0.3, since normally 0.1 < R/R; < 0.3. Three charts are 
then established, one for each ratio R/R; (see Figs. 1, 2, and 3). 

An interpolation between the values on the charts gives results 
for each particular ratio R/R,. 

At a given revolving speed the oil-film thickness at the contact 
decreases at first with the load imposed on the roller (roller enter- 
ing the loaded zone of bearing). The decreasing rate of oil-film 
becomes rapidly smaller with heavier roller loads until a point of 
minimum vil-film is attained beyond which the film thickness 
starts to increase slowly. To determine this minimum oil-film 
thickness hmia* we use relationship (19) together with the cor- 
responding calculated values of P*, h*, p,,, and n, and obtain 
thus 
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© 2000 4000 6000 8000 10000 12000 
n= BEARING RUNNING SPEEO, RPM 


Fig. 1 Contact pressure pm, kg/sq mm, and relative oil-film thickness 
h/R: for R/R: = 0.1 


2000 #000 6000 8000 10000 i2000 
n= BEARING RUNNING SPEED, RPM 


Fig. 2 Contact pressure p,., kg/sq mm, and relative oil-film thickness 
h/R; for R/R 0.2 


P*(h* = hai 


for each ratio R/R,; (see Fig. 4 

\ temperature rise can be achieved in the rolling contact, 
when high running speed and heavy load are simultaneously im- 
The flow of lubricant becomes then more 
Taking the ex- 


posed on the bearing. 
viscous and the pressure coefficient changes. 
ample’s lubricating oil [4], with m = 4 centipoise and y = 0.125 
sq mm/kg for the higher oil temperature of 210 F, we have 
N.\210F 0.249 F 
10 kg/sq mm, i.e., 1 e~7?*. 
Heavier contact pressure and smaller oil-film thickness are ther 


supposing contact pressures p, 


calculated; e.g., for P/R; = 0.1 kg/sq mm and n = 6000 rpm we 


obtain 


Pm 210F L.4p,,j.007 and h*, = O.4h* 30% 


R/R Thus, determine 


in the example’s range 0.1 
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30- 


a 1 
0 2000 4000 6000 8000 10000 i2000 
n= BEARING RUNNING SPEED, RPM 


Fig. 3 Contact pressure pm, kg/sq mm, and relative oil-film thickness 
h/R; for R/R; = 0.3 


1 | A 1 1 J 
2000 4000 6000 8000 10000 12000 
n= BEARING RUNNING SPEED, RPM 


Fig.4 Relative roller load P/R;, kg/sq mm, versus bearing running speed 
a, rpm, for h* = h* min 


values for various running temperatures by taking the isothermal 
results on the chart and multiplying them with the particular 
temperature coefficient. 
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Surface Waves in an Elastic 
Half Space’ 


Cc. C. CHAO,’ H. H. BLEICH,’ and J. SACKMAN‘ 


At LARGE distances from a disturbance, the major effects near 
the surface are due to Rayleigh waves. This has been discovered 
theoretically by Rayleigh and is well confirmed by seismological 
experience. It is the purpose of the present paper to give suitable 
expressions for the determination of Rayleigh effects due to 
transient normal pressures on the surface. Specifically, closed 
form solutions are presented for the effect of a concentrated load, 
suddenly applied and maintained thereafter. Any general pres- 
sure distribution may then be treated by integration in space and 
time. 

The complete effect of a suddenly applied concentrated load 
has been treated by Pekeris [1, 2],5 who also obtained response 
curves for certain displacements requiring lengthy numerical in- 
tegrations. As noted by Pekeris [2], and long ago found by 
Sommerfeld [3], the surface effects can be obtained by the trans- 
form approach as contributions of certain poles, ignoring branch 
integrals which occur in a complete solution. This approach is 
used hereafter. Introducing the clearly appropriate simplifica- 
tion of considering the depth small versus the radial distance from 
the force, relatively simple closed form expressions will be ob- 
tained for stresses and displacements. 

By superposition this concentrated force solution can be used 
to obtain approximate solutions for various types of distributed 
pressure loadings on the surface of the half space. 





Analysis 

The geometry of the problem is depicted in Fig. 1 where a con- 
centrated force (P positive downward, and varying with time 
as the step function) acts on the surface of an elastic half space. 
Reference [1] (Equations (3, 9, 16-19)) gives the Hankel-Laplace 
transforms of the potentials from which the transforms of the 
vertical and radial displacements, u, and u,, respectively, may be 


P @ +i @ 
rt) = oo fk fn Solkrlk ((28* + bile Hert ve 


4n*yi J0 
k id 
— 2£%,—kse+ pt = if 1 
Ee 1| | - (1) 
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Fig. 1 


u(r, t) = 


P @ +ioa 
utd at fi vg, Jur) (282 + Reje~ beet vt 
4x*pi J0 a—-ia 


2 dp 
— (2¢2 h2)'’2 (£2 + R22 e—khetpt}| — Lad 
(2&* + h*)'’* (& te | m@®| p 
A+ 2 
p 
ka = (+h) Ba (P+R i= V-1 
M(&) = (2? + k*)? — 4k*aB 
For simplicity, similar to [1], the two Lamé constants have been 
set equal, A = yw. In order to insure decay of the displacements 
at infinity, the branch of the square root must be chosen to yield 
a positive real part. 
The approximate solution for the Rayleigh phase is obtained 
from Equations (1) by utilizing only the residues of the integrals 


3c? 


(la) 


bE 1 
at the (Rayleigh) poles, p = + rs with y = (3) (3 + 3)” 


(reference [2]). The contribution from the poles is: 


{1-2 
(et — 1)" 


Y . v 
75 Re fa — 2y?) E - ap (2) 
1\'/2 w 
+af—~ (x * 3 [: ~ (ot = salt 


where, again, that branch of the square root must be taken which 
yields a positive real part, and where 





[r + -y* — 1)]/y 


[ + il (7 - V/s 


sv 
3 


o= 
y= 


et 


. 3 
Py) = - 


2 
, l =, 
r r 
Since only the Rayleigh phase is being considered, these expres- 
sions are only applied to shallow depths (1 < 1) and to values of 
the time near the arrival time of the Rayleigh wave (r = /). 
Using these restrictions, Equations (2) may be approximately 
simplified to the final form: 
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1\'" 
K, (1 - :) Im [(1 — 2y%)Z,- '/2 + 2y2Z_- ‘/2] 


= Kyy Re [a — 2y%)Z,'/7 
+ Ay? — 1)’ (y=, 
where 


3P 
s V by mpr'/*z'/* 


t—- i\* 
sicecell lly Oi 
i ‘(> s) 


+ ie? 
_=— 


+ i(y? — 1)'/2 


From these expressions for the displacements, expressions for the 
stress components may be derived by routine differentiation where 
l<1,7r = y¥ is used again: 


O,, = Kf 2y? — 1)* Re[Z,-** — Z,°”*) 


l “a / J 
o,, = Ki -2(¥ -) Im [Z,-*/* — Z5-*/*] 


1 — 27 é 
= Ke +=") Re [Z,-’ 


] 


3P 
— (4a) 


K; = =————= 
16 V by mr'/*z'/2 


> 


The numerical evaluation of Equations (3) 
Not only are the expressions in closed form, but each of the re- 
sponses, for a given medium, is solely a function of a single 
parameter, the nondimensional time tr. Fig. 2 shows as example 


( T=-7 ct — *) 
note — - ———e J, 
l 2 


and (4) is simple. 


the vertical stress ¢,, 
References 


1 C. L. Pekeris, ““The Seismic Surface Pulse,” Proceedings of 
National Academy of Science, vol. 41.7, 1955, pp. 469-480. 


Journal of Applied Mechanics 


BRIEF NOTES 


2 C. L. Pekeris and Hanna Lifson, ‘Motion of the Surface of a 
Uniform Elastic Half-Space Produced by a Buried Pulse,’”’ Journal of 
the Acoustical Society of America, vol. 29, November, 1957, pp. 1233- 
1238. 

3 <A. Sommerfeld, “Uber die Ausbreitung der Wellen in der 
drahtlosen Telegraphie,”” Annalen der Physik, 4 Folge, vol. 28, 1909, 
pp. 667-736, 


Extension of Nadai’s Sand Hill Analogy 
to Multiply Connected Cross Sections 





M. E. GURTIN' 


THE SAND HILL analogy due to Nadai [1]? for the fully plastic 
torsion of cylindrical or prismatic bodies was extended to the 
case of multiply connected cross sections by Sadowsky [2]. It is 
the purpose of this note to present an alternative extension of the 
foregoing analogy to multiply connected regions which from an 
experimental point of view may offer certain advantages over the 
procedure given in [2].? 

To discuss the fully plastic torsion of a cylindrical or prismatic 
bar, let the z-axis of the rectangular Cartesian co-ordinates (z, y, 
z) be parallel to the generators of the cylindrical or prismatic sur- 
face of the bar, and let the cross section I’ of the bar in the plane 
z = 0 be bounded by the simple closed curves C, (i = 0, 1, 2, ...n). 
The equation of equilibrium can then be fulfilled by relating the 
components 7,, and 7,, of the shearing stress in the z,y-plane to 
the components of the gradient of a stress function Wz, y) as 


follows: 


Tz = oy /dy, Ty = —dy/dz. 


According to the yield condition r,,2 + 7,,2 = k* = const, the 
stress surface z = ¥(z, y) is a surface of the constant maximum 
slope k. For a simply connected cross section, Nadai [1] re- 
marked that this stress surface can be modeled by heaping sand 
on a horizontal tray that has the shape of the considered cross 
section. 

Sadowsky [2] suggested the following extension of this analogy 
to multiply connected cross sections. Again a horizontal tray is 
used that has the shape of the cross section. Through each hole 
in this tray passes a closely fitting thin-walled cylindrical tube 
with a vertical axis. Initially, the horizontal brims of these tubes 
are sufficiently far above the tray so that a sand heap formed on the 
tray does nowhere reach the elevation of a rim. The tubes are 
then pushed downward through the hole of the tray and sand is 
allowed to pour through them until the brim of each tube is com- 
pletely surrounded by sand. At this stage, the sand hill models 
the stress surface for the fully plastic torsion of the considered 
cross section. 

Another modification of Nadai’s sand hill analogy will now be 
described. For brevity, only a doubly connected cross section 
will be considered, but the method is readily extended to cross 
sections of higher connectivity. 

Let the exterior and interior boundaries of the doubly connected 
cross section be denoted by Cy and C), respectively, Fig.1. Using 
Nadai’s sand hill analogy, determine first the stress surface for 
the simply connected cross section bounded by Co. Then level 
this sand hill to the height of the contour line C* that encloses C; 
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* For an extensive discussion of this procedure together with several 
interesting photographs of stress surfaces modeled by means of this 
sand hill analogy, see Nadai [3]. 
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Fig. 1 


and has at least one point in common with C;. Finally, heap 
sand on a second horizontal tray that has the boundaries C* and 
C,. A model of the stress surface for the fully plastic torsion of 
the doubly connected cross section is obtained by putting this 
second sand hill on top of the leveled first sand hill. In particular, 
the limiting value of the torque equals product of the combined 
volume of the two sand hills with twice the ratio of the yield 
stress k to the slope of the sand hills. 
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Three-Dimensional Flow About 
Yawed Cylinders 





D. BENENSON’ 


In reference [1],? Sears treats the case of incompressible, 
laminar fiow about a yawed infinite (symmetrical) cylinder 
wherein the external spanwise velocity is considered to be a con- 
stant. Consider now the case in which the external spanwise 
flow is represented by a power series in z (compare reference 
[2}); then (refer to Fig. 1 for notation) 


@) 


Uy = wx + usr? + usz®... (la) 


Vo = vm + mr + ver?... (1b) 

As is well known ([1], for example), for the case considered, 
chordwise and normal velocities within the boundary layer are 
not dependent upon the spanwise velocity. Therefore the solu- 
tions for the chordwise and normal velocities can be obtained 
from the corresponding problem in two-dimensional flow; in the 
manner shown in [3], these velocities are expressed as 

} Research Engineer, Westinghouse Research Laboratories, Pitts- 


burgh, Pa. 
? Numbers in brackets indicate References at end of Note. 
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urfi’ + dusr*fs’ + Gré | wa’ + 


° 
u3* 
hs eee 
uy 


(2b) 


wifi + l2usr*f; + 307 (wo + 


w= -@ 
uy 


° e . . e | 4 , e 
where fi, fs, . . . are functions of 7 only, and » = z \ . Use of 
Vv 


the parameter 7 indicates the analysis to be applicable to the case 
in which the leading edge shape is round-nosed rather than 
wedge-shaped. The differential equations and their solutions 
are shown in [3]. 

To determine the spanwise velocity, consider the boundary- 


layer equation in the spanwise direction 


w, + wn, UoVo, + ,, 


z 
Let the spanwise velocity be represented as 
vo = vwoPo + vrP, + ver®?Ps +. 


where P,, P . are functions of 7 only. 
Substitution of equations (2) and (4 


arrangement of the resulting equations in terms of powers of x 


into equation (3) and 


yield the differential equations for the P,: 
P+ fP,’ — nf'P, 
UWn-2 , 
— 12f,P, 


, — 30f;P.—«' 


5) + &n — O)A' Pr — 564P 


10(n — 8)f'Pr-< — 90foP ns") 


As in the manner of [3], in order to determine the functions / 


once and for all, let 


, = Hy + 


H; + 


Co-ordinate system and notation 


Transactions of the ASME 


Fig. 1 





BRIEF NOTES 
































” 


Fig. 2 Spanwise velocity functions 





The expression for the spanwise flow, equation (4), becomes 


then 


v = Po + o,Piz + Ez +- nk z? + et = ok; Fo 
“4 “4 Fig. 2 (continued) 








. ls . 3 2 Us 
+ | oH, + , + “ vM, + = Gola | z*... (7) H, 


5 yields the set 


Substitution of equations (6) into equations 


of equations 
P,* 4 {,Po’ 0 (8a) 


P,\’ +fiP;’ — fi'P;’ = —1 
- 2f;'H2 —2 (Se) 
2f;'Ke —12f,P’ (8d) 
3h Hs —3 (Re) 
$f;'P, — 12f;P1’ (8f) 
(8g) 
Sfs'H: — 12f:Hy’ (8h) 
—309sPo’ (87) 
M+ f,Me — 4f;'M, f 12f,Ko’ — 30hsPo’ (8) 


ete. 








with boundary conditions 
f,(0) = f,'(0) = f(0) = fe’ (0) = gs'(0) = hy(0) 
hy"(0 Fig. 2 (concluded) 


] 
fi" 1; fal) g ? Solutions of equations (8), obtained by numerical methods, 


rt 
. HA K.0 I are shown in Fig. 2. 

rf = f y . -~ . 
P,(0) a0) A) _ When » # 0, x, = v ... = 0, equation (7) becomes essentially 
P,(o) = H,(@) 1; K,( @) that treated in [1]. 
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Function 
f,"(0) 1.2326 
fr"(0) 0.7244 
gs"(0) 0.6348 
hg”(0) 0.1192 
P,‘(0) .5653 
P,‘(0) . 2042 
H,'(0) .6952 
K,'(0) .5100 
H,'(0) .1138 
K;'(0) 6696 
H,{(0) 4875 
r,.’(0) 7799 
L,'(0) .6730 
M,‘(0) 2278 


eSCoononorFrFO 


As is well known, the separation of the chordwise flow occurs 
at the same location as is found in two-dimensional flow. The 
location for separation of the spanwise flow depends upon the 
form of the external flow. The required values of the derivatives 
of the chordwise and spanwise velocities, evaluated at the surface, 
are shown in Table I. 

For the case treated in [1], wherein, essentially, us/u; = —1, 
us... = Oandm #0,» = »... = 0, separation of the spanwise 
flow would not occur prior to that of the chordwise flow. 

For the case in which us/u, = —1, us... = Oand »,/m = —1, 
t = v3... = 0, separation of the spanwise flow occurs prior to 
that of the chordwise flow. 

The shape of the limiting streamline, determined from the rela- 
tion dy/dr = lim v/u = lim v’(0)/u‘(0) (for example, reference 

2-0 70 


{1]), can be obtained for particular external flows from the in- 
formation presented in Table 1. 
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Vibrations of Thin Rectangular 
Isotropic Plates 





R. W. CLAASSEN’ and C, J. THORNE?’ 


WE PRESENT here four graphs giving the first ten vibration fre- 
quencies of a clamped rectangular plate as a function of the ratio 
of sides and one graph of nodal lines to illustrate the ‘‘transition’’ 
from one mode of vibration to another. This transition is charac- 
teristic of the behavior at certain points, where the individual fre- 
quency curve has an abrupt change in slope, and two separate 
curves, with the same symmetry properties, almost touch. Simi- 
lar results for a rectangular plate clamped on two opposite edges 
and free on the other two edges as well as tables, discussion of 
convergence, and complete mathematical details in both bound- 
ary-value problems are available [1].* 
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Frequency K, symmetric in x, symmetric in y 
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Fig. 2 Frequency K, symmetric in x, antisymmetric in y 















































Fig. 3 Frequency K, antisymmetric in x, symmetric in y 
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Fig. 4 Frequency K, antisymmetric in x, antisymmetric in y 
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Fig. 5 Nodal patterns for various b/a ratios, symmetric in x, antisym- 

metric in y 











The theory used is the Fourier series method suggested by 
Green [2] and illustrated in several problems among which was the 
vibration frequencies for a square plate. Fletcher and Thorne 
[3] used the same method in several static deflection problems in 
thin plates. 

The differential equation to be solved is [4] 


Eh®(wxxxx + 2wxxyy + wyrry] = —3p(1 — ¥*)wy; 
0<X¥<a0<Y<b, t>0, (1) 
and appropriate boundary conditions. 


ow 


He . 
ere 5xé 


Wxxxx = 


Assuming w(X, Y) = W(z, y) sin (2xft + @), where z = rX/a, 
y = rY/b, 
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W cscs + 2k W seyy T KW yyy - K°w, 


where k = a/b and Eh*r*K? = 12a‘p(1 — v*)f?. 

Figs. 1 to 4 show the first three and two K’s as a function of k 
for mode shapes symmetric and antisymmetric about z = 4/2 and 
y = 7/2 as follows: 

Fig. 1—symmetric about z = 4/2 and y = 7/2. 

Fig. 2—symmetric about z = 2/2, antisymmetric about y = 
n/2. 

Fig. 3—antisymmetric about x = 
«/2. 

Fig. 4—antisymmetric about z = m/2 and y = 7/2. 

Fig. 5 is a graph of the nodal pattern for r/2 < z < m7 and w/2 
< y < 7, the second frequency of Fig. 2 and values of k near the 
“‘transition’’ point. 

The results obtained here and in [1] agree to the accuracy that 
could be expected with all previous results we have checked {5, 
6, 7]. Warburton’s equation (16) does not allow for the ‘‘transi- 
tion’’ points observed here. 


a/2, symmetric about y = 
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Frequencies of Vibration of 
Shallow Spherical Shells 





W. H. HOPPMANN Il! 


In a paper in 1946,? Reissner presented a study of the sym- 
metric vibrations of a shallow elastic spherical shell. Using a 
variational method, he determined a formula for approximating 
the lowest characteristic frequency. As happens for such ap- 
proximations, however, the estimations of frequency can be in 
error as much as 18 per cent as shown in the present Note. 

Because of the importance of Reissner’s work for the design of 
shells to withstand dynamic loads, the purpose of the present 
Note is to provide direct solutions of the determinantal fre- 
quency equation for two boundary conditions, clamped and simply 
supported edge. 


Nomenclature 
a = radius of sphere 
To half the base chord 
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thickness of sphere 

rise of are (sagitta) 

half angle subtended by are 

Young’s modulus 

Poisson's ratio 
Eh 

1 — » 

bending moment = , in the limit 

circular frequency 

radial displacement (positive inward toward center) 

tangential displacement (tangent to meridian of sphere) 

radial distance from point on sphere to axis of sym- 
metry 

php,* 
N’ 


php..* 


(1 + v)N’ 


Da 


‘ 21 + v)N’ 
‘ ne Se « 
4 a’*D 
Jz) = Bessel function of order zero 
Ji(z) = Bessel function of order one 
A sketch of the shell is shown in Fig. 1. 


Analysis 

The equations of motion used for the analysis in this Note were 
based on the theory of shells given by S. Timoshenko.* The 
equations were reduced in complexity to apply to the case under 
consideration by assuming that the angle ¢ — 0 so that sin ¢@ — 0 
and cos @—> 1. Angle ¢» defines the boundary of the shell. The 
resulting equations agree exactly with those developed by 
Reissner.? 

Solutions of these equations turn out to be as follows: 


BsJ (usr) \ 


. ) BJ Mir) BJ \( par) 
at — p;?f 


la? - fa? er 


v= —m, 


at — pe* 


B, 


) Mi 


B, B 
Jo (mir) + — Jo(mer) + = Jol aay 
Me Ms f 


z; = (p,r0o)* 
are, for a given frequency p,, the roots of the following cubic equa- 


tion: 


(1 — p? pro? p,2r 4 
2 — 2] ] 22 — 121 — ») 
[ g-.CU” | [= ? Eh 


sg? gs? 
+ 96 (1+v)|/+ 48(1 + v)?—2 
h? h? 
{lso the z; must be such as to satisfy the determinantal equation 


given by the assumed boundary conditions. 


Boundary Conditions 
Case A. Clamped Edge 


w,(7o) = w,'( ro) = v, (ro) = O 


and so 

*S. Timoshenko and 8. Woinowsky-Krieger, ‘‘Theory of Plates 
and Shells,”” McGraw-Hill Book Co., Inc., New York, N. Y., 2nd 
edition, 1959, pp. 434-446. 
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Section of shell 


JX J 23) 


Zi : Zs 
Jin) 


J (21) 


7 


@ 
aye)” =— Z;° 
This equation is given in Reissner’s paper but not solved. 
It should also be noted that 


Zs? — x? (aro)? — 2? J;(2;) 


B, = . B, 


ret — x32 (aro)? — 2,7 Ji(22) 


2 (are)? — zx? | Ji(z; 
. B, 


(aero)? — 2,2 | Ji( 23) 


Case B. Momentless Edge 


w,(To) 


Mo(ro) = 0 
and so 


Jz 


| t2 T3 


J (tel — v) — te oz), 
Ji(zs\1 — v) — ryJo( 23) 


Jim, 1 — v) — 2yJo(2;), 


Ji(x 


(aro)? — x;? 


IJ ol Te 
red (2, ) 

. Bs 
iJ o( Zs) 


TeJ o( 21) 


wo ) 
,_= ] Be 
Lad (21) 
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Table 1 


Frequencies for clamped edge in rps 


9,000 
19,000 
39,000 


16,000 
22,000 
40,000 


4,400 
17,160 
38 , 390 


Reissner fundamental 


frequency +, 400 9,340 16,900 


* nis the number of mode of symmetrical bending vibration. 


The functions Jo(z) and J;(2) were evaluated with the aid of 


standard tables. 


Parameters 
LA 0.25 l 


yu -,.- = = 


3 a 15 60 


E Dx 10°. : 
= —— (in lb units 

pp 0.2836 

The case s = 0 is for the flat plate and the frequencies were cal- 
culated from the usual plate theory which results from taking the 
differential equation of motion as s 0 and the boundary con- 


ditions are w = 0 and w’ = 0 for clamped edge; w = 0, MV, = 0 


for momentless edge. 


Discussion 

It may be seen that the frequencies of vibration were computed 
for a particular value of v and ratio E/p. Consequently, the table 
of values (Table 1) is approximately applicable only for materials 
such as steel and aluminum. While the table may therefore have 
some practical value, its main purpose is to show how the fre- 
quencies vary with s/ro and how the correctly computed funda- 
mental frequency compares with that given by Reissner’s formula 
based on the approximations he used with the variational method. 
It was also desirable to get an idea of the actual amount of com- 
putational labor involved in completely working out a problem 
of this type. 

The results of the calculations given in the paper show that 
Reissner’s fundamental frequency formula can be in error as much 
as 18 per cent, with the error increasing as s/rp increases. Also, 
the results are not limited to the fundamental frequency. In 
addition, the normal shapes for the various modes were calculated 
as means of identifying the various frequencies. See Table 2. The 
procedure was particularly pertinent for the fundamental mode 
because the first calculation seemed to indicate an eigen frequency 
much lower than that shown in Table 1. This apparent funda 
mental frequency was finally ruled out upon computing its cor- 
responding shape which showed clearly that the boundary 
conditions were then not satisfied. 

Finally, it may be emphasized that the modal shapes and fre- 
quencies can be readily computed with aid of the tables of Jo(z) 
and J,(z) referred to previously‘ and with electric desk calculating 
machines, 

It is finally concluded that the solutions for the flexural vibra- 
tions of shallow spherical shells derived by Reissner are satisfac- 
tory and can be used practically in the case of any given struc- 
tural problem of the assumed type. On the other hand, his 
approximate formula for fundamental frequency does not appear 
to be at all satisfactory. 


‘**Table of Bessel Functions Jo(z) and J:(z) for Complex Argument,” 
Columbia University Press, 1947 
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Frequencies of vibration 


Frequencies for momentless edge 


21,000 
29, 000 
38,000 


9,000 
15,000 
32,000 


16,000 
20,000 
34,000 


22,000 
29,000 
13,000 


26, 000 


The fundamental mode is given by n = 1 


Table 2 Number of nodes between center and edge 
Clamped Simply supported 
s= 10 s=16 = 0.5 
0 0 0 0 0 
l l l 


l l 
» » ») ») » 


s=10 s = 1.6 
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A Formula for the Torsional Stiffness 
of Rectangular Sandwich Plates 





SHUN CHENG' 


Tus paper contains a derivation of a formula for the torsional 
stiffness of rectangular sandwich plates under the following as- 
sumptions. The plate consists of two thin facings and a thick 
core of such construction that the stresses in the core parallel to 
facings and the variation of the face stresses over the thickness 
of the facings are negligible. The facings are isotropic and of 
equal thickness while the core may be orthotropic. The torsional 
stiffness of rectangular sandwich plates has been derived by vari- 
ous authors [1, 2].2. In spite of these solutions, the development 
of the present formula is justified in the sense that it is simple 
enough to permit its use in design. At the same time the results 
of computations based on the present formula agree closely with 
results based on the infinite series solution given in [1]. This 
formula is obtained through the use of a variational principle and 
the Saint Venant semi-inverse method. 


Introduction 

The present paper is concerned with the torsion of rectangular 
sandwich plate as considered previously by P. Seide [2], H. G. 
McComb [3], the present author [1], and others. The type of 
sandwich plate investigated consists of two thin external mem- 
bers called facings, bonded to a relatively thick internal member 
called the core. The core material is assumed to be much more 
flexible than the face material. 
were in the form of infinite series for which computations are 
tedious, the solution obtained here is a rather simple expr ession 
The methods employed in [1] and [2] for obtaining the infinite 


Whereas previous solutions [1, 2] 
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series solutions are essentially the same except that the simpli- 
fying assumption of negligible core shear stress in the plane of the 
plate is used in [1] but not in [2]. The method used in the 
present paper is based on the variational theorem of comple- 
mentary energy in conjunction with Lagrangian multipliers. 
This method of approach has been developed by E. Reissner 
[4, 5], C. T. Wang [6, 7], I. S. Sokolnikoff [8], and others. In 
some elasticity problems this approach has been found to be 
convenient. For example, Reissner used this method for the 
derivation of the stress displacement relationshiips of plates [9, 5] 
and shells [10]. 


Nomenclature 
G, E = shear modulus and Young’s modulus of facings 
t = thickness of facings 
h = half thickness of core 
b = width of sandwich 
shear modulii of core 
z = rectangular co-ordinates, Fig. 1 
Tt = shear stress in facings, Fig. 2 
7, = shear stress in core, Fig. 2 
Lagrangian multipliers 


b 2 

10(5) 

t t \3 
a( 5) ( . :) 
constants 

= torque 

angle of twist 
length of sandwich 


Gis Tye 
Zz, YY, 


A, tr, Va, Vs 





Analysis 

We consider a rectangular sandwich plate consisting of a core 
of thickness 2h and two facings of thickness ¢ each as shown in 
Fig. 1. The external torque 7 is applied in the yz-plane. The 
assumptions made are as follows: 

1 The external torque 7 is applied by shear stresses applied 
at the ends of the plate. These stresses are distributed in the 
proper way to avoid variations in stresses with the longitudinal 
co-ordinate. This assumption characterizes the Saint Venant 
theory of torsion. 

2 The facings are treated as isotropic solid membranes. On 
the basis of this assumption, the shearing stresses in facings 
normal to their planes may be neglected and the stresses in facings 
parallel to their planes may be assumed to be distributed uni- 
formly over the thickness of the facings. 

3 The shear modulus G,, of the core has been assumed to be 
small in comparison to the shear modulus G,, and hence is set 
equal to zero. 

The second and third assumptions somewhat limit the general 
applicability of the present formula. However, it should give an 
adequate result for combinations such as honeycomb core and 
metal facings. 

The transverse shears are predominantly taken by the core. 
Hence these shearing stresses should be taken into account in the 
analysis of sandwich plates. Guided by the Saint Venant semi- 
inverse method, we assume all stresses equal to zero except 7 and 
T, which are assumed to be functions of y only (Fig. 2). All 
equations of equilibrium are satisfied identically except 


dr _—_—s2dhr, 
dy «2h +?) 
Since we are using the Saint Venant semi-inverse method, we 
do not attempt to satisfy boundary conditions at z = 0 and z = l, 


but, instead, specify that the stresses satisfy the following condi- 
tions: 


(1) 
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aI 


Cross section of plate 





Fig. 1 


Ll, 
4 dx 
ayy 


1 The summation of forces in the vertical direction is equal 
to zero 


b 
2 2hr,dy = 0 (2) 


2 The resuitant torque due to stresses is equal to the applied 
torque T 


) b 
T = f, 2h +trdy - ff 2hr,ydy (3) 


Other boundary conditions are 


r=0, y=0, andy = b. (4) 


To obtain further equations, use is made of the stress strain 
relation. This is done here through the use of a variational 
principle. We obtain additional equations as Euler equations 
which play the role of suitable stress strain relations and natural 
boundary conditions by requiring that strain energy of the system 
be a minimum with Equations (1, 2, 3, and 4) as admissibility 
conditions on the variation of r and r,. Thus the expression to 
be varied with Lagrange multipliers A, v:, v2, 6, and vy is of the 
form 


> fu lh dr 2hr ; 
a —¢@ es ae. ye 
: J, \e" bat hy +a[< {2h + 5] a 


tdy + 2h 


b 
+ v,7(0) + m7(b) + ofr — (2h + of 
0 


mb r) 
| ray | + 2m f t.dy (5) 
0 0 


where X is a function of y, and », v2, 6, and »; are constants. It 
is seen that these four constants represent the generalized bound- 
ary displacements. 

When the variation of J is equated to zero and integration by 
parts is carried out, the following equation is obtained: 


> [2a dX 
= f {[2-- ao +00] or 
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i r 
ee eee 
iat Ee iment Tt a| in, dy 


+ [or — A(O)}5r(0) + [ve + A(d)]b7(b) = O (6) 


Since equation (6) must be satisfied identically for any arbi- 
trary variation of the stress functions 7 and 7,, the variation 
equations which must be satisfied by 7, 7,, A, 9, v1, %», and v3 and 
which render the integral J a minimum take the following forms: 


dd 2 . 
wy ot thm + 0 (7) 


l r 


G.,'*~ «2h +2) 


+dy+n=0 
m% — A(0) = 0, m» + A(b) = 0 (9) 


Substituting 7, from Equation (1) into Equation (8), then dif- 
ferentiating Equation (8) with respect to y and substituting 
dd /dy from (7) into (8), we obtain 


ar (z +e aid 
dy? b (2h +01 


a sc, (+) 
(i) (+7) 


It can be verified by direct substitution that the general solu- 
tion of Equation (10) is given by 


(10) 


(11) 





r= Asinh —y + Boosh y +C (12) 


where 


0 
C = G(2h + 0) T (13) 


Substitution of boundary condtions (4) leads to the following 
equations for A and B in terms of C 


- com —1) > 


C, B=-C (14) 


4 . 
sinh r 


chill r ‘ 
aan sinh deo cosh > Y + | (15) 


c [= r—1) 


The shear stress 7, is obtained by substituting (15) into (1) 


.. hr-1 
a (Gr, [eet — cosh - y — sinh = v] C (16) 
° hG sinh r b b 


Introducing Equations (15) and (16) into (3), then integrating, 
we obtain 


T 
(17) 





C=- 
cosh r — 
Ou 2h + t)b E - Aer" ] 


rsinh r 


The torsional stiffness is obtained from Equations (17) and (13) 


cosh r — “| 


18 
rsinhr = 


T 
* 22h + t)*Gb [. - 
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Torsional Stiffness (Ib. int x 107%) 





4 
Width of Plote (b) (inches) 
Fig. 3 Results of the two methods. Solid line represents solution of 


nl present method. Dotted line represents the infinite series solution 
1}. 


Numerical Computations and Conclusions 


The results of computations based on Equation (18) and results 
based on the infinite series solution given in reference [1] are 
shown in Fig. 3. The computations were for sandwich plates of 
various widths and the following properties: 


G,, = 25,000 psi 
G = 4 X 10° psi 
h = 0.25 in, 
¢ = 0.0125 in. 


The results show a maximum difference of 3 per cent in the 
torsional stiffness between the two methods. Their differences 
can be attributed to small errors or lack of using sufficient terms 
in the infinite series It may be concluded that the present re- 
sult, which is in a form similar to R. Bredt’s formula for thin 
tubular sections [1], is in excellent agreement with the infinite 
series solution [1]. 

Calculations made with the more accurate solution of reference 
[2] for this same sandwich plate, but with G,, taken as 0, 2000 
psi, and 20,000 psi, indicate that the effect of G,, on the torsional 
rigidity is very small 
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The Bailey Flow Rule 
and Associated Yield Surface 





EVAN A. DAVIS' 

Apovut twenty-five years ago a flow rule for combined stress 
creep tests was suggested by R. W. Bailey? of England. This 
flow rule which was a part of a general creep behavior rule can be 
expressed as follows: 

de,” l 
dt 


(1 


Since this was part of an analysis of creep data, the topic of an 
associated yield surface was not discussed. It may be of interest, 
however, to look at the yield surface for which Equations (1) 
represent the associated flow rule. The mathematical expression 
for such a surface is 

f(a, — o2)"*! + (G2 — o3)"*! + (03 — Oo)" 7] 
where dy is the yield point in pure tension. 

For n = 1 or n = 3, Equation (2) represents a cylinder in 
principal stress space identical with the Mises yield surface. 
For values of n greater than 3 the Bailey vield surface lies inside 
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the Mises cylinder as indicated in the customary two-dimensional 
plot shown in Fig. 1. For values of n between 1 and 3 the cor- 
responding surface lies outside the cylinder. 
finity the Bailey yield surface approaches the Tresca hexagonal 
surface. Thus the Bailey yield criterion includes both the Mises 


As n approaches in- 


and the Tresea surfaces. 

If n is an odd integer it is not difficult to show that the left 
side of Equation (2) is a function of the second and third in- 
For such values the Bailey 
Edelman and 
For other 


variants of the stress deviator tensor. 
surface falls in one of the classes described by 
Drucker? in their general discussion of yield surfaces. 
values of n it may be more difficult to show a relationship be- 
tween Equation (2) and the invariants, but the surface still 
meets the requirements of a reasonable yield surface. 


Application of the Heat Balance Integral 
to Problems of Cylindrical Geometry’ 





T. J. LARDNER?’ and F. V. POHLE’ 


Nomenclature 


a = radius of cylindrical hole 
specific heat per unit mass 
H constant flux 
k thermal conductivity 
radial distance measured from axis of cylinder 


c= 


temperature 

time 

diffusivity, k/pe 

penetration depth 6(t), measured from r = a 
1 + (6/a) 

defined by Equation (2) 


mass density 


E. M. Sparrow, in a recent discussion, has indicated that some 
inaccuracy is present in the application of Goodman’s heat bal- 
ance integral approach to problems involving nonplanar geometry 
ry.4 
ii}. 
mination of the temperature distribution in 
terior to a cylindrical hole in the infinite space. 
initially at zero temperature and the surface temperature of the 


The problem investigated by Sparrow was the deter- 
the region ex- 
The region is 


cylindrical boundary is suddenly raised to a constant value. No 
details of the solution are presented, but the conclusion is that 

. this inaccuracy was connected with the choice of a poly- 
nomial approximation for the temperature profile.” 

It is the purpose of this Note to present the analysis for the 
problem in which the cylindrical hole is exposed to a constant heat 
flux and to show the dependence of the surface temperature on the 
assumed temperature profile. Although this problem differs from 
that of Ref. [1] 
the dependence of the results upon the assumed profile will be 


in the specification of the boundary condition, 


the same. Two spatial temperature profiles will be investigated: 
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one, the usual parabolic shape employed in planar problems car- 
ried over to the radial co-ordinate; two, a modified parabolic 
profile to be discussed subsequently. It will be found that the 
usual parabolic approximation leads to poor agreement with the 
exact solution while the latter profile, the modified parabolic dis- 
tribution, leads to results as accurate as the integral solution in 
planar problems. Furthermore, reference is given to other work 
employing the heat balance approach. 


Analysis 

The problem to be treated by the integral method has been 
outlined above. Since an exact solution is known [2], this will 
be used to check the accuracy of the integral approximations. 
Thus the heat balance integral method will be applied to the 
heat-conduction equation in cylindrical co-ordinates under the as- 
sumption of a radial temperature distribution between the surface 
of the cylinder and the penetration depth. 

Integration of the heat-conduction equation 


13 ( or) oT 
a r -——, 
r Or or ot 
over the heated portion of the region yields 


4 OT) _ 20 
tes ° Me 


where 


at+é ‘ 
6 = rT(r)dr, (2) 
a 


a is the radius of the hole, and 4(t) is the penetration depth 
measured from the boundary. The boundary conditions to be 


satisfied are: 


atr =a, —k(OT/dr) = H, 


at r=a+6, —kOT/dt) = 0, 


where H is the constant heat flux. If the spatial temperature dis- 
tribution is assumed to be parabolic, it can be verified that 


T = (H/2k8)((6 + a) — r]? (4) 


satisfies Equations (3). The heat balance integral, Equation (1), 
leads to the following expression for the penetration depth as a 
function of time: 


(24at/a?) = (6/a)* + 4(6/a)?. 


\s a becomes indefinitely large, the penetration depth depends 
on the square root of time which is the known result [3]. It is 
also seen that Equation (5) together with Equation (4) yields the 
time history of the surface temperature 


(T,k/Ha) = (6/2a). 6) 


This result is presented in Fig. 1 together with the exact solu- 
tion; agreement between the two solutions is poor. Fig. 1 shows 


in addition the surface temperature history for the profile 


—(Ha;k)((6 + a — r)/a}? r 
= - n , 
(6/a)[2 In{(6 + a)/a] + (6/a)}) Sb +a 


which combines the quadratic dependence on r with that of a 
logarithmic term; it can be verified that this equation satisfies 
the boundary conditions, Equations (3). The motivation behind 
the selection of this profile will be discussed in the next section. 


The penetration depth relation for Equation (7) is 
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Fig. 1 Surface temperature of the region bounded internally by a circular 
cylinder of radius a, with zero initial temperature and constant flux H at 
the surface 


Fig. 2 Penetration depth versus time for different profiles 


at/a? = 


— [(72n? — 96n + 36) In n — 13n'+ 36n* — 327 + 9), 


144(n — 1(2lnyn +7 -1 
where » = 1 + (6/a). For large values of time, 


at/a? = 13n?/144, 


from which the surface temperature is found, 
(T,k/Ha) = (1/2) In (3.32at/a?); 
the exact solution gives 
(T,k/Ha) = (1/2) In (2.24at/a? (11) 


Finally, the penetration depth history for the two profiles is 


shown in Fig. 2. 


Discussion 
It can be seen from Fig. 1 that the parabolic assumption is in- 
This is to be 


expected since the volume into which the heat diffuses does not 


accurate as an approximation to the exact solution. 


remain the same for equal increments of r (as in the planar case), 
and as a consequence a modification in the assumed profile is 
necessary. This modification given by Equation (7) involves a 
logarithmic multiplier of the usual parabolic profile 

rithmic term corresponds to the steady-state solution for a 
hollow cylinder of radii r and a + 6 which permits the asymptotic 
form of the surface temperature history to agree in form with the 
exact solution; this is shown in Equations (10) and (11). A 


further indication of the form of the modified profile can be de- 
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duced from the heat-conduction equation in spherical co-ordi- 


nates 
103 ( oT oT 
a r? = 
r? Or or ot 


u = Tr, 
the heat-conduction equation in spherical co-ordinates becomes 
0*u ou 
‘—oe— 
or? ot 
However, it is known that the integral method works well for a 
parabolic profile when the equation is of this planar form. Since 


a parabolic profile in r for u would be expected to lead to favorable 
results, the modification 


T = u(1/r), 


where u is parabolic in r, becomes apparent for the spherical case. 
Finally, since (1/r) is the steady-state solution, the corresponding 
modified profile in cylindrical co-ordinates would be expected to 
have the form 


T = unr), 


which is that of Equation (7) under the boundary conditions, 
Equations (3). Therefore, this establishes the form of the profile 
to be employed in problems of cylindrical geometry, namely, the 
usual parabolic distribution multiplied by a logarithmic function 
of r; of course, the resulting profile must satisfy the prescribed 
boundary conditions of the problem. In the present case, the re- 
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Forced Lateral Vibration of a 
Uniform Cantilever Beam With 
Internal and External Damping’ 


J. L. KRAHULA.? The stress-analysis theory in solid bodies sub- 
jected to small strains has been most thoroughly investigated 
and developed for linearly elastic bodies. The increasing use of 
polymers and plastics calls for extension of this work to bodies 
which exibit stress-strain relations involving one or more time 
derivatives of both the stress and strain components. This paper 
is a significant contribution toward this goal. The author capa- 
bly brings out the complexities involved in this type of stress 
analysis as evidenced by his equation (9). He also uses an ap- 
propriate numerical method to minimize the complexity and thus 
is able to solve a theoretical problem with remarkable accuracy. 
While the standard linear solid used has certain general features 
common to actual solids, it does not reproduce precisely the be- 
havior of any actual metal. To represent the behavior of a real 
metal in detail even over a limited frequency range would proba- 
bly require a model consisting of Maxwell units in parallel or 

1 By Ho Chong Lee, published in the September, 1960, issue of 
the JocrnaLt or AppLtiep Mecnanics, vol. 27, Trans. ASME, 
vol. 82, Series E, pp. 551-556. 

2 Associate Professor of Mechanics, Rensselaer Polytechnic Instit- 
ute, Hartford Gradute Center, East Windsor Hill, Conn. Mem. 
ASME. 


312 / sune 1961 


sult for the surface temperature history obtained with the modi- 
fied profile agrees favorably with the exact solution, Fig. 1. 

The foregoing analysis and discussion have shown that the be- 
havior of the surface temperature with time is strongly de- 
pendent upon the form of the assumed profile and that poly- 
nomial approximations for the profile will lead to poor results. 
The introduction of logarithmic terms as multipliers of powers of 
r for cylindrical geometry leads to better agreement with the 
exact. solution in the present example. Similar conclusions apply 
to the spherical case for which the steady-state solution is (1/r), 
Ref. [4]. 

As a final comment, a recent book by Veinik will be noted [5] 
which contains extensive applications of the integral method to 
problems of both planar and nonplanar geometries under the as- 
sumption of polynomial spatial temperature distributions. In 
addition, Equation (5) is also derived in this book; however, no 
comparison with the exact solution is given and hence no state- 
ment of accuracy is made. 
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Discussion 


Voigt units in series and hence higher-order time derivatives in 
the stress-strain relations. 

In addition to elastic response to stress, viscoelastic materials 
exhibit a delayed elastic response and viscous flow which re- 
main after the stress has been removed. The four-element 
model introduced and investigated by Prof. E. H. Lee* exhibits 
all three types of response. There are some polymers‘ which 
have been found to obey this law for limited strain and hence it 
would have been better to derive, instead of equation (9), that 
corresponding to Prof. E. H. Lee’s four-element model. 


The paper is a useful addition to beam- 
vibration theory. The cantilever beam is probably the best one 
to consider because of its great economic significance. In the 
Jet Age, it may be supposed that turbine blades are the only im- 


J. D. SWANNACK.® 


portant cantilever beams. Heavy industry, however, abounds 


with cantilever structures. In many of these cases, the only 
tangible damping exists in the supporting system at the base 
of the cantilever. 

3 E. H. Lee, “Stress Analysis for Visco-Elastic Materials,"’ Pro- 
ceedings of the Conference on The Properties of Materials at High Rates 
of Strain, London, England, April, 1957. 

4H. Leaderman, “Elastic and Creep Properties of Filamentous 
Materials,” Proceedings of the Seventh International Congress on Rhe- 
ology, 1954. 

§ Chief Design Analyst, Fairbanks-Morse and Company, Beloit, 
Wis. Mem. ASME. 


Transactions of the ASME 





As material is removed from the structure, one eventually 
must consider whatever distributed damping can be found. 

Considering the first mode, what per cent of critical damping 
does the example represent? It would be the writer’s thought 
that almost any variety of damping would leave the space phase 
shapes unchanged as long as the work per inch were essentially 
the same. Has work been done with another damping theory? 


Author's Closure 


The author wishes to thank Dr. Krahula and Mr. Swannack for 
their interesting comments and questions. In relation to Mr. 
Swannack’s first question, if one defines critical damping in a 
continuous system as that value which gives an aperiodic solu- 
tion in free vibration, it is seen that the model adopted here 
would not have such a solution because of the element k. Per- 
haps, instead of a percentage of critical damping, a computation of 
the dissipation energy might be more valuable for practical pur- 
poses, but the derivation is quite complex and the author did 
not find a simple expression for this quantity. 

As for the second question, some work has been done only for 
Kelvin (or Voigt) solids, which are listed in the References of 
the paper. In this respect, Dr. Krahula’s suggestion of a four- 
element model or other types of models seems interesting, 
even though one can be assured of the added complexities 
involved as the number of elements is increased. 


Thermal Transfer in Turbulent Gas 
Streams. Effect of Turbulence on 
Local Transport From Spheres’ 


R. A. SEBAN.? This paper essentially presents local heat-trans- 
fer coefficients, at a Reynolds number of 3640, to correspond to 
the previously published results (author’s reference [22]) for 
the effect of free-stream turbulence on the total heat transfer 
from spheres. A discussion on that paper considered certain 
questionable features of the kind of turbulence produced by the 
perforated plate that was used as a generator, and those queries 
are also important in the consideration of the present results. 
In short, they indicated that doubt existed, for Sphere positions 
of 7 in. and closer to the generator, about the relative isotropy 
of the turbulence and even about the relative uniformity of the 
mean speed distribution. These items are important in relation 
to the present paper because it gives the first experimental in- 
dication that an increase in the free-stream turbulence level de- 
creases the heat transfer to the laminar boundary-layer flow over 
the front part of the body. Other experimental results, ob- 
tained with circu'ar cylinders, have shown an increase, maximum 
at the stagnatior point and diminishing as the free-stream velocity 
gradient is reduced. One advantage to those measurements 
was a more direct method of evaluating the local heat flux, 
and it may be that the fluxes, found in the present experiments 
by a corrected determination of the temperature gradient in the 
stream, were themselves subject to an error that depended on the 
turbulence Ievel. Also, it is notable that most of the decrease 
in the local coefficient at the stagnation point, as shown in Fig. 8 
of the paper, occurred between the condition of operation with- 
out the plate and the lowest turbulence level achieved with it. 
If the former operation was in a different position, and perhaps 


1 By W. W. Short, R. A. S. Brown, and B. H. Sage, published in 
the September, 1960, issue, of the JouRNAL or APPLIED MECHANICS, 
vol. 27, Trans. ASME, vol. 82, Series E, pp. 393-402. 
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without the additional duct downstream of the nozzle, there is a 
chance that the velocity distribution around the sphere was 
altered. Such a change would, of course, change the heat- 
transfer coefficient in the region of laminar flow. 

It is the absence of information on the velocity distribution 
over the sphere surface that makes impossible a final critical 
comparison of the measured coefficients and the predicted ones 
in the region of laminar flow. However, there is reasonable 
expectation that at the front of the sphere the deviation of the 
velocity distribution from that corresponding from potential 
motion was not too great. The theories are based on such a 
distribution and, contrasted to other experimental results, those 
of the present authors are shown by Fig. 9 to be distinguished by 
the expected correspondence with prediction. 


Transient Heat Conduction in a Rod of Finite 
Length With Variable Thermal Properties’ 


G. M. DUSINBERRE.? The writer wishes to question the utility of 
diffusivity as a fundamental property in this sort of analysis. For 
example, consider a piece of iron or steel passing through the 
transition between a and y. The specific heat is infinite. 
Thus the diffusivity is zero, and this is not very helpful in analy- 
sis. 

Most heat-transfer systems operate at constant pressure. 
Then equation (1) of the paper is better written in the form: 


r) ( oT ) OK oi 

=— {$—— ~— =p 

or or oz? ot 
where 7 is the specific enthalpy. 


When this is written in finite-difference form, one is led to the 
following computation procedure: 


Given the set of 7’, find the set of K. 
From these, find the set of Ai. 
From these, find the new set of 7. 

4 From these, find the new set of 7. 


Thus greater generality is attained than by the use of « as a 
function of K. It is possible to write K as a unique function of i, 
but T is generally needed, not only as a matter of interest but also 
in order to write the equations for convective boundary nodes. 
It is not difficult to write the stability criteria for the choice of At. 


T. GOODMAN.’ The authors are to be commended for their 
workmanlike consideration of the error introduced by the finite- 
difference procedure. The writer would merely like to point out 
to the authors the convergence proof for the nonlinear heat-con- 
duction equation contained in a paper by Douglas.‘ 


Authors’ Closure 

The authors assume that there is no change of phase within the 
temperature range considered. When there is phase change, the 
heat of transformation must be included as one does for latent 
heat. The problem of using diffusivity or specific heat is then 
a matter of choice, neither of which is infinite or zero at the tem- 
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ASME, vol. 82, Series E, pp. 617-622. 
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4J. Douglas, Jr., ““On the Numerical Integration of Quasi-Linear 
Parabolic Differential Equations,’’ Pacific Journal of Mathematica, 
vol. 6, 1956, pp. 35-42. 
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perature of transformation. On the other hand, the authors 
agree with Professor Dusinberre’s generalization of introducing 
enthalpy for cases in which there is phase change, since tempera- 
ture is a single-valued or well-defined function of enthalpy which 
includes the term representing heat absorbed for transformation. 

The authors would like to thank Dr. Goodman for bringing out 
in interesting reference.‘ A mere convergence proof, however, 
may not» be sufficient to assess the actual error contained after 
many steps of integration. The authors would like to point out 
that, in the problem considered, the bound for space derivatives 
are very large at early steps but decrease rapidly as time increases. 
If bounds of derivatives independent of time are employed, the 
estimated error growing ‘“‘exponentially” with these bounds would 
be much too large to be of practical value. 


Hydrodynamic Entrance Lengths for 
Incompressible Laminar Flow in 
Rectangular Ducts’ 


E. M. SPARROW.? The paper represents an interesting contribu- 
tion to the growing literature on flow in noncircular ducts. In 
evaluating the results and establishing their relation to other 
geometries, it might have been useful to have made further com- 
parisons with the circular tube. In particular, a plot of C,,/ 
(Cy»)est Which includes the data in Fig. 7 along with a curve for 
tu circular tube would have been helpful in visualizing the role 
of duct shape in modifying the entrance length. 

In Fig. 6, there is shown a rather close agreement between the 
center line velocity results of the present analysis and those of 
Schlichting. It would be of interest to know whether the same 
sort of agreement would be achieved if the comparison were to 
be made at some other location in the cross section. 


Author’s Closure 


The author appreciates Professor Sparrow’s kind remarks 
Accordingly, the ratio of apparent friction factor to the asymp- 
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totic friction factor Cyp/(Cap)est is plotted against the nondimen- 
sional distance (z/DeRe) for the aspect ratios shown in Fig. 1 
along with the data for a circular pipe. 

The suggested comparison of the velocity profiles of the present 
analysis for y = 0 (parallel plates system) with those from 
Schlichting’s analysis is not made in view of the difficulty in ex- 
tracting information from such a comparison, especially when 
both methods are approximations to the true situation. 


Elastic-Plastic Bending of Curved Bars of 
Constant and Variable Thickness’ 


S$. A. MURCH.? Besides supplying interesting results concerning 
thickness variation in the state of plane stress, this paper also 
provides a convenient summary of some of the existing literature 
on the elastic-plastic bending of curved bars, including the state 
of plane stress with uniform thickness, as well as the state of plane 
strain. In connection with the latter, a few words are in order 
concerning equations (4) and (5) of the paper, the validity of 
which has been insured for a rigid, perfectly plastic material by 
both Hill and Lubahn and Sachs, as pointed out in reference [2] 
of the paper. 

For the limiting case of a bar of elastic, perfectly plastic ma- 
terial, as the inner p,; and outer p, elastic-plastic boundaries meet 
(i.e., as the elastic zone vanishes), however, the validity of equa- 
tions (4) and (5) of the paper has been established only recently 
and even then only partially 
results given in Table 1 of the paper, since the values of b/a 


This does not, however, affect the 


selected are well within the range for which the validity of equa- 
tions (4) and (5) of the paper is completely established.* 

The limitation imposed on the range of b/a stems from the 
piecewise linear nature of the Tresca yield surface. The stress 
distribution presented in reference [2] of the paper and employed 
more recently by Eason‘ to obtain the displacements for a com- 
pressible material, assumes that o, remains the intermediate 
principal stress throughout the entire range of plastic deformation 
That this is the case (in the state of plane strain) for only a re- 
stricted range of b/a and Poisson’s ratio v has been thoroughly 
discussed elsewhere.* It here that 


ranges of these parameters the state of stress in either of the 


suffices to say for certain 
plastic regions of the bar may reach a singular regime of the Tresca 
When this occurs, the state of stress ceases to be 
them- 


vield surface. 


statically determinate and four possibilities present 


selves: No singular regimes are encountered (case A); a singular 
regime is encountered in the plastic zone la S r S p; (cases B 
and C, depending on the order of appearance with the plastie zone 
IIp, Sr sb); 
zones I and II (case D). 

Equations (4) and (5) of the paper under discussion have been 
shown in reference [2] of the paper to hold in the fully plastic 
The 


validity of equations (4) and (5) for case D, as the limiting case of 


and a singular regime is encountered in both 


state for case A and only recently’ for the cases B and C. 


an elastic, perfectly plastic solution when the elastic domain 
vanishes, remains to be shown. This case is of little practical 
importance as far as curved bar analysis is concerned, since b/a 

1 By H. D. Conway, published in the December, 1960, issue of the 
JOURNAL OF APPLIED Mecuanics, vol. 27, Trans. ASME, vol. 82, 
Series E, pp. 733-734. 

? Assistant Research Engineer, Institute of Engineering Research, 
University of California, Berkeley, Calif. Assoc. Mem. ASME 

3S. A. Murch, “On the Pure Bending of an Elastic, Perfectly Plas- 
tic Curved Bar in the State of Plane Strain,’’ Journal of The Franklin 
Institute, vol. 270, 1960, pp. 301-316. 

*G. Eason, ‘The Elastic-Plastic Bending of a Compressible Curved 
Bar,”’ Applied Scientific Research, Series A, vol. 9, 1960, pp. 53-63. 
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the barlike character is lost. Other applications 
may exist, however. 
In the state of plane stress for uniform thickness, 7, remains the 


a, b of 


is such that 


intermediate principal stress (except at the boundaries 7 
the bar, where o, = o, 0; o@ +o which present no dif- 
ficulties). Indeed, the point is not even mentioned by Swida nor 
in another recent paper by Eason.® 

It is easily checked through equations (9) and (10) of the paper 
that, for the particular form of h selected, again no difficulties of 
this type are encountered; however, for general h this need not be 
the case. 

It should be added that, in view of Eason’s recent paper,® com- 
parisons between plane stress (for uniform A) and plane strain 
(when v 1/,) are now possible, employing the von Mises yield 


criterion. The case of variable thickness, however, remains a 


point for further investigation, 
, 
Author’s Closure 


The author appreciates the interesting and pertinent remarks 
by Mr. Murch, and thanks him for the additional references 


Buckling of Circular Cones 
Under Axial Compression 


PAUL SEIDE.?. In this paper an attempt is made to prove the 
formula 
cos*a 


27 Et? 
1) 
a 


is the lowest value of P., that satisfies the stability determinant 
The 


is smaller than Py) , 


of Seide’ for values of Poisson’s ratio v other than zero 
reasoning used is that, if “the value of P., 
cos*a, the stability determinant will contain Bessel functions of 
“such a determinant is not likely to 


complex numbers’? and 


yield a real value for the critical load.’’ When equation (1) is 
substituted into the stability determinant, it is found that pairs 
of columns are identical, which means that the determinant is 
identically equal to zero, without regard to the locations of the 
radius-thickness ratios of the ends of the cone 

Unfortunately, such a procedure is invalid since the stability 
determinant is not correct for P., equal to P.y:,, cos*a. For 
this case the solution of the differential equation of Seide’ is 
different from that given for P.. greater than P.,; cos*a and 
the correct stability determinant may vanish only for certain 
combinations of values of the radius-thickness ratio at both ends 
The stability determinant for P,, less than Pi, 


cos’a@ can be put into real form, and at this point it does not ap- 


of the cone. 


pear to be possible to state a priori that this determinant w ill not 
vanish for some combination of values of load coefficient, semi- 
vertex angle, and radius-thickness ratio of both ends Only for 
v equal to zero was it possible to obtain the result of equation 

1) without resorting to large-scale numerical investigation of 
the equations. It is the writer's belief, however, that the correct 
minimum for Poisson’s ratios other than zero differs by only avery 


§G. Eason, “The Elastic-Plastic Bending of a Curved Bar by End 
Quarterly Jou Vechanics and 


nal of 


Coyples in Plane Stress,’’ The 
Applied Mathematics, vol. 13, 1960, pp. 334-358 


1 By Leslie Lackman and Joseph Penzien, published in the Septem- 
ber, 1960, issue of the JouRNAL or ApPLiep MecHanics, vol. 27, 
Trans. ASME, vol. 82, Series E, pp. 458-460 

2 Member of the Technical Staff, Space Technology Laboratories, 
Inc., Los Angeles, Calif. Assoc. Mem. ASMI 

' Paul Seide, “‘Axisymmetric Buckling of 
Axial Compression,”” JoURNAL OF APPLIED 
Trans. ASME, vol. 78, 1956, pp. 625-628 


Under 
Mecuanics, vol. 23, 


( ‘ircular Cones 
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DISCUSSION 


few per cent from this result, as indicated by some calculations 
being made at the present time for the case of combined axial 
compression and external pressure. 

The test results are also open to question, as is usually the case 
when more than one investigator has worked on the buckling 
of shells under axial compression. Tests have been made at 
Space Technology Laboratories by Victor Weingarten and re- 
corded recently.4 These tests indicate that 
efficient applicable to conical shells under axial compression may 


the correction co- 


be considerably greater than that given by the Kanemitsu- 
Nojima equation using the average radius of convective-thick- 
ness ratio, and thus even greater than the results using the great- 
est radius of curvature. 
it appeared that this discrepancy might be due to the somewhat 


In a private discussion with the author 


unusual end conditions of his tests which consisted of the cone 
resting on debatable this 
restraint would be equivalent to the bulkheads rigid in their 


a spherical surface. It is whether 


Seide* and ap- 


shell 


own plane that is assumed by the theory of 


proximated in Morgan, et al.,‘ since inward motion of the 


walls would not necessarily be prevented. 


Authors’ Closure 

The authors wish to thank Dr. Seide for his discussion. 

He is entirely correct that the stability determinant as given 
by Seide* is not correct for P., equal to P.yi. cos*a, and therefore 
the author's reasoning to show that the formula 

27 Et? cos? a 

Preys 

[3(1 — v? 
is the lowest value of P.,. that satisfies the stability determinant 
of Seide® is invalid for values of Poisson's ratio v other than zero 
The reason the afore-mentioned stability determinant is invalid 
in this case is due to the fact the required four independent solu- 
17, Seide’® 


degenerate into only two independent solutions and thus 


tions Eq of the second-order equations Eqs 15, 
Seide® 
no longer re present a complete solution. 

It should be pointed out, however, that the afore-mentioned 
erroneous reasoning by the authors does not invalidate their test 
results and conclusions as presented in the paper.! 
conditions for their 


The authors believe that the boundary 


cones approximated pinned supports. During testing of these 
cones, no apparent displacements normal to the generator at the 
boundaries were observed. Only after very large displacements 
in postbuckling range was the friction insufficient to prevent 
these normal displacements 

Tests of the buckling of cylinders and cones reported recently 
Laboratories, Inc. (STL)* resulted in 
higher buckling coefficients for cvlindrical shells 
under axial compression than those reported pre viously in nu- 
As noted by Mr. Seide, the test results for 


by Space Technology 
correction 


merous papers.®:*-7 
cones obtained at STL show higher buckling coefficients than 
the These 
seem to indicate a general discrepancy between the STL results 
e STL re- 


reported by authors. observations would 


those 


and those of others, not just a discrepancy between t! 


sults and those results of the authors. 


“Semiannual 
Stability of 
Report 


Morgan, Paul Seide, and V. I. Weingarten 
Report on Development of Design Criteria for Elasti 
Thin Shell Structures,” Space Technology 
STL/TR-59-0000-09959, July 1-December 31, 1959 

‘S. B. Batdorf, M. Schilderout, and M. Stein, *‘( 
Chin-Walled Cylinders in Axial Compression,’"”’ NACA TN 
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*S. Kanemitsu and 
Thin Circular Cylinders,” a 
Institute of Technology, 1939 

7 L. A. Harris, H.S. Suer, W. T. Skene, and R. J 
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Communication 


Statistical Theory of Communication. By Y. W. Lee. John Wiley 
& Sons, Inc., New York, N. Y., 1960. Cloth, 6 X 9 in., xvii 
and 509 pp. $16.75. 


REVIEWED BY V. E. BENES' 


Proressor Lee’s book is an introductory account intended for 
an engineering audience. Except for very few passages, the 
presentation is detailed, at an elementary level, and slow enough 
so that the book could be used by undergraduates who know some 
Fourier analysis and electrical engineering. The principal 
emphasis is on harmonic analysis rather than on stochastic 
processes and probability. The part of probability theory that 
is covered in the text consists of elementary probability and 
simple random wave-forms, e.g., shot noise. The bulk of the 
book is devoted to the properties and uses of spectra and correla- 
tion functions in linear systems, e.g., the Wiener-Hopf equation. 

Since mechanical and electrical systems differ mostly in point 
of the bandwidths and frequencies of the signals, the emphasis 
on harmonic analysis in the book makes it more interesting to 
mechanical engineers than would have been a treatise (equally 
well described by the title) on abstract information after the style 
of Feinstein or Khinchin. The book is valuable in two chief re- 
spects: (a) It contains a careful explanation of generalized har- 
monic analysis; (6) it gives a usable exposition and a collection 
of examples from the classical theory of linear optimum least- 
squares filfering and prediction. Further than this it does not 
go, because the statistical and probabilistic aspects of the theory 
occupy such an elementary and ancillary place in the exposition. 

No attempt is made to present the material in the context of 
the general theory of stochastic processes. The sophisticated 
detection methods suggested by mathematical statistics (e.g., 
maximum likelihood, likelihood ratios) are not mentioned, and 
neither are the linear representations and Hilbert space methods 
of Karhunen, Loéve, Grenander, and Parzen. Perhaps these 
topics do not belong in even a graduate text. Still, there are 
other, simpler topics (covered by the title) that could have been 
included; e.g., the special properties of Gaussian processes, par- 
ticularly in regard to nonlinear prediction with a concave even 
error criterion (instead of the squared error), the role of condi- 
tional expectations, the use of Fokker-Planck equations to de- 
scribe the passage of white noise through a dynamical system 
(linear or not), and so forth. 

The attenuated nature of the probabilistic material may leave 
unsophisticated readers with erroneous impressions of simplicity 
or complexity. For example, the distinction between the auto- 
correlation of a function and the covariance of an ensemble 
(stochastic process) is blurred, and the senses in which harmonic 
analysis can be applied to a process are not adequately explained. 
On the other hand, during the lip service to statistical mechanics 
in the chapter on ensemble averages it is not explained that 
ergodic hypotheses are not necessary for the existence of a covari- 
ance function, and so for harmonic analysis of the process. 

The work is a gracious, well-deserved tribute to N. Wiener from 
his former student. Nevertheless, some references to other con- 
tributors to the field were in order. The reviewer was surprised 
to find no mention of Khinchin and Kolmogorov, nor of Bochner. 
The methods of Shannon and Bode for optimal filtering and pre- 
diction, with their useful physical interpretations in terms of 


! Bell Telephone Laboratories, Inc., Murray Hill, N. J. 
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white noise, deserved mention in connection with the Wiener- 
Hopf equation. The author’s debt to his mentor sometimes 
beclouds the exposition: the phrase “the Wiener theorem’’ 
occurs too frequently to be informative for someone who is not 
already familiar with the signal contributions of Wiener to har- 
monic analysis and cannot tell from the context which theorem 


of Wiener is meant. 


Combustion 


The Internal Combustion Engine in Theory and Practice. 
Taylor. John Wiley & Sons, Inc., New York, N. Y., 1960. 
x and 574 pp., illus. $16. 


REVIEWED BY E. GLAISTER? 


A sPEcrIFIcaTION for the production of a definitive book on the 
theory and practice of internal-combustion engines might require 
the author to have spent at least 20 years in personal research and 
in directing the work of others, to possess a sound knowledge of 
thermodynamics, preferably some teaching experience, a critical 
and balanced judgment which takes account of the contributions 
of other workers in the field, an awareness of the needs both of the 
advanced student and the designer, and the ability for lucid ex- 
position. Such a specification might well have been written 
around the qualifications of the author of the present book, who 
is Director of the Sloan Laboratories for Aircraft and Automotive 
Engines and Professor of Automotive Engineering at M.I.T., and 
it can be said at once, almost without reserve, that his book comes 
well up to our expectations. 

The present volume, the first of two, deals with thermodynam- 
ics, fluid flow, and performance. Vol. II is to cover fuels, com- 
bustion, materials, dynamics, and design procedure. On the 
whole, the treatment is well-balanced, and although it is only 
natural that topics in which the author and his team have been 
personally involved should be given more detailed consideration 
than others, the author’s outlook is comprehensive. 

Chap. I is introductory; Chap. II contains a succinct and lucid 
treatment of the air cycle and emphasizes the essential inter- 
relation of the constant-volume, constant-pressure, and ‘“‘mixed”’ 
variants. The use of dimensionless ratios both here and in Chap. 
IV for the idealized fuel-air cycle is valuable in affording a concise 
statement of the effect of compression ratio on cycle quantities. 
Chap. III contains a rather brief discussion of the thermodynam- 
ics of the working fluid, leading to the use of the charts provided 
at the end of the book, and Chap. IV extends the discussion to the 
evaluation of the indicator diagram and the efficiency of fuel-air 
cycles. Chap. V discusses the actual cycle and the effect of op- 
erating variables on the indicator diagram. The M.I.T. bal- 
anced-pressure indicator is described—the Bibliography contains 
a reference to the ‘Farnboro’’’ prototype (but not to the first 
description of this indicator by Wood in Rep. and Memo. 807 of 
April, 1922, or Proc. I. Mech. E., 1923). 

Chap. VI contains a useful discussion of the factors which con- 
trol volumetric efficiency, a topic whose importance is often in- 
sufficiently stressed, and Chap. VII presents a very complete 
treatment of the 2-stroke engine and the scavenging process, much 
of it based on original work at M.I.T. The discussion on heat 
loss and engine cooling in Chap. VIII is valuable, although in view 
of the supremacy (until the advent of the gas turbine) of the air- 


By C. F. 
Cloth, 


? City and Guilds College. Department of Mechanical Engineering, 
London, England. 
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cooled aero engine, it is perhaps surprising that the discussion 
should be virtually confined to liquid-cooled engines. Chaps. [X 
and X deal respectively with engine friction and pumping losses 
and with types of compressor and exhaust turbines. In Chap. 
XI, which discusses the effect of cylinder size on performance, 
some striking comparisons justify the simple analysis which 
indicates that bhp/in.? of piston area should be nearly inde- 
pendent of cylinder size. The effect of decreasing cylinder size 
for a given total engine displacement is mentioned, but one would 
have welcomed some discussion of the related topic of bore/stroke 
ratio, particularly in view of the marked trend toward “over- 
square”’ cylinders shown in the author’s Fig. 12.3(d) in the fol- 
lowing chapter. 

Chap. XIII, on the performance of supercharged engines, 
gives an impression of undue condensation, although the illustra- 
tive examples are valuable. To your reviewer it seems a pity to 
omit any mention of methods of predicting the performance of 
a supercharged aero engine at altitude (obsolescent though the 
type may be), especially when this might logically follow the 
excellent treatment of volumetric efficiency given in Chap. VI. 
The Bibliography is an excellent one. 

These minor and personal criticisms apart, the book can be 
confidently recommended as a major and significant contribution 
to the literature of the internal-combustion engine. 


Analog and Digital Computers 


Handbook of Automation, Computation, and Control, vol. ll. By Eugene 
M. Grabbe, Simon Ramo, and D. E. Wooldridge. John Wiley & 
Sons, Inc., New York, N. Y., 1959. Cloth 6 X 10 in., xxiii and 
1070 pp. $17.50. 


REVIEWED BY JOHN R. WARD® 


Tuts second volume of a three-volume handbook maintains 
the level of excellence achieved in the first volume, which was 
reviewed in the September, 1959, issue of the JourNaAL or Ap- 
PLIED MECHANICS. 

A wide coverage of the principles of design, application, and 
programming of analog and digital machines is presented with, 
naturally, a heavy emphasis on the digital instrument. Ap- 
plications are restricted to computation and data processing 
since the control aspect is to be covered in the third volume. 
Somewhat more applied than the irst volume, reference is fre- 
quently made to systems and circuits currently in use. 

Once again the treatment is extremely concise, permitting a 
rapid review of any particular area, a review which may be deep- 
ened by way of the useful and extensive references provided. 

This volume belongs beside its forerunner. 





Transport Phenomena 


By R. B. Bird, W. E. 
John Wiley & Sons, Inc., New York, 1960. 
$13.75. 


Stewart, and E. N. 


Transport Phenomena. 
Cloth, 


Lightfoot. 
6 X 10 in., xxi and 780 pp. 


REVIEWED BY D. B. SPALDING‘ 

Tue activities of the Wisconsin group of chemical engineers 
in strengthening the foundations and developing the structure 
of the theory of transport phenomena have attracted considerable 
attention in teaching circles. The publication of the present 
handsome volume is therefore an important occasion and an 
opportunity for appraising the work which has been accomplished. 


3 Assistant Professor, Division of Engineering, Brown University, 
Providence, R. 1. 

‘Department of Mechanical Engineering, City and Guilds Col- 
lege, London, England. 


Journal of Applied Mechanics 


BOOK REVIEWS 


This work is, however, too massive for the present review to 
contain more than provisional comments and reflections; time, 
and experience of using the book as an aid to teaching, are needed 
before a full appraisal will be possible. 

The authors take the view that the transport of momentum, 
energy, and material ought to be considered as a single subject 
which should rank with thermodynamics, mechanics, and other 
basic engineering sciences. Despite the facts that the law of 
conservation of momentum is incompletely similar to those of 
energy and matter, and that radiative transfer is a tiresome 
anomaly, there is much to be said for this view. The authors 
exploit its possibilities to the full, emphasizing and re-emphasi- 
zing the similarities between the three types of transport phe- 
nomena by parallel treatment and by cross-referencing. 

Since they are writing what would normally be three books 
within one pair of covers, and since they have clearly resolved to 
discuss thoroughly every topic that they treat at all, it is in- 
evitable that the book fails to cover all the ground which it has 
been customary to require undergraduate and postgraduate stu- 
dents of fluid mechanics, heat transfer, and mass transfer to know 
about; additional texts will be needed in every case. Since there 
are numerous suitable texts available for fluid mechanics and heat 
transfer, gaps in these subjects (or rather branches of the subject) 
can easily be filled. It is more questionable, however, whether 
the student can pass easily from Bird, Stewart, and Lightfoot’s 
section on mass transfer to the relatively few alternative works on 
the subject; for the authors have not here provided many bridges 
leading to the traditional procedures of chemical engineers. Nor, 
which is perhaps more surprising in view of their interests in 
mathematical techniques and in “similarities,’’ have they made 
connection with the studies cf fuel combustion and of ablation 
made in the past decade; they do not mention the important 
class of problems involving simultaneous heat transfer, mass 
transfer, and chemical reaction which are rendered soluble by the 
assumption of a Lewis number of unity. 

Because of the relative newness of mass transfer as a scien- 
tific discipline, the reviewer has concentrated on this portion of 
the book; he opened the book with two questions in mind: 
Have the authors succeeded in the important task of effecting 
a smooth juncture between the subjects of mass transfer and 
fluid mechanics, so that the resources of aerodynamic theory 
(particularly boundary-layer theory) can be freely used by chemi- 
cal engineers? And have they made accessible to undergraduates 
(and their teachers) the relevant advances in the theory of multi- 
component gases as represented by the book of Hirschfelder, 
Curtiss, ard Bird? 

The answer cannot, in the reviewer’s opinion, be an unquali- 
fied affirmative in either case. To take the second question first, 
the authors give their greatest attention to binary mixtures where 
they do an excellent job; they also explain clearly the influence 
of the choice of reference plane (mass-centered or mole-centered) 
on the magnitude of the diffusion flux. Yet most practical 
diffusion problems take place in multicomponent mixtures, and 
something of more relevance to these might have been expected 
than a brief citation of some of the results of Hirschfelder, et al., 
followed by a single application to a one-dimensional three-com- 
ponent problem. 

To tackle now the second question, the authors do make an 
approach to boundary-layer theory; they treat the flat plate in 
laminar flow with a binary mixture in which all fluid properties 
are uniform. However, the reader may be left in doubt as to how 
to proceed when these properties are not uniform, if only because 
in one attack on the problem the authors’ concentration variable 
is the molal density, while in the second it is the mole fraction. 
Which should be used when a density gradient is present? In 
the reviewer’s opinion the answer is: neither; for, since the so- 
lution of the momentum equation only gives the mass-flux den- 
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sity, the mass-centered diffusion flux must be considered, which 

the appropriate concentration variable is the 
It is often necessary to use the mass-centered 


implies that 
mass fraction. 
system for another reason also: When chemical reaction occurs, 
moles are not conserved, whereas mass is; the mass fraction also 
recommends itself when the molecular weight of the diffusing 
substance is uncertain, as in the case of a hydrocarbon fuel dif- 
fusing toward a flame. The reviewer did not find in the book 
any statement of the above views (which may be wrong) or of any 
alternative recommendations for dealing with problems of this 
kind, which arise in almost every practical application of mass- 
transfer theory. 

It would, however, be entirely unfitting to close this review on 
it critical note. .The reviewer has therefore saved until the end 
an expression of his profound admiration for a work which is 
The authors have taken almost 
careful defini- 


scholarly, lucid, and elegant. 
unprecedented pains to aid the student’s labors; 
tions, helpful notation, lively examples, and handsome printing 
make this work one of which the authors, and the publishing house, 
can take a well-justified pride. Students, teachers, and industrial 
scientists will be grateful to them for a long time to come 


Fluid Mechanics 


Lectures on Fluid Mechanics. Lectures in Applied Mathematics, Vol. I. 
By Sydney Goldstein with J. M. Burgers. Interscience Publishers, 
Inc., New York, 1960. Cloth, xvi and 309 pp. $5. 


REVIEWED BY JOSEPH H. CLARKE® 


Tuts volume contains the written version of a series of lectures 
which were given by Sidney Goldstein at Boulder, Colo., in 1957, 
and were designed to acquaint mature mathematicians with fluid 
An arresting aspect is that Goldstein was to deal 
Thus he has had 
to pass over all but what he regards as the essential ideas, achieve- 
ments, and problems. Since he clearly accepted his assignment 
with some gravity, it is interesting to peruse what one of the elder 
statesmen of fluid mechanics saw fit to present in his account. 
The result is not a survey because the coverage is incomplete and 
the choice of material is, to a considerable extent, arbitrary and 
personal; and, while very succinct, it is no mere cataloguing of 
topics. The result is a satisfying and thoughtful series of lectures 
set forth with a definite point of view not to be found in more 
formal treatises. At times the mellow, reflective, and trenchant 
remarks conjure a setting in which the reader shares Goldstein’s 
hearthside over sherry. The volume will certainly reward read- 
ers with many different points of view. 

The classification of the subject and hence the chapter head- 
ings are conventional, except for the early point at which electro- 
magnetic effects are introduced. The volume contains two tours 
de force. One is a new careful formulation of the field equations 
of magnetohydrodynamies, regarded as the electrodynamics of 
a moving medium. Subjoined to this are two detailed problems 
of magnetohydrodynamies provided by J. M. Burgers. The 
second is on an asymptotic solution to the Navier-Stokes equation 
The book contains an interesting dis- 
relations from the 


mechanics. 
with the entire subject in only twelve lectures 


for flow past a flat plate 
cussion of the Newtonian stress-strain rate 
point of view of molecular relaxation or lag phenomena, as well 
as other comments on the relationship between the field and mo- 
There is a short chapter on the related 
Some absorbing re- 


lecular formulations. 
matters of mixtures and chemical kinetics. 
marks are offered on the theoretical question of whether the 
classical Helmholtz-Kirchhoff free-streamline theory can be 
regarded as the correct, if unstable, limit of the steady viscous 


flow as the viscosity tends to zero. Other interesting observa- 
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tions, not entirely looked for in such a development, are salted 
throughout the volume. 


Thermal Stresses 


Theory of Thermal Stresses. By Bruno A. Boley and Jerome H. 
Weiner. John Wiley & Sons, Inc., New York, London, 1960. 


xvand 586 pp. $15.50. 
REVIEWED BY W. PRAGER® 


THE PUBLICATION of this comprehensive text on the theory of 
thermal stresses is particularly welcome at a time when the design 
requirements in rocket propulsion and nuclear power have greatly 
enhanced the importance and extended the scope of this field 
By devoting about two fifths of the book to a careful treatment of 
the fundamentals of thermoelasticity (Part I) and heat conduc- 
tion (Part II), the authors have achieved a nearly self-contained 
presentation of their subject. The rest of the book consists of 
two parts dealing with the analysis of thermal stresses in elastic 
(Part IIT) and inelastic (Part IV) systems. The unequal de- 
velopment of these subjects is strikingly illustrated by the fact 
that Part II, which is almost twice as long as Part IV, discusses 
a large number of applications regarding thermal stresses in 
elastic beams, rings, trusses, frames, disks, and plates, and ther- 
moelastie stability. Part IV, on the other hand, is primarily 
concerned with the basic formulation of viscoelastic and elastic- 
plastic behavior in the presence of temperature changes, and only 
a few specific applications are treated. 

In the writing of a work of this ambitious scope, decisions on 
emphasis cannot be avoided that are readily explained in terms 
of the authors’ interests but may otherwise appear arbitrary 
For example, throughout the book the elastic coefficients are 
treated as temperature-independent quantities, but no effort is 
made to justify this, whereas the effect of the mechanical coupling 
term in the equation of heat conduction is discussed at great 
length. On the whole, however, the authors have achieved a 
remarkable balance in the treatment of the fundamental aspects 
of the theory and its applications, and the book is bound to be- 
come a standard reference in the literature on this field. 


Wave Propagation 


Wave Propagation in a Random Medium. By L. A. Chernov. irans- 
lated by R. A. Silverman. McGraw-Hill Book Company, Inc., 


New York, N. , 1960. Cloth, 7! ly X 10 in., viii and 168 pp 
REVIEWED BY J. LYELL SANDERS, Jr.’ 





THE BOOK is divided into three parts, the ray theory, the wave 

The author's 
Not too much 
specialized mathematical equipment is required of the reader, but 
some familiarity with the technological problems in the field is 
helpful. The book serves both as an introduction to the subject 
and a summary of recent results of Russian work in the field 


theory, and applications to focusing systems. 
treatment of his subject is lucid and concise 


The translation is good. 

The book begins with a discussion of the relevant statistical 
characteristics of the medium, in particular the correlation func- 
tion of the refractive index. Following this is a treatment of the 
problems of scatter and fluctuations in transit time and intensit) 
in so far as the ray approximation is adequate. The subject of 
scattering is developed further by use of the wave theory and the 
method of small perturbations in a following chapter. Fluctua- 
tions in amplitude are then treated by the wave theory using both 
the ordinary method of small perturbations and Rytov’s method. 
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For most practical values of the parameters involved, Rytov’s 
method is subject to fewer limitations and is therefore preferred. 

A chapter is devoted to the subject of correlation and auto- 
correlation of amplitude and phase in space and time based on the 
wave theory. The third section of the book on focusing systems 
is an application of the wave theory to the study of the mean 
distribution and the fluctuations in intensity of an image due to 
inhomogeneities in the medium. A familiar example of the 
subject material is the twinkling of stars which the author proves 
to be more readily observable to the naked eye than with a large 


telescope 


Plastic Deformation 


Ermittlung eingeschrankt plastischer Verformungen im Sand unter 
Flachfundamenten (Determination of limited plastic deformations 
of sand under shallow foundations). By Dr. Ing. Hans U. Smolt- 
ezyk. Ernst und Sohn, Berlin, 1960. Paper, 7 10 in 


REVIEWED BY J. BRINCH HANSEN® 


Tue first part of the book deals with the bearing capacity of 
foundations subjected to vertical or inclined (but centric) loads 
After having given the well-known solutions for weightless soil, 
the author proceeds to the more complicated case of “heavy’’ soil 
He uses here a variant of the method indicated by Lundgren and 
Mortensen (Proc. Third. Int. Conf. Soil Mechanies, Ziirich, 1953, 
vol. I, p. 409) and extends it in an approximative way to inclined 
loads 

Like the majority of writers on plasticity theory, the author pays 
small or no attention to the compatibility of the deformations in 
the state of failure. Nor does he seem to be fully aware of the 
behavior of composite ruptures involving elastic as well as plastic 
zones. Consequently, his calculations can be severely criticized 
from a theoretical point of view, although his numerical results 
may possibly be approximately correct 

In the opinion of the reviewer, the main value of the book lies in 
’ (reversible) and “‘plas- 
failure 


its second part, dealing with the ‘‘elastic 


tic’’ (irreversible) deformations of sand before actual 
(s typical examples, the author analyzes a direct shear test and a 
consolidation test and indicates simple empirical relationships be- 
tween stresses and strains for the elastic and plastic components 
in both tests. It is interesting to notice that elastic shear deforma- 


tions follow a similar law as indicated by Ritter for concrete, and 
that the logarithms of plastic shear deformations have approxi- 
mately a linear relationship to the shear stresses 

By combining the obtained relationships with Froéhlich’s pres- 
sure distribution below a foundation, the author finally develops 
a method for calculating the settlements and soil movements for 
any loading not producing failure in the soil. It is, however, 
questionable whether Fréhlich’s pressure distribution is compati- 
ble with the 


thor 


nonlinear stress-strain relationships used by the au- 


Random Variables 


Introduction to Probability and Random Variables. 


By G. P. Wads- 
Book Company, Inc., 
$8.75. 


G. Bryan. McGraw-Hill 
Cloth, 6 8 in., vii and 292 pp 


worth and J. 
New York, N. Y., 1960. 


REVIEWED BY A. CEMAL ERINGEN’ 


THIS BOOK consists of eight chapters. In the first chapter some 
preliminary mathematics such as the differentiation of a definite 
integral, the characteristics of gamma and beta functions, and 
the idea of permutations is introduced. The probability concept 


and laws of probability, from the standpoint of frequency rather 
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than from the notion of measure, are given in Chap. 2 without 


loss in rigor. Chap. 3 deals with discrete random variables. 
Some elementary distributions (binomial, Poisson, ete.) are in- 
troduced and illustrated with good clarity. Chap. 4 treats con- 
tinuous random variables. Gamma, beta, and normal distri- 
butions are discussed and illustrated with interesting engineering 
examples. The inclusion of more than a few sentences on the 
more sophisticated concept of the central limit theorem would 
have been desirable even at this level because of its broad im- 
plications. Joint distributions and some derived distributions 
from the normal, e.g., the chi-square distribution, occupy Chap 
5and6. Mathematical expectations and the concept of moments 
are given in Chap. 7. The last chapter is devoted to some sta- 
tistical applications. The inclusion of a chapter on stochastic 
processes, even briefly, would have been most valuable to the 
beginning reader by providing an introduction to another im- 
portant area. 

The book is well illustrated and has a wealth of problems. The 
style is excellent. In its spirit and content the book is on a level 
Cramer, ‘“‘The Elements of Proba- 
Wiley, 1955), but 


it contains more illustrative examples and problems It is 


with the excellent book by H 
bility Theory and Some of Its Applications”’ 


highly recommended for a first course in the field 


Fluid Mechanics 


The Science of Fluid Mechanics. Physical Foundations From the Engineer's 
Viewpoint. Vol. 1, Hydro- and Aerostatics Motion of Perfect 
Fluids. By O. Tietjens. Springer Verlag, Berlin, 1960. Cloth 
xvi and 536 pp. DM 66 


REVIEWED BY J. KESTIN 


Ir 1s trite, but nevertheless true, to say that everv generation 
must anew relearn the old, basic truths. Professor O. Tietjen’s 
Volume I of the Science of Fluid Mechanics does teach with a 
purpose, and admirably restates the fundamentals. The purpose 
is simple, and yet, owing to its simplicity, so seldom achieved by 
The 


well 


others, and probably by no one yet, to the same extent. 


purpose is to provide a clear, easily understandable, 
grounded body of theoretical knowledge which does not con- 
tradict observational facts. To quote Professor Tietjen’s quo- 
tation from Daniel Bernoulli's letter on d’Alembert to Leonard 
Euler: “His piece sur les vents contrives to say nothing, and 
though I have read all, I still know as much about the ventis, as 
I did before.’’ The reader, and particularly the young student, 
will advance no such complaint about Professor Tietjen’s admira- 
ble exposition. He will learn much about winds, the navigation 
of clouds, balloons, as well as about flow fields, ideal and real 
fluids, the distinction between potential and rotational flows, the 
part played by viscosity, about capillarity, the distinction be- 
tween fluids and solids, and many topics of similar importance 
Even established specialists will know more Fluid Me- 
chanics, after studying the present book, than they did before. 


Every step has been thought out carefully and with purpose; at 


about 


every step observation serves as the basis for theory and care is 
taken to discover just how far, and to what limits, any particular 
theory or approximation can be used to advantage, i. e., to repre- 
sent the facts of nature. 

Professor O. Tietjens is a mathematician by education, which 
guarantees the soundness of his mathematical apparatus. In ad- 
dition, he matured under L. Prandtl’s personal guidance and so 
acquired Prandtl’s intense reverence and feeling for physical facts 
In this he is a true inheritor of the best tradition of the natural 
philosophers of the eighteenth and nineteenth centuries 

The present Vol. 1 is devoted to the study of the physical 
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foundations of the mechanics of the flow of perfect fluids. It 
carefully describes the properties of liquids and gases (Chap. 1), 
equilibrium and stability (Chap. 2), surface tension (Chap. 3), 
potentional flows (Chapts. 4 and 5), flows with free surfaces 
(Chap. 6), and rotational and vortex flows (Chap. 7). The book 
has been printed and turned out with the usual excellence as- 
sociated with Messrs. Julius Springer, but the pictures surpass 
anything encountered before, even in Springer books. They are 
imaginative in their conception, undoubtedly Professor Tietjen’s, 
and little masterpieces of execution. The large number of flow 
diagrams showing streamlines (in white) and potential lines (in 
black) on a light-gray background cannot fail to imprint itself 
on the student’s visual imagination and so to aid him materially 
in his ponderings on this elusive and fascinating subject. One 
cannot help but impatiently look forward to the Vol. 2 which will 
include viscous and compressible flows. 

Your reviewer hopes that this impressive work will be speedily 
and urgently made accessible in translation to all whose command 
of the German language is inadequate to allow them to get ac- 
quainted with it at once. 

4 


Thermal Turbomachines 


Thermische Turbomaschinen, vol. 2. By W. Traupel. Springer 
Verlag, Berlin, Goettingen, Heidelberg, 1960. Cloth, 107/, X 77/s 
in., viliand 420 pp. DM 61.50. 


REVIEWED BY M. J. SCHILHANSL"! 


Tue following sentences may be quoted from the preface to the 
second vulume of Traupel’s book on thermal turbomachines. 

“The concept that all essential features of a thermal turbo- 
machine are determined by aerodynamical and thermodynamical 
aspects and that the remainder is simply routine, unfortunately, 
is very widespread. It is, however, far from being true, so much 
so that design work is grossly underestimated as an intellectual 
achievement.” 

This quotation illustrates the spirit in which the second volume 


1 Professor Emeritus, Cranston, R. I, 


is written; in general, it is on the same level as the first volume. 
It can be bighly recommended for the use of engineering staffs 
and in graduate schools. 

The first three chapters of the second volume are devoted to the 
problems of regulation of steam turbines, compressors, and gas 
turbines. The succeeding threc deal with stress problems of 
blades, rotors, and casings. Temperature effects and cooling 
problems are discussed in the seventh chapter while the next two 
chapters treat blade vibrations and critical rotor speeds. An 
appendix gives some information on materials best suited for 
application at elevated temperatures. 

There are a few points where the reviewer disagrees with the 
author. They are: 

Section 15.3: Equation 1 on page 147 should read 


M = My — put Soly(ry + z[1 — cos 8})f dr 


The replacement of sin 8 by 1 — cos 8 must consequently also be 
made in equations 7, 8, and 9. 

Section 15.7: Equation 1 on page 177—expressing the clamp- 
ing moment of a beam with fixed ends holds only if the external 
load is perpendicular to one of the principal axes of inertia. 

Section 16.14: (a) To simplify the stress analysis of a radical 
flow rotor by making it symmetrical in any respect is a highly 
questionable procedure. (b) The suggestion concerning a radial 
flow rotor with a shroud (page 220), namely, to neglect the mutual 
interference of disk and shroud and the tangential moments due 
to the asymmetry, is still more questionable. First, a shroud 
with a conical mean surface does not behave like a plane disk. 
Second, the mutual interference depends upon the shape of the 
blades to be expressed in terms of magnitude and orientation of 
the principal radii of curvature of blade surface—both finite or 
one finite and the other infinitely large or both infinitely large. 
The interference is strongest if the blades are plane and in 
meridional planes. 

Section 19.10: The statement at the bottom of page 324 about 
centrifugating effects on torsional vibrations of blades disregards 
the effect of the product of mass inertia. The torsional frequency 
corrected for this effect can be lower than the frequency of the 
blade at rest. 
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